K-th Order Statistics

* Input:  Setof integers S
e Output: kth smalestintegerinS

What if k=1?
What if k=n?
What if k=n/2?

CS1407-1

FIND-MIN

* How many comparisons doesit taketo find
the minimum in a set of integers?

« Answer: n-1
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Upper Bound for FIND-MIN

Upper Bound Theorem: Finding the
minimum in aset of nintegersrequiresno
morethan n-1 comparisons.

Proof: Givealgorithm
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Lower Bound for FIND-MIN

¢ Lower Bound Theorem: Finding the
minimum in a set of integersrequires at
least n-1 comparisons.

Note: We need to show that every algorithm makes at least n-
1 comparisons for some input of sizen.

Note: There are only n possible outcomes so the decision tree
argument we used for sorting doesn’t wor&s1407-4

A Different Decision Tree
Argument

« Consider the decision tree model of algorithm A for
finding the minimum and maximum of a set of sizen.

« Theinformation A has gathered at any node can be
represented by a partial order.

« Ananswer to aquery can reduce the number of weakly
connected componentsin the partial order by at most 1.

« Thepartial order associated with aleaf must be weakly
connected.

¢ Thusalgorithm A must make at least n-1 queries before

reaching aleaf. CS1407-5

Find min & max
» Upper Bound Theorem: Finding the
minimum and maximum in aset of n

integers requires no more than ceil(3n/2)-2
comparisons.

¢ Proof: Givean agorithm
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Upper Bound for Finding the min
and max

« Algorithm for evenn:
— Make n/2 pairwise comparisons

— Find the maximum of the winnerswith n/2-1
comparisons

— Find the minimum of the losers with n/2-1 comparisons
« Algorithm for odd n:

— Run even agorithmon first n-1 integers

— Compare the min and max to the last integer
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FIND MIN/MAX(S)

Srnax =f, Sﬂiﬂ =f
For i=1to floor(n/2)
If X5i.1 <Xy then
Sax = Stax t{Xa} and Spin = Syin +{X2i1}
Else
Sax = Stax t{Xz.1} and Syin = Syin + {Xa}
MAX = FIND_MAX(Spa) ad MIN = FIND_MIN(Syir)
If nisodd then
MAX =FIND_MAX(MAX,X,)
MIN =FIND_MIN(MIN,x)
Return MIN and MAX

CS1407-8

Finding the min and max
» Lower Bound Theorem: Finding the
minimum and maximum in aset of n

integersrequiresat least ceil (3n/2) - 2
comparisons.

* Proof: Adversary argument

CS1407-9

Adversary Argument
(for finding min/max)

Find-Min/Max Adversary set of integers S:

Algorithm ———— Algorithm ] A makes at least
A g B comparisons

oninput S

n —_—
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Example of an adversary

Y ou pick anumber y between 1 and 100

| have to guess by posing queries of the form
“Isitx?’

To which you answer yes or y<x or y>X.

» How many queriesdo | need to make?
* Proveit!
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