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Natural deduction is only one type of proof that can be constructed in JAPE. Hoare logic
is another example, and several interesting tutorial programs have been proved totally
correct using this feature. Open theory hoare.jt from the theory menu. Five windows
open:

* Variable programs

* Comparison

* Useful Lemmas

* Array programs

* Indexing

For now we will be concerned with the first three. In the Variable Programs menu are
several programs that can be proved. Click the first:

{i=2}(i:=i+1){i=3}
You will recognize this as almost being an instance of the assignment rule:

{QXE] }x=E{Q}

where Q[x/E] means Q with any free occurrences of x replaced with E. View the menu
bar. In addition to Backward and Forward options we had for Natural Deduction, we also
have Programs and Extras, which give us proof rules that will be needed for programs.

This addition doesn’t have a full set of axioms for the integers, etc. So the idea is to work
the unproved parts down to “obvious” assertions, then use the obviously option from the
Extras menu to indicate that any further proof of that assertion needs to be done out of
line. A good way to do this might be to put all uses of obviously into the Useful Lemmas
window, rather than in the program proof.

Here is the window for this program before the proof is begun.

fi=2}(i:=i+ 1)fi=3}

1: {i=2)(i:=i+1){i=3}
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The available rules in the Programs menu are as follows:

skip The rule for a skip (“no op”) statement. Skip is sometimes
needed to provide a one-branch conditional or a loop with
an empty body.

tilt

sequence Deals with 2 or more statements in a sequence.

Ntuple Deals with a sequence of statements with assertions

interposed between statements. This is needed for dealing
with the invariants required for while statements.

variable-assignment

array-element-assignment

choice Deals with conditional (if ... then ... else ... fi)
statements.

while Deals with iterative (while ... do ... od) statements.

consequence(L) Applies logical consequence on the left-hand side of the
statement.

consequence(R) Applies logical consequence on the right-hand side of the

statement.

For the first example, we use the variable-assignment rule, giving:

® 06

1:i=2i+1=3

{i=2}i:=i+1)i=3}

2: {i+1=3}(i:=i+1){i=3} variable-assignment
3:{i=2}(i:=i+1){i=3}  consequence(L) 1,2

= )
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Note that JAPE has automatically introduced a consequence, indicating that if we want to
use the variable-assignment rule for this conclusion, we will have no option but to prove
the logical assertion on line numbered 1. This assertion is pure logic, not a programming
language statement.

While we could justify this statement using obviously, selected from the Extras menu, it
might look nicer to make it a lemma, so we’ll try that. Click New... in the Useful
Lemmas window. Enter a lemma as shown below:

800

New Conjecture

Type a new conjecture for the Useful Lemmas panel

i=2+i+1=3
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Then “prove” this lemma, by selecting the premise and conclusion using the obviously
rule:

® 06 i=2 - i+1=3

1:i=2  premise
2:i+1=3 obviously, from 1
[ =) <1

This way, when we are all done, we will have all assumptions of this nature showing in
the Useful Lemmas, rather than having the sprinkled throughout the program. To apply
the lemma to the unproved assertion in the program window, we’ll use — introduction,
which opens a box:

®06e fi=2}i:=i+1)i=3}

1:|i=2 assumption E
2:|i+1=3

3:i=2—*i+1=3 - intro 1-2

4: {i+1=3}{i:=i+1){i=3} variable-assignment
5: {i=2}(i:=i+1){i=3}  consequence(L) 3,4

[ ] dle

We can then close the box by selecting its conclusion, then clicking Apply in the Useful
Lemmas window, assuming the lemma we just created is still selected there.

® 06 {i=2}G:=i+1){i=3}

1:[i=2 assumption (
2:1i+1=3 i=2 - i+1=3 1
3:i=2—i+1=3 - intro 1-2

4: {i+1=3}(i:=i+1){i=3} variable-assignment
5: {i=2}(i:=i+1)}{i=3}  consequence(L) 3,4
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This completes the proof of the first little program.

Save your work often, as JAPE sometimes gets wedged.



Let’s try the conditional example shown below:

B O 6  {Tlif j=k then i:=j else i:=k fif(izk—i=jlnlk=j—i=k)}

1: {T)if j>k then i:=5j else i:=k fi{(j=k—i=j)A(k=j—i=k)} :
€ ) FRES
Provided:

DISTINCT i, j, k :
(&) <lr

The DISTINCT annotation is a way of indicating the assumption that variables are not
aliased to each other.

Obviously the correct rule choice use here is the choice rule:

® 06 [T}f j=k then i:=] else i:=k fi{{j=k—=i=jln(k=j—i=k)}

1. T > (j>k—_A5)A(~(j>k)—_B6)
2. {_AB)(i:={(ji=k—i=])A(k=j—i=k)}
3: {_B6)(i:=k){(j=k— i=j)A(kz] > i=K)}

________________________________________________________

{(j=k—_AS5)A(~(j>k)—_B6)}

4. if j>k then i:=j else i:=k fi choice 2,3

L {(i=zk—i=j)A(kzj—i=k)} |

s { T }if >k then i:=j else i:=k fi consequence(L) 1,4 :

{(i=zk—i=j)A(k=j—i=k)} v

B A 4|k
Provided:

DISTINCT i, j, k v
H 4 | &

Because the formulas can have a run-on appearance, we have drawn a dashed box around
the result of the choice rule above. Applying choice, JAPE has once again introduced a
consequence for us. JAPE’s choice rule slightly different than the standard one in Hoare
logic:

{ A} progl {C} {3} prog2 {('}

. ; 1'h(m'(‘
{(E computes) A (E — A)A(=FE — B)}if E then progl else prog2 fi { ('}

Ignoring the “E computes” conjunct for the moment, this rule describes sub-proofs that
need to be done in order to establish the post-condition C after a conditional statement.
The dots indicate that these triples have their own sub-proofs. It is up to us to choose



what A and B are (_AS5 and _B6 in the above example), and this will be done either
automatically by JAPE, or by choosing Unify from the Edit menu.

Let’s click variable assignment for line 3 above. Notice that JAPE does the unification
for us:

®0O6 {T}if j=k then i:=j else i:=k fif(jz=k—i=)nlk=j—=i=k)}

2. {_AB)i:=i){(i=k—i=j)A(k=j—=i=k)}

3 {(i=k—~k=))A(kz] ~k=K)} variable-assign...
(ii=k{ (j=k—i=j)A(k=]—i=k)}

4: {(iFk—=_AS)A(~(j>k) = (j=k 2 k=))A(k=] *k=K))} choice 2,3
if j>k then i:=j else i:=k fi{(j=k—i=j)A(k=j—i=K)}

{(=k—i=))A(kzj—i=k)} 4
B ) I N
Provided: .
DISTINCT i, j, k v
[ =] R RE I

This is because of its ability to construct the weakest pre-condition from the post
condition for an assignment statement. In the same step, JAPE has substituted for B6 in
line 1. Similarly we can use the same rule on the other assignment statement:

® OO {T)if j=k then i:=j else i:=k fif(iz=k—i=Jalk=j—=i=k)}

. T = (k> (2k—j=i)A(kzi~j=k))
A(~(j>K) = (j=k—k=j)A(k=j = k=K))

2: {Uak_'Fl)h(kEl_'l:k)} variable-assignment
(i:=]{(j=k=i=])A(kzj>i=k)}
KF {(=k—k=j)A(kzj > k=K)} variable-assignment

(i:=k)}{(j=k—1=j)A(kzj = i=K)}
{(ok— 2k =AKe ~j=k)A(-(>K)
4: S (j=k —k=j)A(k=] = k=K))}if j>k then choice 2.3
i:=j else i:=k fi{(j=k —i=j)A(k=]=i=K)}
5: {_'_}lf l}k tth‘I i:=j EISE i:=k fl {}UHSE{]UEHGE{L] 1,4
{(l=k=i=])A(k=] —i=k)}
e

Provided: ;
DISTINCT i, |, k v

& ) ki |



Now we are left with just a logical assertion to prove. This will use an — introduction
rule, then backward A introduction rule.

® 0O [T}f j>k then i:=j else i:=k fi{(jiz=k—i=jlnlk=j—i=k)}

1: assumption
2: ik (j=k ~j=j) Alkzj=j=k)

3: | (j>k) = (j=k— k=) A(k=j—k=k)

4:|(Pk= (12k=j=])A(k2] 2 ]=K))

A((j>K) = (j=k =2 k=j)A(kzj = k=kK))
. T 2 (k= (j2k=j=))Akz) 2 j=k))
A(=(j>K) = (jzk = k=j)A(kzj ~+k=Kk))

A{(j2k—j=jintkz] —j=k) Hi:=|{(j2k —i=])A(kzj—*i=k)} variable-assignment

7: {(j=zk = k=j)A(k=] > k=k) }i:=k){(j=k = i=j)A(kzj —i=k)} variable-assignment

g: {(imk— (jzk—*j=])A(kz] 2 j=K))A(~(j>K) = (jzk > k=])A(kZ] choice 6,7

—k=k))}if j=k then i:=j else i:=k fi{(j=k—i=j)A(kzj —*i=k)}
9. { T }if =k then i:=j else i:=k fi{(j=k *i=j)A(kz] 2i=k)} consequence(L) 5,8

Mintro 2,3

o

= intro 1-4

Ly}

We keep breaking these formulas down using the appropriate logic rules, simplifying the
conclusions until we arrive at statements that can be proved. For example, k=k on line 11
below is a consequence of the A=A rule in the Extras menu.



'®0O 0 [T}f j>k then i:=] else i:=k fi{f{jz=k—i=))a(k=j—i=k)}
1:| T assumption
2:||j>k assumption
3: ||j=k ==
2:||kzj—j=k
5: || (j2zk—j=))A(kz]—j=k) Aintro 3,4
6:|j>k— (j=k—j=j)A(k=j—j=k) - intro 2-5
7: ||~ (j=K) assumption
6:|[j=k—k=]
9: |||kz] assumption
10: |||k=k A=A
11: || k=j—k=k - intro 8-10
12: || (j2k —+k=j)A(kz]—+k=k) Aintro 8,11
13: | (j=K) = (j2k— k=))A(k=] * k=k) - intro 7-12
14: | (k= (j=k—=j=))A(kz] —j=k)) Aintro 6,13
A(=(j>k) = (j=k— k=))A(k=j —~k=k))
15: | >k (j=k—=j=))A(kz]—]=k)) ~ intro 1-14
A(=(j>k) = (j=k— k=j)A(kz] — k=k))
16: {(j=k = j=j)n(kzj = j=K)Hi:=){(j=k > i=j)A(k=j —i=K)} variable-assignment

17: {(j=k > k=j)A(kz] = k=K) H{i:=k{(j=k — i=])A(k=] —i=K)} variable-assignment

1g: {(>k= (2= j=))Alk2] 2 ]=KDA(=(>K) = (j2K 2 k=)AKS]  choice 16,17
—+k=k))}if >k then i:=j else i:=k fi{(j=k—i=j)A(kzj—i=k)}

19:{T }if j>k then i:=j else i:=k fi{(j=k—*i=j)A(k=]—>i=K)} consequence(L) 15,18

When we get to the point of proving k = j, we have hypotheses j > k and —(j>k) with

which to work. We can create a lemma for this sub-proof:

Type a new conjecture for the Useful Lemmas panel

~(j>k), j=K - k=i

We then prove this lemma using rules available from the Comparison menu. Note that
these rules are bi-directional, and the direction of application is chosen by clicking the
appropriate button at the bottom:



® O © Comparison )
A=B2B=A
A=B2-(A+B)
A#B2BzA
A#B2~(A=B)
A<B2B>A
A<B2A<BvA=B
AsB2BzA
A<B2~(A>B)
A=B2~(A<B)

A2l 28]

The next display shows use of the rule indicated, in the right-to-left direction, because we
applied the rule to the conclusion k = j to get the hypothesis j = k.

(©66 ~(j>k), jzk - k=j |
1 =(j>K), j=K premises 0
2. j=k
3: k=j A=B2B=A2
(=) <

At this point, the remainder seems to be an exercise in finding rules that pattern match
against the available hypotheses and conclusions. At any time, we might stop and declare
these to be obvious, to get on with the more germane issues. But we persist. Realizing
that the rule above yielding line 2 was the wrong choice, we back up and eventually
construct the proof using other rules from Comparison, as shown.

®e0e6 ~(>k), jzk k- k=j

1: 2(j>kK), j=K premises 0
2: ksj A<B2B2A 1.2

3:k<jvk=] A<B2A<BvA=B?2

4: | k<j assumption

5: =k A<B2B>A 4

B:|L = elim 5,1.1

7: |k=j contra (constructive) 6

8: |k=j assumption

9: k=j v elim 3,4-7,8-8 v
— PRI

Then we record this proof to Useful Lemmas.



Now we can return to our main proof and apply the lemma, to get line 9:

7:|[~(j>k)
8:
9:

j=k
k=j

assumption

assumption
=(j>K), j=k ~ k=} 7,8



