MST

« If Gisconnected graph with distinct edge
weightsthen G hasaunique M ST.

 Proof: Followsfrom the cut theorem.
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Cut Theorem

Cut Theorem: Let (S,S) beacutof G. If eis
aminimum weight edge spanning the cut,
theneisinsomeMST of G. Further, if the
minimum weight edge spanning thecut is
unique, theneisinevery MST of G.
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Cut

A cut isapartition of the vertices of G into two sets
(SS). Anedge e crossesthe cut if it hasan
endpoint in each set of the cut. For example (t,X)
crossesthe cut ( {r,t,v}, {suwxy})
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Tree Facts

1. Atreeonnnodeshasn-1 edges.

2. Ifeisanedgeof T then T-{€} isaforest
consisting of twotrees.

3. If eisanedgeof G but not of T then
T+{e} containsexactly onecycle.

CS140 20-4

Proof of Cut Theorem

Cut Theorem: Let (S,S) beacutof G. If eis
aminimum weight edge spanning the cut,
theneisinsome MST of G. Further, if the
minimum weight edge spanning the cut is
unique, theneisin every MST of G.

Proof: Let T be aminimum spanning tree of
G. Supposethat eisnot an edgeof T.
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Proof of Cut Theorem

* ThenT+{ €} containsexactly onecycle.

:

T+e

CS140 20-6




Proof of Cut Theorem cont.

» Sinceecrossesthecut (S,S)

.

\

T+ e}
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Proof of Cut Theorem cont.

» Sinceecrossesthecut (S,S), another edge
inthe cycle must crossthe cut too.
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T+{e}
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Proof of Cut Theorem cont.

» Notethat w(e) <w(€') sinceeisaminimum
weight edge crossing the cut (S,S')
(We'll usethisin aminute.)
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e
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Proof of Cut Theorem cont.

e T-{€'} isaforest consisting of two trees.

:

T{e}
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Proof of Cut Theorem cont.

» Theendpointsof earein different
connected componentsof T-{€'}

endpoints <:

of e

/

¢ 4
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Proof of Cut Theorem cont.

» T'=T-{€}+{e} isaspanningtreeof G

.7I
[

\

T=T{e}+{e
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Proof of Cut Theorem cont.

* W(T) =w(T-{€}+{e}) =w(T)-w(e)+w(e)

._7]
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T'=T-{e}+{e}
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Proof of Cut Theorem cont.

* W(T") =w(T-{e}+{e}) = w(T)-w(e)+w(e)
< W(T) because w(e)<w(€')

o~

T=T{e}+e}
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Proof of Cut Theorem cont.

o T{e}+{e} isaMST of Gthatincludese

00:7]
[ ]

T=T{e}+{g)
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Proof of Cut Theorem cont.

« If the minimum weight edge spanning the cut is
unique then

s W(T) =w(T-{e}+e}) = w(T)-w(e)+w(e)
<w(T) because w(e)<w(e')

» This contradicts the fact that T isaMST of G

« Our only assumption wasthat e T

e SoeeT = eisinevery MST of G
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