Widrow-Hotf Learning
(LMS Algorithm)
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Two-Input ADALINE
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Mean Square Error

Training Set:
{pl’tl} ) {p27t2} 5 e 9 {vatQ}

Input:  p, Target: t q

Notation:
T T
x = |1V z = |P a = wWop+b | > a=X1
[b] [1] :

Mean Square Error:

F(x)= E[¢’] = E[(t-a)’] = E[(t-xT2)"]



Error Analysis
F(x)= E[¢’] = E[(t—a)’] = E[(1-x"2)"]
F(x)= E["-2x Tz +XTZZTX]

F(x) = E[r"]-2xTE[rz] +x"E[zz" ]x

[F(X) - ¢-2x h+x' Rx

c = E[tz] h = E[z] R = E[zzT]

The mean square error for the ADALINE Network is a
quadratic function:

F(X) = c+ d x+ %XTAX



Stationary Point

Hessian Matrix:

A = 2R

The correlation matrix R must be at least positive semidefinite. If
there are any zero eigenvalues, the performance index will either
have a weak minumum or else no stationary point, otherwise
there will be a unique global minimum x*.

VF(X) = V<C+dTX+ %XTAX> =d+Ax =-2h +2Rx

—2h +2Rx =0

If R 1s positive definite:

x* = R 'h



Approximate Steepest Descent

Approximate mean square error (one sample):

Fx) = (1(k) - a(k))” = e’ (k)

Approximate (stochastic) gradient:

VF(x) = Ve’(k)

2
V) = L0 2 o2l 2y
l,j 1,j
2
[Ve (k) r+1 = aeaék) - 2e(k)aea(]f)



Approximate Gradient Calculation
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LMS Algorithm

Xp+1 = Xk—OCVF(X)|x _x
- Rk

X, . = X, +20e(k)z(k)

1 W(k+ 1) = W(k)+20e (k)p(k)

b(k+ 1) = b(k) +2ae (k)



Multiple-Neuron Case
Wk+1) = w(k)+2ae,(k)p (k)

b(k+1) = b(k)+2ae (k)

Matrix Form:

- ~
W(k+1) = W(K) +2ae(k)p (k)

b(k+ 1) = b(k) + 2ae(k)




Analysis of Convergence

X, .1 = X, +20e(k)z(k)
E[X; 1] = E[X;] +20E[ e(k)z(k)]

E[X,,,] = E[x]+2a{E[1(k)z(k)]- E[(X, z(k))z(k)]}
E[X, 1] = E[x]+20 {E[1,2(k)]- E[(z(k)z (k))X;]}
E[x, . ] = E[x.]+2a{h-RE[x,]}

E[xk+ 1= [1- ZOLR]E[Xk] + 2o0h
~—
For stability, the eigenvalues of this
matrix must fall inside the unit circle.



Conditions for Stability

|eig([1—20cR])| = |1 —20(7\.l-|<1

(where A. is an eigenvalue of R)
Since »>0, 1-20A <1 |
Therefore the stability condition simplifies to

1—20(7»l.>—1

a < 1/7\1. for all i

O<a< I/Kmax




Steady State Response

E[X,, ] = [I- 20R]E[X,] + 2ch

If the system is stable, then a steady state condition will be reached.

E[x_] = [I-2aR]E[X_] +2ch

The solution to this equation 1s

E[x] = R 'h = x*

This 1s also the strong minimum of the performance index.
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Iteration One

Banana a(0)= W(0)p(0)= W(O)p,= [O 0 O] 1l= 0

e(0) = #0)—a(0)= t,-a(0)= —1-0= —1

W(1) = W(0) +20e(0)p’ (0)

o VA

W) = o0 0] +202)D ] 1f = [0.4 —0.4 0.4]




Apple

Iteration Two

a(1)= W(p(1)= W()Py= [o4 _0.4 0.4]| 1= 04

e(l) = t(1)-a(l)= t,—a(l)= 1-(-0.4= 1.4

W(2) = [0.4 04 04] +2002)(1.4)

T

= [0.960.16-0.1¢



Iteration Three

a(2)= W2)p(2)= W(2)p,= [0.96 0.16 —0.16]| 1|z -0.64

e(2) = 1(2) —a(2)=t,—a(2)= —1-(-0.64)= —0.36
W(3) = W(2)+2ae(2)p (2) = [1.1040 0.0160 —0.0160]

W) = [1 0 0]



Adaptive Filtering

Tapped Delay Line Adaptive Filter
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Example: Noise Cancellation
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Noise Cancellation Adaptive Filter
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Correlation Matrix

R = [ZZT] h = E[rz]

2(k) = [ v(k) ;I
vk -1

t(k) = s(k) +m(k)

R=|: E[v'(k)) E[v(k)v(k—l)]]
E[v(k—1)v(k)] E[v'(k—-1)]

oo [ EL(s(k) + m(k))v(k)] ;I
E[(s(k) +m(k))v(k—1)



Signals

. (2n:k 371:)
3 4

v(k) = 1.2 mn(zgk) m(k) = 1.2 sin
E[vV (k)] = (1.2) %i ( n(2“k>> (1.2%0.5=0.72

E[vi(k—-1)] = E[V'(k)] = 0.72

é <1 2 sin—>< 1.2 sinzTc (k3_ 1)>

27
3

E[v(k)v(k-1)] =

UJlr—t

(12)05008< ) ~0.36

R - 072 -0.36
~0.36 0.72



Stationary Point

E[(s(k)+ m(k))v(k)] = E[s(k)v(k)] + E[m(k)v(k)]
o
0

3
. 2wk 3w . 2mk\
kzl(l.Z sm(T—Z»(l.ZmnT) = —0.51

E[(s(k) + m(k))v(k—1)] = E[s(k)v(k-1)] + E[lm(k)v(k—1)]
~
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; —>

[(s(k) + m(k))v(k—1)] 0.70

-1
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Performance Index

F(X) =c¢ _2x h+ x' Rx

¢ = E[f (k)= E[(s(k)+m(k))]

¢ = E[s>(k)]+ 2E[s(k)m(k)]+ E[m*(k)]

0.2
2 1 2 1 302
E k = — d = f - 00133
W1 =53 [ 59 = 505" Loz
-0.2

3 2
E[m’(k)] = % E {1 2 sm(z—n—%>} = 0.72
c = 0.0133+0.72 = 0.7333

F(x*) = 0.7333-2(0.72) +0.72 = 0.0133



LMS Response
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Echo Cancellation
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