Algorithm Design Techniques

* Induction

« Divideand Conquer
 Dynamic Programming
o Greedy

* Reduction
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Induction: Algorithm,

Induction: Algorithm,
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Divide and Conquer:
Algorithm,
Algorithm,
Input, E Inputs, Outputs,,é Output,
— % — Algorithm,, 1— s
E — " %
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Sorting

e Insertion Sort:  T(n)=T(n-1)+cn=0(n?)
— Sort first -1 elements
— Insert element n into sorted list
* Merge Sort: T(n)=2T(n/b)+cn=0(n Ig(n))
— Sort first n/2 elements
— Sort last n/2 elements
— Merge sorted lists into one sorted list
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Matrix Multiplication

 Input: Twonx nmatricesA, B
e Output: The product AB
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Reminder

Example
* Input: ! 3 2 3
2 4 2 1

« Output: | 4 6
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Algorithm
Fori=1ton
Forj=1ton
Cl[i,j]=0
Fork=1ton

Cli.jl = C[i,j] + A[i.KIB[k,]
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Operation Count
Fori=1ton
Forj=1ton
C[i,j]=0
Fork=1ton

Clijl = C[i,j] + Ali KIB[K,j]

Requires n3multiplicationsand n3(n-1)
additions.

(Note theinput sizeis 2r?.)
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Divideand Conquer: n=2m

A A B B
° I nput- 11 12 11 12
A21 AZZ BZl BZZ
* Output: | ¢, Cp Gy =AuBy +AB
CZl CZZ
T(2n?)=8T(2(n/2)?) + cn? =O(n%)
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Can we do better?
e T(2n?)=aT (2(n/2?)+cn? =o(nd) if a<8

 Strassen’ salgorithm:
a=7 and T(n)=0(n'%%7)

10/11/00 Cs140(11) 12




r 's Algorithm
Strassen’s _go t Rephrase
Base Case: 2x2
Call thil's matrix A Call thits vector v
a b e g aebf  a+bh a b 0 0 e aetbf
c d X f h |7 | cerd  aeh c d |o 0 f cerdf
0 0 a b g - ag+bh
Isthere hope? 0 0 c d h cg+dh
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A little magic ... BandC
We can compute Av with 7 scalar
multiplications! B C B+C
b |b |0 |0 00|00
b |b |0 |0 00|00
0(0]0 |0 00 |c |c
0(0]0 |0 00 |c |c
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B,CandD B,C,DandE
B+C D B+C+D B+C+D E B+C+D+E
b (b [0 |0 0 (0|00 b (0|0 ab|0 |0 |O
b (b [0 |0 c-b |10 |0 [c-b b [0 [c-b 0O [0]0 |O
00 |c |c b-c |0 |0 |b-c b-c|0 |c |b c-b |0 |ac|0O
010 [c |c 0 (0]0f0 0 |0 |c|c 0O [0]0 |O
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B,C,D,Eand F

A=B+C+D+E+F

0 e aetbf
0 f cetrdf
b g ag+bh
d h cg+dh
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B+C+D+E F B+C+D+E+F
alb|o|0 0 (0 |ofo
c|b|O]|c-b 0 |d-b|0|b-c
0|0|a|b 0 (0 |ofo
0|0 |c|c 0 |0 |0f|d-c
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A little magic...

Claim: We can computethe productsBv, Cv,
Dv, Ev, and Fv with 7 scalar multiplications

So we can compute Av with 7 scalar
multiplications
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o|o|o| o
o|o|o| o

o|Oo|T| T

o|o|T| T

1 multiplication

el <
1
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Cv: 1 multiplication

(2 sofar)
C v
ofofo]o E
ofofo]o -
ofo]ec|c m
ofo]ec|c
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o|lo|olo| O
o|o| oo

1 multiplication
(3sofar)
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Ev: 2 multiplication

(5sofar)
E v
ablo]o [o E
o [ofo |o =
c-blo[ac|o m
0o [o]o [o

Note: (c-b)et+(a-c)g =(a-c)(g-e)+(a-b)e
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Fv: 2 multiplication

E
010 |(0]0
0 |d-b [0 |b-c
00 |(0]0
0|0 [0 |d-c
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(Ttotdl)
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Strassen’ s Divide and Conquer

* Input:

* Output: | ¢, Cp Cy=AuBy +A1By,

T(2n9)=7T(2(n/2)?) + cn? =O(n'°%7 )
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