Digraph notions

e Vertexy is reachablefrom x if thereisa
directed pathin G fromx toy.
(By convention x is reachable from x by adirected path

of length 0.)

« Verticesx andy are strongly connected if X is
reachable fromy and y is reachable from x.

» Verticesx andy are weakly connected if they
are in the same connected component of the
undirected version of G.
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This meansthere
are edges in both
directions!

Strongly-connected vertices?

*—®

—
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Strongly-connected vertices:
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Weakly-connected vertices?

11/6/00 CS140(17)

Weakly-connected vertices:
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Digraph notions cont.

« Strongly connected is an equivaence relation;
the equivalence classes are called strongly
connected components.

« Weakly connected is an equivalence relation;
the equivalence classes are called weakly
connected components.
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DFS Applications

* |dentify the strongly connected components
of adigraph G.

* |dentify the weakly connected components
of adigraph G. Easy! Do on your own.
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DFS(G)

We'll choosethese

DFS(G) in alphabetical
While G has an unvisited order
vertex X:
DFS(x)
Note: DFSis overloaded!
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DFS(x)

We'll choosethese

DFS(X) in alphabetical
Mark x visited order

For each edge <x,y>
If y isunvisited then
DFS(y)

11/6/00 Cs140(17) 9

DFS(G)
Alphabetical priority

aisunvisited so DFS(a)

c b
a d
Call Stack:
DFS(G)
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DFS(a)
Alphabetical priority
Visita
Find <a,d> edge and call c b
DFS(d)
a d
Call Stack:
DFS(a)
DFS(G)
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DFS(d)
Alphabetical priority

Visitd b
All out-edges checked so €
return

a d
Call Stack:
DFS(d)
DFS(a)
DFS(G)
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DFS(a)

Alphabetical priority

DFS(G)
Alphabetical priority

aisunvisited so DFS(a)

b isunvisited so DFS(b)

a

Call Stack:
DFS(G)
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DFS(c)

Alphabetical priority

Visit c

Find edge <c,a> —no
action ¢

Find edge <c,b>—no action

All out-edges checked so
return

Call Stack:
DFS(c)
DFS(b)
DFS(G)
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Visita
Find <a,d> edge and call c b
DFS(d)
All out-edges checked so
return a
Call Stack:
DFS(a)
DFS(G)
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Alphabetical priority
Visitb c b
Find edge <b,c> and call
DFS(c)
a d
Call Stack:
DFS(b)
DFS(G)
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Alphabetica priority
Visitb
Find edge <b,c> and call
DFS(c) Co-

Find edge <b,d>—no action
All out-edges checked so
return

Call Stack:
DFS(b)
DFS(G)
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DFS(G)
Alphabetical priority

aisunvisited so DFS(a)

bisunvisited so DFS(b)
All nodeschecked soreturn | ¥

a d

Call Stack:
DFS(G)
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What is the running time of DFS?

e O(m+n)

 Every vertex ispushed onto the stack once
and popped from the stack once.

 Eachout-edgeisinspected once.
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SCC Problem
* Input: Digraph G

e Output: The strongly connected
components of G.
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Naive Algorithm

For each pair of verticesx andy:

If|x is reachable from y and y is reachable from x
then x andy are strongly connected.

Naive Algorithm

For each pair of verticesx andy:

If|x is reachable from y and y is reachable from x
then x and y are strongly connected.

Mark the vertices unvisited

DFS(y)

If x ismarked visited then x is
reachable fromy

Else x is not reachable fromy
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Run DFS
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Naive algorithm
» Worst case: callsto DFS(x) sothe

runningtimeis
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All little more sophistication
please...

» We can find the strongly connected

components of G with two callsto DFS(G)
e Threeideas

— DFS Forest

— Timestamps

— Reversal of G
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DFS Forest

» The DFS Forest of G isthe subgraph
consisti ng of Different
— Every vertex of G selection rules

— Each edge traversed in DFS(G) ~ uive different

results
c b c b
DFS oq—o
G tree
a d of G: a.—» d
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DFS Forests: Enumerate
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DFS Forest

* If x andy are strongly connected then they

areinthe sametree of (every) DFSforest
of G.

@ Strongly

connected
components of G
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WARNING

* DFS Forests are sometimes

SOUAY
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What can we say?

« If the DFSforest of G
then x and y are strongly connected.
« If x andy are strongly connected then
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DFS Forest

Strongly-connected in G is arefinements of the
weakly connected relation of any DFSforest of G

G
/4
a d

Strongly connected
components of G
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DFSforest of G
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Three ideas

» DFSForest of G
» Timestamps
* Reversal
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DFS(G)
Alphabetical order

Record first-arrival and last-
departure times.

DFS(G)
Alphabetical order

First-arrival Last-Departure
o ° a [1 4
b |5 8
a d c |6 7
d |2 3
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Firg-arrival L ast-Departure
a
c b b
C
a d d
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Three ideas
e DFS Forest
» Timestamps
* Reversal of G
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GR: Reverse the edges of G

o——9 *——4@
o——é *o—e
G GR
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(GR)R Reverse the edges of GR

*—21= *——9
o——o I ——4
GR
(F)R=G
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Reachability

(1 (—2

D —d

G GR

XisreachablefromY inG 0 Y isreachablefrom X inGT™
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SCC

The Strongly Connected Components of G and GR are the same!

SCC Algorithm

* DFS(G) with timestamp

» DFS(GR) using last-departure time
decreasing order to produce aDFSforest F
of GR

 If xandy areweskly in Fif and only if they
arestrongly connected in G.
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DFS(GR)
Order: b,cad c b
a d
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11/6/00 CS140(17) 38
First-arrival L ast-Departure

C g b al1 4

b [5 8

a d c |6 7

d |2 3
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DFS Forest
Order: b,c,ad
Co oD
[ ] [ ]

a d
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Correctness

Claim: If x andy arein the same strongly
connected component of G if and only if x
andy areinthe sametree of the DFS
forest of GR.

11/6/00 Cs140(17) 43

Clambp

If x and y arein the same strongly connected
component of G then they arein the same
tree of the DFSforest of GR.
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Clambp

If x and y are in the same strongly connected
component of G then they arein the same
tree of the DFSforest of GR.

¢ If xandy arein the same SCC of G then x
and y are in the same SCC of GR.

* If xandy arein the same SCC of GR then
they are in the same tree of the DFS forest of
GR.
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ClamU

If xandy arein the sametree of the DFS
forest of GRthenthey areinthe same
strongly connected component of G.
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Clamu

If x and y arein the sametree of the DFS
forest of GRthenthey areinthesame
strongly connected component of G.

1. Show x and r are strongly
connected in G.

2. Showy andr are strongly
connected in G.
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Clam U
x and r are strongly connected in G

1. Sincexisreachablefromrin GRris
reachable from x in G.

2. Since , X isreachable
fromrinG.
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Notice

¢ Last-departure(x) < Last-departure(r).

¢ |If Last-departure (x) < First-arrival(r) thenris
not reachablefromxinGp U. SoLast-
departure(x) > First-arrival(r)

* Hence

First-arrival (r)<First-arrival (x) <
Last-departure(x) < Last-departure (r)
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Claim U
x and r are strongly connected in G

1. Sincexisreachablefromrin GRris
reachable from x in G.

2. Since First-arrival (r)<First-arrival (x)<Last-
departure(x)<L ast-departure(r), xis
reachable fromrin G.
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Clam U

If xandy arein the sametree of the DFS
forest of GRthenthey areinthe same
strongly connected component of G.

DONE
. Show x and r are strongly
connected in G.

. Show y andr arestrongly
connected in G.
Same Argument
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Correctness

Claim: If x andy arein the same strongly
connected component of G if and only if x
andy areinthe sametree of the DFS
forest of GR.

DONE
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Running Time

» We can find the strongly connected
componentsof Gin
— How do werepresent G?

— Do we have to sort the vertices by last-
departure time?
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