Algorithm Design Techniques

* Induction

« Divideand Conquer
 Dynamic Programming
o Greedy

* Reduction
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Closest Pair

* Input: Set of pointsn>2 on the plane
{xuy) [1<i<n}

* Output: Pair of closest points (under
Euclidiandistance)
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Closest Pair - Example

o Input: {(1,1),(2,2),(10,1),(10,2)}
- Output: (10,1) and (10,2)
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Closest Pair — Algorithm
Naive Approach
¢ Compute pair-wisedistances
* Choose smallest

Requires O(n?) time
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Inductive Approach
Find Closest Pair in

{P1P2s .- Pyt
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Inductive Approach cont.
Find Closest point top,

av
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Inductive Approach cont.
Choose best of best
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Inductive Approach

e T(n) =T(n-1) + O(n) = O(n?)
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Divide and Conquer
Partition by x-coordinate
L R

4
L4 8

ow
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Divide and Conquer cont.
Solve sub-problems

of® 0
Q.
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Divide and Conquer cont.
Choose best of best

|
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What have we missed?
Suppose p and g are closer than d.

1. ThenpelL andgeR

CS14015-12




What have we missed?
Suppose p and g are closer than d.

1. ThenpeL andgqeR
2. They arewithin d of

L, R
the L-R boundary
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What have we missed?
Suppose p and g are closer than d.

L R 1. ThenpelL andgeR

of® e 2. They arewithind of
the L-R boundary

3. Their y-coordinates
* differ by lessthand
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If d(p,q)<min_d then
[rank(p,)-rank(q,)|<4

min_d

min_d

min_d

;\/

D o S——)

min_d min_d
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Closest-pair(P)

* Let M bethemedianp, forpeP

* P={peP|p, <M}, R={peP|p >M}

 Let (r,5) bethe closest of the pairs

Closest-pair(P1) and Closest-pair(P2)

* Let Q={peP|d(r.9>|p,-Ml}

 Sort Q by y-coordinate.

* Findclosest pair p; andp; e Q, where 0<|i-
jl<4.

¢ Return best pair found
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Running time of Closest Pair

e T(n) =2T(n/2) + nlg(n) = O(nlg(n))
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Matrix Multiplication

 Input: Twonx nmatricesA, B
e Output: The product AB
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Matrix Multiplication - Example

* Input:

 Output: | 4 6

Matrix Multiplication -Algorithm

Fori=1ton
Forj=1ton
C[i.,j]=0
Fork=1ton
Clij1 =C[i,j] + Ali KIB[k,j]

Requires n®multiplicationsand n?(n-1)
additions.

(Note theinput sizeis 2r®)
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Can we do better?

e T(nN)=aT(n/2)+0O(n?)=0o(n3) if a<8
* Strassen’ salgorithm:
a=7 and T(n)=0O(n'°%.")

12 2
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Divide and Conquer
° Input- All Alz Bll B12
A21 A22 BZl BZZ
* Output: | ¢, Cp Cy=AuBy +A1By,
C21 C22
T(n)=8T(n/2)+O(n?)==0(n3)
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Strassen’s Algorithm

2x2 casein 7 multiplications

a b e g ae+bf a+bh
c d f h = | cerdf  cgrh
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Strassen’s Algorithm
Rephrase:
a b 0 0 e ae+bf
c d |o 0 f |7 | agtth
0 0 a b g cerdf
0 0o |¢c d h cgrh
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Strassen’ s Algorithm

b |o 0 e aerbf

d o 0 f |7 | ag+th

a b g ce+df

0o |c d cgtch
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MAGIC

* Wecandowith 7 multiplications...
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