Outline
e MST: RunTimeanayss
—Prim's
— Kruskal's

* Single Source Shortest Path
— Breadth-First Search
— Dykstra's algorithm
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Prim’s Algorithm

Chooseavertexw eV
F={w}
WhileV-F=f

L et e be aminimum weight edge that
emergesfrom F

F=F+{¢e}
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Prim’s example
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Prim’s Algorithm
Running Time: O(n(?))
ChooseavertexweV
F={w}
WhileV-Fz f

L et e be aminimum weight edge that
emergesfrom F

F=F+{¢}

M

How should we implement this?
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Consider naive approach ...

» Gothrough edgelist to find least weight
edgeemerging from F:
6,13,7,35,8,111,2,10,9,124

€S140(16)
11/06/00 5

Prim’s Algorithm
Running Time: O(nm)
Chooseavertexw eV
F={w}
WhileV-Fz f

L et e be aminimum weight edge that
emergesfrom F

F=F+{e}

M

Naive approach O(m)
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What to do?

Data :tuprfeé)\
S
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Fringe vertex

visafringevertexifitisinV-Fanditis
connected by an edgeto avertexuin F
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A less naive approach ...

List of fringe vertices and for each its
minimum weight edgeto F

[b2], [d,3], [a5],[c,10]
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And even better...

« Keepthefringeverticesina JEAPII
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Prim’s Algorithm
A Better Implementation

Chooseavertex xeV
F={x}, H=f
For each e=(u,x): Add record [u,€] to heap H

keyed onw(e)
WhileH £

[u,e]=Find-min(H)

AdduandetoF

For each edge incident to u: Update heap
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Update heap:
[b,2],[d,3].[a,5],[c,10]

* [b,2]: remove[b,2] fromheap [d,3],[a5],[c,10]
« Add new fringevertices: [d,3],[a,5].[c,10],[e,12]
« Update edge weights: [d,3],[a,5],[c,9],[e,12]
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Arethese standard operations?

¢ Extract-min
¢ Add element to heap
¢ Reduce key of element in heap 21?
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Decrease key

» Next homework assignment: Design

decrease key algorithm for heapsthat runs
intime O(lg(n)).
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Prim’s Algorithm
Running Time

Choose avertex xe V
F={x}, H=f
For each e=(ux): I Nnsert
WhileH # ¢
[ug=Extract-ming)
AdduandetoF
For each edgeincident tou: | nsert or Decr ease-
key ordonothing
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Prim’s Algorithm
Running Time
« Heap operations across agorithm:

—n Extract-mins O(Ig(n)) each
—nInserts O(Ig(n)) each
—m-n Decrease-keys  O(Ig(n)) each
— m Do nothings O(1) each

* Total timeisO(mlg(n))
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But wait ...suppose we could
decrease-key in time O(1)
* Heap operations across algorithm:

—n Extract-mins O(Ig(n)) each

—n Inserts O(Ig(n)) each
—m-n Decrease-keys  Qfgn)) O(1) each
— m Do nothings O(1) each

* Thentota timeisO(m+nlg(n))
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Bravo, bravo ...

“\ N
2 4
p— A —
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Do It With Fibonacci Heaps

w2
I ﬂ

Don't worry— it works!

CS140(16)
11/06/00 19

Kruskal’s Algorithm

Lete, e, ..., e,betheedgesof G sorted by

increasing weight. O(mlogm)
F=V o(n)
Fori=ltom

| 1 F+{e} is acyclic then F=F+{e}. o)
Return(F)
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Kruskal’s Algorithm

e O(mlog m+ nm)
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But Walit ...

Data.s. uctures
‘al
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Union-Find Data Structure

» Digaint-sets. S, S,, ..., S,
* Operdtions:

— MakeSet(x)

— Union(x,y)

— FindSet(x)
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Kruskal’s Algorithm

Lete, e, ..., &, bethe edges of G sorted by
increasing weight. O(m log m)

F=V : For each v inV MakeSet(v)

Fori=1rtom

If F+{e} isacyclicthen F=F+{e}:
Assume &=(u,v)
If FindSet(u) * FindSet(v) then Union(u,v)

Return(F)
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Union-Find Data Structure

* Digaint-sats. S, S,, ..., S

Running Time Analysis

e Prim's (andDijkstra’ s)

— Binary heap: O(m Ig(n))

— Fibonnaci heaps. O(m+n Ig(n))
* Kruska’s

— DFS: O(m Ig(m) + r?)

— Union Find: O(m Ig(m))
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 Operdtions:
— MakeSet(x) O(1)
— Union(x,y)
— FindSet(x)
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Single Source Shortest Path

* Input: Graph G with adesignated start
vertex s.

 Output: For each vertex v, the distance
betweensandv.
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Defs. Path Length, Distance

« In anunweighted graph
— thelength of a path isthe number of edgesin
the path
— the distance between two verticesis the length
of ashortest path between the vertices
* Weusedg(u,v) to denotethe distance
betweenuandvinG
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Example: Distance

dg(55)=0, dg(s,u)=1, dg(sv)=2

7 ‘ N
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Shortest path tree for s

A spanning tree of G such that the path between s and
avertex v in T isashortest pathin G.

Doessuch atree
S always exist?

CS140(16)
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Proof of Existence:
Shortest path tree for s

* Order thevertices of G by distancefroms:
VoIS, Vy, Vs, oon, Y,

» Clam: Thereisasubtree T of Gon
vertices{v,, ...,Vv} suchthatforeveryv;,
dr(svp)=dg(sv).
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Base Case

¢ When i=0 the claim holds.

s @
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Inductive Hypothesis

e Thereisatree T such that d.(s,v)= dg(sv) for
echvin{sv,, ...,V,.}

' ?\J )
V2 Vi
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Now add v;

+ We need to exhibit Tesuch that d-(s,v,)=ds(s,v,)
foreachvin{s=vg, ..., v, vi}.

L 2"

4
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Observe

e Lets, ..., u,v, beashortest path between sand v,
inG.

e Sincei>0ut v,

Thus dg(sv;)=1+dg(su)>d 5(s,u).

Thereforeu precedesv;, in the ordering of vertices;

i.e.u=v; for somej<i.

.

.
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Proof of Claim

e Souisaready in T and, by our induction
hypothesis, dy(s,u)=d(s,u).

oV,
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T&T+(u,v))

e d.(sv)=1+d(su)=d s(sV))

T Vy=u
Vs

Va Vi

QED
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Shortest path treefor s

The path between sand v in T isashortest pathin G.
The edges traversed in Breadth-First(s) form shortest

path treefor s. s
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Breadth-first(s) tree:
All verticesand theedgestraversed
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Breadth-first(s)

Breadth-first(s)

Q=234
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Q=s
S
¢ [ ]
11/06/00 CS140(16) 20
Breadth-first(s)
Q=3456 s
/ [ I
° [ ]
6 3 ®
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Breadth-first(s)

Q=456,7

Breadth-first(s)

S
/ 2 4
6 B 7
Single Source Shortest Path

* Input: Graph G with adesignated start
vertex s.

* Output: For each vertex v, thelength of the
shortest path betweensand v.

* Algorithm: Modify Breadth-first to
compute d(s,v) along theway.
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Breadth-first search
Compute distance from s

dist 1 dist 0 dist 1

dist 1
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Q=5,6,7,8 s
e 2 4\
8 ‘ 8
6 B 7
11/06/00 csteoae) 44
Breadth-first search
Compute distance from s
dist0
[ J [ [ J
[ J [ J
[ J [ J [ J
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Breadth-first search
Compute distance from s
dist 1 dist0 dist 1
/ PY
dist2
[ J
dist2 )
dist1
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Breadth-first search
Compute distance from s

dist 1 dist 0 dist 1

Running Time

» Themodified breadth-first algorithm for
single source shortest path in an unweighted

graphis:
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Single Source Shortest Path

 Input: Weighted graph G with adesignated
start vertex s. Weights are positive!

 Output: For each vertex v, thelength of the
shortest path betweensandv.
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i dist 2
dist 2
dist 2 dig 1 dist 2
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What if G isweighted?
° 100 S 1 °
2 1
* \ 1 1 \.
\ 1 1
1 o— o & 1
1 1
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Path Length

» Inaweighted graph thelength of apathis
the sum of the weights of the edges of the

path.
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Shortest path tree for s

The path between sand vin T isashortest pathin G.

S 1
o

100
1 o \
1
.\1 \ 1
1 1
o—©O [ J
1

1
1
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Shortest path treefor s

* Isit clear such atree exists? YESby same
argument.
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Shortest path treefor s

« Claim: Lettheverticesof G be sorted by
distancefroms. Thenthereisasubtree T
of Gonvertices{v,, ..., Vv;} suchthat
0<ksi, d(sv)=dg(sv) foreachvinT.

* If you haveatreefor {v,,...,Vv;} canyou
find thetreefor {vg, ... ,V;Vi,} ?
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Shortest path treefor s

* Suppose you don’'t know the ordering?

» Ateach stepfindthevertex vi T that
minimizes
min,; d(su)+w(u,v).
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Dykstra' s Algorithm
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Dykstra s Algorithm

Number in node u indicate d o(s,u)

Dykstra’' s Algorithm

Number in node u indicate d (s,u)

€S140(16)
11/06/00 59

CS140(16)
11/06/00 60

10



Dykstra's Algorithm

Number in node u indicate dg(s,u)

Dykstra’ s Algorithm

Number in node u indicate d 5(s,u)

4 5
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Dykstra' s Algorithm

Number in node u indicate d 5(s,u)

S
4 5
6
2 1 5 3
8 7
3 2
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Dykstra’s Algorithm
Number in node u indicate d o(s,u)
4
6
5
8
3
11/06/00 CS140(16) 3
Dykstra’s Algorithm
Number in node u indicate d 5(s,u)
6
@
8 7
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S
4 5
6 \
@ 1 5
7
8
o0
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, .
Dykstra’' s Algorithm
Number in node u indicate d (s,u)
5
@
7
©S140(16)
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Dykstra's Algorithm

Number in node u indicate dg(s,u)
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Does this sound familiar?

* Prim'sagorithmfor MST iSVERY similar.

« Theimplementation details are almost
identical.
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All Pairs Shortest Path
(directed version)
* Input: Weighted digraph G

 Output: For each pair of verticesx,y the
distance betweenx andy in G
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What is d(b,a)?
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What isd(b,a)?
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What isd(b,a)?
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Three Cases:

» Thereisno pathfromatob

» Thereisapath from ato b but no shortest
path

» Thereisashortest pathfromato b
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Shortest path algorithm should

» Determinewhich case holds
— Thereisno path fromatob
— Thereisapath from ato b but no shortest path
— Thereisashortest path from ato b

« Find thelength of the shortest path when
oneexists
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All Pairs Shortest Path
Inductive definition
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Solve and then what?

K-limited paths

* A path from v, to v; is k-limited if the
intermediate vertices in the path are
numbered k or less
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3-limited paths

v Vo

g

“No exit” nodes
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What is the shortest 5-limited
path from v, tov,?

4 Vs

CS140(16)
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Floyd-Warshall algorithm

« DX(i,j) isthelength of ashortest k-imited

pathfromv; tov;

o DX(i,j) = min(D*(i,j), D*(i,k)+ D*(k,)))

* Dij) = w(<v,v>)

11/06/00
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DO

vy v
2
1
2 3

PAEEN

Va 4 Vs
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DO
11213 (4|5
1 (0 [¥ [¥ [2 [¥
2 [¥ [0 [¥ |¥ |3
3 |1 1|2 [0 [¥ |¥
4 |y |¥ (4]0 |4
5 ¥ [¥ [5]¢ |0
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1]2[3[4]5
“ 1
1 v 2
2 3 3
A 4
Y 7 v =

— csuons) .

D1

2345
v ) 1
1 ‘ 2
2 3 3
A 4
Ve 4 A 5
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D(i,j)=min(D°(i,j), D°(i,1)+D°(1,)))

D° Dt
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D1(i,j)=min(D°(i,j), D°(i,1)+D°(1,)))
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D2(i.,j)=min(D(i,j), D4(i,2)+DX(2}))

D! D2
12345 11213145
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Andsoon ...
Dt
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Andsoon...
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Andsoon...
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Floyd-Warshall algorithm

» Doi.,j) =w(<v;v;>)
e Fori=1ton

Compute D' from D
e Return D"

CS140(16)
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Floyd-Warshall algorithm
Running Time
* nTables
» EachisnXn
» Eachtableentry takesO(1)

.« O(n?)
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