Graph Algorithms

» Graphtraversa

 Topologica sort

» Strongly connected components
* Single-source shortest path

CS140 31-1

Digraph notions

* Vertexy is reachablefrom x if thereisa
directed pathin G from x toy.

* By convention x isreachable from x by a
directed path of length 0.
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Digraph notions cont.

« Vertexyisreachablefrom x if thereisa
directed pathin G fromx toy.

* Verticesx and y are strongly connected if X is
reachable fromy and y is reachable from x.
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Strongly-connected vertices?
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Strongly-connected vertices:
5 U3 0
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Digraph notions cont.

 Strongly-connected isan equivalence
relation.

¢ Theverticesare partitioned into
equivalence classes called strongly
connected components.
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Strongly connected components
SCC

e 0

)
Ca)

DFS Application

* ldentify the strongly connected components

of adigraph G.
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Depth-First(x)

Depth-First(x)
Mark x visited
For each edge <x,y>

If y isunvisited then
DFS(y)
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DFS(G)

DFS(G)
While G has an unvisited
vertex x:
Depth-First(x)
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WARNING

» Order matters

» We'll use dphabetical priority
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DFS(G)

Choose

DFS(G) — alphabetically

While G has an unvisited
vertex x:

Depth-First(x)
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Depth-First(x)

. Choose
Depth-Firsi(x) alphabetically
Mark x visited
For each edge <x,y>

If y isunvisited then
DFS(y)

DFS(G)
Alphabetical priority

aisunvisited so DFS(a)

c b
a d
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DFS(d)
Alphabetical priority
Visitd
All out-edges checked so € b
return
a d
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DFS(a)
Alphabetical priority
Visita
Find <a,d> edge and call c b
DFS(d)
a d
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DFS(a)
Alphabetica priority
Visita
Find <a,d> edge and call c b
DFS(d)
All out-edges checked so
return a d
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DFS(G)
Alphabetical priority

aisunvisited so DFS(a)

bisunvisited so DFS(b) c b
a d
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DFS(b)
Alphabetical priority

DFS(c)

Alphabetical priority

Visitc
Find edge <a,c> —no action )
. ) c
Find edge <b,c> — no action N
All out-edges checked so
return a §
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Visitb ¢ b
Find edge <b,c> and call

DFS(c)

a d
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DFS(b)
Alphabetical priority

Visitb
Find edge <b,c> and call

DFS(c) Comm b

Find edge <b,d>— no action
All out-edges checked so
return
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DFS(G)
Alphabetical priority

aisunvisited so DFS(a)

bisunvisited so DFS(b) . b
All nodescheckedsoreturn | 7777
a d
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What is the running time of DFS?

e O(m+n)

 Every vertex is pushed onto the stack once
and popped from the stack once.

 Eachout-edgeisinspected once.
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Strongly Connected Components
e Input: Digraph G

e Output: The strongly connected
components of G.
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Naive Algorithm

» Arex andy in the same connected
component?

Mark all vertices unvisited and call DFS(x)
If y unvisited return no

» Mark all verticesunvisited and call DFS(y)
If X unvisited return no otherwise yes

CS140 31-25

Naive algorithm

» Worst case: n? calsto DFS(x)
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All little more sophistication
please...

» We can find the strongly connected
components of G with two callsto DFS(G)
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Three ideas

* DFSForest of G
» Timestamps
* Reversd of G
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DFS Forest of G

» The DFS Forest of G isthe subgraph
consisting of
— Every vertex of G
— Each edge traversed in DFS(G)
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“Traversed”

» Walked acrossto visit

Cott—0 P

CS140 31-30




DFS Forest

» The DFS Forest of G isthe subgraph
consisting of
— Every vertex of G
— Each edge traversed in DFS(G)

WARNING

* DFS Forests are sometimes

SOUAY
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c b c b
DFS oq—o
G tree
a d of G: a.—» d
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DFS Forest

« If xisreachablefromy ... can't say much
G e

Ve
&EH

Strongly connected
components of G

DFSforest of G
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DFS Forest

 If xandy areinthe same strongly
connected component of G thenthey arein
the same tree of the DFSforest of G.

e Why?
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Converseisnot true

G e
BN 4
G

Strongly connected
components of G

DFSforest of G

CS140 31-35

The problem

* The DFSforest of G depends on the order
in which we consider vertices and edges.

« Example: orderingc,b,adorc,b,d,a

[ b

DFS
G tree
a d of G

a d
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Three ideas

* DFSForest of G

DFS(G)

aisunvisited so DFS(a)

Firg-arrival L ast-Departure

a
b
c b c
d
a d
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Visitd
All out-edges checked so
return
First-arrival Last-Departure
a (1
b
c b Cc
d |2 3
a d
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DFS(G)

aunvisited so Call DFS(a)
b unvisited so Call DFS(b)

» Timestamps
* Reversa
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DFS(a)
Visita
Find <a,d> edge so call
DFS(d) Firs-arrival | Last-Departure
a |l
b
[ b Cc
d
a d
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DFS(a)
Visita
Find <a,d> edge and call
DFS(d) - -
First-arrival Last-Departure
All out-edges checked so
return a |l 4
b
c b Cc
d (2 3
a d
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First-arrival Last-Departure
a |l 4
b
c b c
d |2 3
a d
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DFS(b)

DFS(c)

Visitc
Find edge <a,c>—no action

Find edge <b,c>—no action Frsamival | Last-Departure
All out-edges checked so
return a |l 4
b |5
c b c |6 7
d (2
a d
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Call DFS(a)
Call DFS(b)

All nodes visited so return Firsarmival | Last-Departure
a|l 4
b |5 8
c b c |6 7
d |2 3
a d
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Visitb
Find edge <b,c>and call
DFS(c) - -
Firgt-arrival L ast-Departure
a |l 4
b |5
c b Cc
d (2 3
a d
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DFS(b)
Visitb
Find edge <b,c> and call
DFS(c)
Find edge <b,d>— no action First-arrival L ast-Departure
All out-edges checked so a1 4
return
b [5 8
c b c |6 7
d |2 3
a d
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Three ideas
» DFSForestof G
* Timestamp
* Reversal of G
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GR: Reversethe edges of G

*——o *~-——
—¢ -
G GR
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(GROR Reversethe edges of GR

Reachability

Cmai (—2

D —

G GR

X isreachablefromY in G 0 Y isreachablefrom X in GT
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*—=0 *——9
o——o - o——8
¢ (F)*=G
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Reachability

XisreachablefromY in G 0 Y isreachablefrom X inGT
So the SCC of G and GR are the same!
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SCC

Reversal only affects edges between
different strongly connected components

6 g 01

CO
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SCC

* DFS(G) with timestamp

» DFS(GR) using last-departure time
decreasing order

* Thetreesinthe DFSforest of GR
correspond to the connected components of
G
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DFS(G)
First-arrival L ast-Departure
[ b a1l 4
b [5 8
a d c |6 7
d |2 3

Last-Departure time decreasing order: b,c,a,d
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Claim

* If x isreachablefromy then at least one of
thefollowing holds:
A. LastDeparture(y)>L ast-Departure(x)
B. x andy arein the same SCC
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Proof

When DFS(y) iscalled:
1. Wehaven'tyetvisited X —thenx is
visited during DFS(y)
2. Wehavevisited X
a. We haven't departed X
b. We have departed X

Proof

When DFS(y) iscalled:

1. Wehaven'tyetvisited X ® thenxis
visited during DFS(y) mmp A holds

2. Wehavevisited X
* Wehaven'tdeparted X pmmp B holds
* Wehavedepated X mmp A holds
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DFS(GR)
Order: b,cad
Co o b
Each DFS tree corresponds (4] o
to aconnected component. a d
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CS140 31-56
DFS(GR)
Order: b,c,ad c b
a d
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Why does thiswork?

1. If xandy areinthe same strongly
connected component of G then they are
inthe sametree of the DFSforest of GR.

2. If xandy areinthe sametree of the DFS
forest of GRthenthey areinthe same
strongly connected component of G.
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Clam1

* If x andy arein the same strongly
connected component of G then they arein
the sametree of the DFSforest of G.

» The SCC of G areidentical tothose of GR.
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1.

Why does thiswork?

If x and y arein the same strongly
connected component of G then they are
inthe sametree of the DFSforest of GR.

If x and y arein the sametree of the DFS
forest of GRthenthey arein the same
strongly connected component of G.
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Clam?2

¢ Let x andy bein the same tree constructed in the
DFSforest of GR. WLOG assume x is the root.
* Sincey isreachable from x in GR, x isreachable
fromyinG. By apreviousclaim one of the
following conditions holds:
— Last-Departure(y)>Last-Departure(x) in DFS(G), or
— xandy areinthesame SCCin G
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Clam 2

Let x and y be in the same tree constructed in the

DFS forest of GR. WLOG assume x is the root.

Sincey isreachable from x in GR, x isreachable

fromyinG. By apreviousclaim one of the

following conditions holds

— Last-Departure(y)>Last-Departure(x) in DFS(G)
Contradiction

— xandy areinthe same SCCin G
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Why does thiswork?

1. If xandy areinthe same strongly
connected component of G thenthey are
inthe sametree of the DFSforest of GR.

2. If xandy areinthe sametree of the DFS
forest of GRthenthey areinthe same
strongly connected component of G.
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Graph Algorithms

Graph traversa

Topological sort

Strongly connected components
Single-source shortest path
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Topological Sort

* Input: Acyclicdigraph

» Output: List of thevertices of G ordered to
satisfy thefollowing: If thereisapath from
xtoy inGthenx precedesy inthelist.
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e Qutput: u,Vv,z,w
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Algorithm
* DFS(G) with timestamps

* Output vertices by decreasing last-departure
time.
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