Algorithm Design Techniques

* Induction

« Divideand Conquer

» Dynamic Programming
o Greedy

* Reduction
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Outline

» Longest Common Subsequence
— Inductive Approach
— Dynamic Programming
— Backtracking

« Matrix Chain Multiplication
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L ongest Common Subsequence

* Input: Two sequences (lists) of integers
X=X X ooe s X and Y=Y.¥o o\ Y

» Output: A longest subsequence of X that is
also asubseguence of Y
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LCS- Example

e Input: X=1,-2, 3, 4,9,18
Y=3091 -2 522218

e QOutput: Z2=1,-2,18
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LCS,.; Algorithm
Finds LCS of sequenceswith n+1 or fewer
elements (total)

LCS,.; Algorithm

X —y )
X LCS, Algorithm
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transform
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Easy cases:
XorY isempty

« LCSEF, Y[1...m]) =

« LCS(X[1...j], F) =
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Harder case
(Assume j>0, m>0)

X =Xg, Xg, oo 1 X X Y=YYa - Y Y
1. =Y,

2. Xty
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Run Time

T(j,m) =max( T(j-1,m) + T(j,m-1)), T(m-1,n-1)) + c

>2T(-1m-1) + ¢
= V\(Zmin(j,m))
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Run Time Analysis
Many duplicated subtrees

() ®
/\ /\
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Dynamic Programming
Don’t Recalculate

G (o)
Age R
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Dynamic Programming
« A(i,k) isthelength of alongest common subsequence of

X[1...i] and Y[1...K]

* A(i,00=A(0,k)=0 O£i£j and OEkEm
¢ A(i,k)= maximum of
A(i-1Kk), A(ik-1), and A(j-1,k-1)+match(x;,y,)

« A(j,m) isthelength of alongest common subsequence of
XandY
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A(i,k)
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LCS- Algorithm

LCS(X=X1,Xy,... xj;Yzyl,yz, oY
Fori=0toj: A(i,0)=0
For i=0tom: A(0,i)=0
Fori=1toj
Fork=1tom
If X;=y, then match=1 else match=0
A(i,k) =max(A(i-1,k),A(i k-1),A(i-1,k-1)+match))

Run Time Analysis

* Number of tableentries:
 Timeto compute one entry:
* Runtime
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Return A(j,m)
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Backtracking
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Outline

* Longest Common Subsequence
— Inductive Approach
— Dynamic Programming
— Backtracking

» Matrix Chain Multiplication
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Matrix Chain Multiplication

¢ A isannx mmatrix
¢ B isanmx k matrix

« How many scalar multiplications are needed
to compute AB?
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Matrix Chain Multiplication

A isa2 x 5matrix
B isab5 x 1000 matrix
Cisal1000 x 2 matrix.

e How many scalar multiplications are needed
to compute ABC?
- (AB)C
- A(BO)
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Matrix Chain Multiplication
* Input: A listof n+1integersp,,p, .- » Prss

e Qutput: The minimum number of scalar
multiplications needed to compute P _, A,
where A;isap; xp;,, matrix.

(Assume a standard matrix multiplication procedure is used;
i.e. no Strassen-like improvements.)
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MCM,,; Algorithm

Inductive Approach

* Consider aninput: p,0,/03,04P5P6

* Imagine an optimal solution: 10773
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MCM, ., Algorithm
PuP2; .- s £ gl €
Pr1 € -0 |MCM, Algorithm num’g num
g &
10/18/00 CS140(11) 21
Inductive Approach

+ Consider aninput: P;,0,03,P4PsPs

* Imagine an optimal way of multiplying
matrices A;,A, AL A LA

(A(AAS)) (AAs)
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Inductive Approach

* Thereissomelast multiplication
AAAY) | (AAY
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Inductive Approach cont.

» Thereissomelast multiplication
(A(AA) | (AA)

* SO OPT(Al,A21A31A41A5) =
OPT(A1,A,Az) + OPT(A,As) + P1P4Ps
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Inductive Approach

« Wedon't know where the top split occurs ... but
clearly OPT(A;A,AALAL) =

Min oqes OPT(Ay,...,A) + OPT( Ay, As) + P1PysaPs

* where OPT(A)=0
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Running Time

* T(N) = SpaenT(K) + T(n-K) + C

Dynamic Programming

* Useatableto storeresults

* What kind of results?
— M(k,j) = Minimum number of multiplications
tocompute P, | A
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3 2T(n-1) +c

=W2")
1ons00 cstaoqit) 2

M(k,j) for k<j
1 2 3 4 5

1
2 M(3,5) needs:
3 — M(3,3),M(4,5),
4 T M(3,4),M(5,5)
5
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M(k,j) needs M(i,m)
where m-i <j-k

1 P
L Z

/| /]
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M(k,j) needs M(i,m)
where m-i <j-k
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Dynamic Programming
Algorithm

M(k,k)=0
Forj,k suchthatj-k =1,2,...,n-1
MK j)=ming 3 MKDEM(+1]) + pp;.p;

Return M(1,n)
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Input: 2,3,1,5,4,8
(A;is2x3,A,is3x1, ...)

0

15
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MCM Algorithm

¢ Recursive Algorithm takes exponential
time.

» Dynamic Programming takes
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