Graph Algorithms

Graph traversal

Topologica sort

Strongly connected components
Single-source shortest path
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Graph Traversal

¢ Breadth-first
¢ Depth-first
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Breadth-first(s)
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Breadth-first(s)
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Breadth-first(s)
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Breadth-first(s)
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Graph Algorithms

Graph traversal

Topologica sort

Strongly connected components
Single-sour ce shortest path
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Single Source Shortest Path

* Input: Graph G with adesignated start
vertex s.

e Qutput: For each vertex v, thelength of the
shortest path betweensand v.
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Distance

* Thedistance between verticesv and w in
the unweighted graph G isthelength of a
shortest path betweenv andwin G.

* Weusedg(v,w) to denotethisdistance.
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Single Source Shortest Path

* Input: Graph G with adesignated start
vertex s.

* Output: For eschvertex v, dg(SV).
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Shortest path treefor s

The path betweensand v in T isashortest pathin G.
Equivalently, d(sv)=dg(s,v).
S
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Shortest path treefor s

The path between sand v in T isashortest path in G.
The edges traversed in Breadth-First(s) form shortest

Shortest path tree for s

* |Isit clear such atree exists?
* Isit clear the Breadth-first(s) findsit?
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Shortest path tree for s

* |sit clear such atree exists?

 Order thevertices of G by distance from s:
V=SV, Vo ooy V,

e Claim: Thereisasubtree T of Gon
vertices{v,, ...,Vv;} suchthatforeveryk,

Osksi, dr(svi)=dg(sv).
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Proof of Claim

¢ Clam: Thereisasubtree T of G on vertices
{vg, ..., Vv;} suchthat for every k, O<k<i,
dr(s,v)= dg(SVy)-

¢ Proof: Theclaimistruefor i=0.

s
T: o
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Proof of Claim

e Clam: Thereisasubtree T of G on vertices
{vg: ..., v} suchthat for every k, O<k<i,
dr(sv)= dg(svy).

* Proof: Now supposei>0. Assumetheclaimis
truefor i-1. We'll show the claim istrue for i.
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Proof of Clam

¢ Clam: Thereisasubtree T of G on vertices
{Vg, ..., V;} suchthat for every k, O<k<i,
d(s,v)=dg(svy)-

» Proof: Let T bethetree containing {v,, ..., v, }

o,
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Proof of Claim

* Lets, ..., u,Vv, beashortest path between sand v,
inG (u?t v, possibly u=s).
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Proof of Clam

e Lets, ..., u,v, beashortest path between sand v,
inG (u? v, possibly u=s).
* Isit possiblethat uisnot already in T?

@V,
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Proof of Claim

* NO: s, ..., u,v,; isashortest path fromstov, so
dg(sv)=1+dg(su)>d 5(su).

 Thusu precedesv; in the ordering of vertices and
itmustbe inT.
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Proof of Claim

By our induction hypothesis d(s,u)=d(s,u).
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Proof of Claim

* By our induction hypothesis d 5(s,u)=d(s,u).
o Let T'=T+{(uyv))}. Then
dr(sv)=1+d(su)=d 5(sV)).

s .
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QED

¢ Thereisasubtree T of G on vertices
{Vg, ..., V;,,} suchthat for every k, O<k<i+1,
d(s,v)=dg(svy)-
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Shortest path treefor s

« |sit clear such atree exists?
* |Isit clear the Breadth-first(s) findsit?
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Shortest path tree for s

* Isit clear such atree exists?
* Isit clear the Breadth-first(s) findsit?

— The previous proof with some dlight
modification doesit.
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Single Source Shortest Path

* Input: Graph G with adesignated start
vertex s.

e Qutput: For each vertex v, thelength of the
shortest path betweensand v.

« Algorithm: Modify Breadth-first to
computed(s,v) along theway.
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Breadth-first search
Compute distance from s
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Breadth-first search
Compute distance from s
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Breadth-first search
Compute distance from s
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Breadth-first search
Compute distance from s
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What if G isweighted?
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Single Source Shortest Path

* Input: Weighted graph G with adesignated
start vertex s. Weights are positive!

e Qutput: For each vertex v, thelength of the
shortest path betweensandv.
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Shortest path treefor s

The path betweensand v in T isashortest pathin G.

Shortest path treefor s

* |Isit clear such atree exists? YESby same
argument.

° 100 S 1 °
. -
.\1 \ g \.
Ne——e o
1 1
CS140 29-37
Shortest path treefor s

* |sit clear such atree exists?

* Order thevertices of G by distancefroms:
VoISV, Vs, oon, Y,

» Clam: Thereisasubtree T of Gon
vertices{v,, ...,Vv;} suchthatforeveryk,
Osksi, dr(svy)=dg(sVy)-
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Shortest path tree for s

e Clam: Thereisasubtree T of Gon
vertices{v,, ...,Vv;} suchthatforeveryk,
O<ksi, dr(svi)=dg(sVy)-

» What isthetreefor {v}?
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Algorithm?
¢ Doesthisgiveyou any ideas?
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Shortest path treefor s

e Claim: ThereisasubtreeT of Gon
vertices{v,, ...,Vv;} suchthatforeveryk,
O<ksi, dr(svy)=dg(sVy).-

* What isthetreefor {v}?

s @
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Shortest path treefor s

Claim: ThereisasubtreeT of Gon
vertices{v,, ...,Vv;} suchthatforeveryk,
O<ksi, dr(sVv,)=dg(sVy).

If you haveatreefor {v,,...,v} canyou
find thetreefor {v, ...,V Vi } ?
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But Wait

* Youdon't even know which vertexisv,,,!
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Shortest path treefor s

Clam: Thereisasubtree T of Gon
vertices{v,, ...,Vv;} suchthatforeveryk,
0<ksi, dr(SVi)=dg(SV )

If you haveatreefor {v,,...,v} canyou
findthetreefor {v, ...,V \Vi.} ?

Find vertex vi T that minimizes
miner dr(s,u)+w(u,v).
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Dykstra' s Algorithm
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Dykstra s Algorithm

Number in node u indicate d o(s,u)

Dykstra’' s Algorithm

Number in node u indicate d (s,u)
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Dykstra's Algorithm

Number in node u indicate dg(s,u)

S
4 5
8 5
1
2 6 3
8 7
3 2
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Dykstra’ s Algorithm

Number in node u indicate d 5(s,u)

4 5
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Dykstra's Algorithm

Number in node u indicate d(s,u)
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Dykstra' s Algorithm

Number in node u indicate d 5(s,u)
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Dykstra s Algorithm

Number in node u indicate d o(s,u)
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Dykstra’' s Algorithm

Number in node u indicate d (s,u)
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Dykstra's Algorithm

Number in node u indicate dg(s,u)
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Does this sound familiar?

* Prim'sagorithmfor MST iSVERY similar.

« Theimplementation details are almost
identical.
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