
Support Vector Machines

SVMʼs



What is an SVM?

 An SVM is a type of neural network.

 It generalize both perceptrons and RBF networks.

 A novel training method is used.

 It has origins in a “different” field: statistical learning
theory.

 Originally the work was done at AT&T Bell Labs, and
it was called “Support Vector Network”
(by Corrina Cortes and Vladimir Vapnik).



Abstract of the Original Paper, 1995

V. Vapnik

C. Cortes



SVM Uses

 Classification problems
 Data mining
 Gene analysis
 Scene analysis
 Text analysis
 Regression (function approximation)



The Main Idea

 As we know, many classification problems are not linearly
separable.

 However, mapping the data to a higher-dimension space may
render it linearly separable.

 SVMʼs provide a way to map any functional data set to a
sufficiently high-dimensional space so as to render it linearly
separable in that space. [Caution: This may over-fit the data.]

 Furthermore, they provide an efficient means of computing the
classification in this high-dimensional space without explicitly
transforming the data.



Example: xor

 We know that the classification:
c(0, 0) = 0
c(1, 0) = 1
c(0, 1) = 1
c(1, 1) = 0

is not linearly separable in 2-space.

 Furthermore, intuitively, no linear
transformation is going to render it separable.



Example: xor

 We can map the problem to 3-space using a
non-linear transformation, such as:
 f(x, y) = (x, y, x*y) x*y = product of x and y
 f(0, 0) = (0, 0, 0), d(0, 0, 0) = 0
 f(0, 1) = (0, 1, 0), d(0, 1, 0) = 1
 f(1, 0) = (1, 0, 0), d(1, 0, 0) = 1
 f(1, 1) = (1, 1, 1), d(1, 1, 1) = 0

 The corresponding function d is linearly separable:
d(x, y, z) = (x + y -z) > 0

 In a sense, we have added another “layer”, but the
parameters of this layer can be computed rather than
learned.



Feature Space

 The space into which the inputs are mapped
is called “feature space” because certain
components of it can be identified with
features in the input.

 When the separating hyperplane in feature
space is mapped back to the input space, it
will show as a non-linear surface.



Transformations

 The transformations are selected by the user in
advance.

 They are determined by a set of functions called
“kernel functions”.

 Once the kernel function and “cost” parameter are
set, training is deterministic.

 One possible kernel is the simple inner product: the
SVM will perform optimally for a linear classifier.



Example Applet (AT&T)
(http://svm.dcs.rhbnc.ac.uk/pagesnew/GPat.shtml)

Linearly Separable Case



Example Applet (AT&T)
(http://svm.dcs.rhbnc.ac.uk/pagesnew/GPat.shtml)

Linearly Separable Case



Example Applet (AT&T)
(http://svm.dcs.rhbnc.ac.uk/pagesnew/GPat.shtml)

Non-Linearly Separable Case
with linear classifier



Example Applet (AT&T)
(http://svm.dcs.rhbnc.ac.uk/pagesnew/GPat.shtml)

Non-Linearly Separable Case
with non-linear classifier (degree 5 polynomial)



An XOR-like Problem



An XOR-like Problem



An Checkerboard Problem



An Checkerboard Problem



What are Support Vectors?

 Support vectors are the points that really
count in determining the boundary.

 Support vectors are implicitly computed by
the SVM algorithm.

 Other points are, in some sense, superflous.



Support Vectors (3) Circled



SVʼs of Double-Moons Problems

d = -6 d = -6.5



Real-Life Application:
Identifying features in MISR satellite images

accuracy



Music Classification Based on Spectra
Ming-jen Wang & Chia-Jiu Wang

10,000 training samples, 30,000 testing



Use of Support Vectors
in the Generated Machine

 Thinking back to the perceptron algorithm,
starting with weights 0, the final weights are a
combination of training inputs.

 The same is true of SVM, except that the
combination is based only on support
vectors.

 Which vectors are support vectors depends
on the chosen kernel functions.



SVM Diagram

kʼs are kernel functions
xi are support vectors

Limiter



Some Kernel Function Possibilities

Why the +1 in polynomial case? 
This provides a rich collection of cross products between
individual vector components.



Mercer Kernels

 A Mercer Kernel k is a kernel function that is
factorizable into an inner product of the form

k(x, xi) = Φ(x)T . Φ(xi)

also written <Φ(x),  Φ(xi)>

where Φ maps the input space into some
appropriate vectors space having a distance
metric (a Hilbert space), the feature space.



Dimensionality of Feature Space

 For polynomials, the feature space is
finite-dimensional, being determined by
the degree of the polynomial and
dimensionality of the input space.

 For radial basis functions, the feature
space is infinite-dimensional (think
Taylorʼs series expansion).



As shown in the original paper

Feature space values
implicit

Inner products of x feature values
with SV feature values



Optimality Criteria

 An SVM uses linear classification in the
feature space.

 So we look to linear classifiers to
provide the definition of optimality.



Optimality?

 Not all separating hyperplanes are equal;
some generalize better than others.

weak 
generalization
capability

strong 
generalization
capability



Optimality?

 An SVM tries to ensure the
“widest margins”:



Expressing Margins

 The weight vector w is the vector normal to the separating
hyperplane. The equation for the hyperplane is w x = b,
where the bias b determines the displacement of the
hyperplane along the normal.

 To ensure the greatest margin, weʼd like to maximize the
sum of the distances to the separating hyperplane of all
data input values xj, subject to constraints of the form

yj [xj w + b] > 1

Here yj ∈ {+1, -1} is the desired category of the point xj.



Support Vectors Again

 To maximize the distance of the points to the
hyperplane, we donʼt need to worry about all points,
but only the boundary points.

 These points are called “support vectors”, shown as
solid below.



Linear Classification

wTx + b = 0

wTx + b < 0

wTx + b > 0

f(x) = sign(wTx + b)
Classifier



Classification Margin
 Distance from example xi to the separator is
 Examples closest to the hyperplane are support vectors.
 Margin ρ (TBD) of the separator is the distance between support

vectors.
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Hard vs. Soft Margin

 In the separable case, no points lie
within the margin on either side of the
hyperplane.

 In the non-separable case, points can
lie within, or on the “wrong” side of the
hyperplane. This “soft margin” case is
deferred to later.



Classification by Distance

 Let training set {(xi, yi)}i=1..n, xi∈Rd, yi ∈ {-1, 1} be
separated by a hyperplane with margin ρ.

 Then for each training example (xi, yi):

wTxi + b ≤ - ρ/2    if yi = -1
wTxi + b ≥ ρ/2      if yi = 1 yi(wTxi + b) ≥  ρ/2⇔

w
xw br i
T +

= distance from xi to separator



Margin in Terms of Weights

 For the special case of support vectors, the
inequality becomes an equality:

 After rescaling w and b by ρ/2 in the equality,
we obtain that distance between each support
vector xs and the hyperplane is

 Then the margin can be expressed through
(rescaled) w and b as:

yi(wTxs + b) =  ρ/2
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Margin Maximization

 To maximize margin ρ:

 Equivalently:

Find w and b such that

                is maximized

subject to for all (xi, yi), i=1..n :     yi(wTxi + b) ≥ 1
w
2

=!

Find w and b such that

P(w) = ||w||2=wTw  is minimized

subject to for all (xi, yi), i=1..n :    yi (wTxi + b) ≥ 1



Convex Optimization Problem

 The problem of finding the weights has been
reduced to that of minimizing a quadratic
function subject to linear inequality
constraints.

 There exist solver programs for this class of
problems, known as “quadratic program”
solvers.

Find w and b such that
P(w) =wTw  is minimized
and for all (xi, yi), i=1..n :       yi (wTxi + b) ≥ 1



Solving by Dualization

 The dual problem of the original is:

 The αi are known as Lagrange multipliers.

Find α1…αn such that
Q(α) =Σαi  - ½ΣΣαiαjyiyjxi

Txj is maximized and
(1)  Σαiyi = 0
(2) αi ≥ 0 for all αi

Find w and b such that
Φ(w) =wTw  is minimized
and for all (xi, yi), i=1..n :       yi (wTxi + b) ≥ 1

dual

primal



 Given a solution α1…αn  to the dual problem, solution to the primal is
determined by:

 Each non-zero αi indicates that corresponding xi is a support vector.
 Then the classifying function is:

 This says we donʼt need to compute w explicitly (called the “kernel trick”).
 Notice that f relies on an inner product between the test point x and the

support vectors xi. (In the general case, this inner product occurs in feature
space, where xi

Txj is replaced with k(xi
T, xj ). )

 Solving the dual optimization problem involved computing the inner
products xi

Txj between all training points, called the Gram matrix.

Dual to Primal

w  = Σαiyixi            b = yk - Σαiyixi 
Txk    for any αk > 0

f(x) = Σαiyixi
Tx + b



 Dual problem formulation, where k are the kernel
functions:

 The classifier then uses the k values in place of inner
products:

 Optimization techniques for finding αiʼs remain the same!

Non-Linear Case

Find α1…αn such that
Q(α) =Σαi  - ½ΣΣαiαjyiyj  k(xi, xj) is maximized and
(1)  Σαiyi = 0
(2) αi ≥ 0 for all αi

f(x) = Σαiyi k(xi, xj)+ b



Gram Matrix

 The values of k(xi, xj) for each i, j are tabulated
in a matrix called the “Gram matrix”. (For the
linear case, k is just the ordinary inner
product.)

 [This was the matrix Φ in the case of RBF
networks.]

 The Gram matrix is thus the main input to the
quadratic optimizer.



Worked Example: xor
(see Haykin, sec. 6.6)

-1(1, 1)
 1(1, -1)
 1(-1, 1)
-1(-1, -1)
yixi
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Chosen kernel: 2nd degree polynomial:

Factored kernel:
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The feature space thus has dimension 6.



xor: Primal and Dual Problems

! 

P(w) = 1
2 w

Tw

Q(") = " i
i=1

N

# $ 1
2 " i" j yiy jk(xi ,x j

j=1

N

#
i=1

N

# )

! 

Q(") = "1 +"2 +"3 +"4 #
1
2 (9"1

2 # 2"1"2 # 2"1"3 + 2"1 + 9"2
2 + 2"2"3 # 2"2"4 + 9"3

2 # 2"3"4 + 9"2
4 )

Substituting from xor table: Maximize

! 

9"1 #"2 #"3 +"4 =1
#"1 + 9"2 +"3 #"4 =1
#"1 +"2 + 9"3 #"4 =1
"1 #"2 #"3 + 9"4 =1

Optimizing          gives 4 equations in unknowns                  :

! 

"1 = "2 = "3 = "4 = 1
8

Q(") = 1
4

which has the solution:

Primal: maximize

Dual: minimize

subject to constraints

subject to constraints

! 

Q(")

! 

"1,"2,"3,"4

(so all input vectors are support vectors)



xor: Weight Parameters

! 

"1 = "2 = "3 = "4 = 1
8

Q(") = 1
4

! 

wo = " iyi#(xi)
i=1

N

$ Txxxxxxx ]2,2,,2,,1[)( 21
2
221

2
1=!where

solution:

Then substitute for the values αi, yi, xi i = 1..4, to get
w = [0, 0, -1, 0, 0, 0].

The first element, which multiplies 1, is the bias term (0).

The classifier is thus sgn(- x1x2).



Final SVM for xor (Haykin Figure 6.6a)

(multiplier) (input to sgn)

-1(1, 1)
 1(1, -1)
 1(-1, 1)
-1(-1, -1)
yixi

Check
against
original:



Kernel Trick, applied to xor

! 

k(x,xi) = (1+ xT xi)
2

=1+ x1
2xi1

2 + 2x1 xi1x2xi2 + x2
2xi2

2 + 2x1 xi1 + 2x2xi2

f(x) = Σαiyi k(xi, xj)+ b

! 

"1 = "2 = "3 = "4 = 1
8

! 

y1 = y4 = "1, y2 = y3 =1



Gram Matrix

9111
1911
1191
1119

! 

k(x,xi) = (1+ xT xi)
2

=1+ x1
2xi1

2 + 2x1 xi1x2xi2 + x2
2xi2

2 + 2x1 xi1 + 2x2xi2

(1, 1)
(1, -1)
(-1, 1)
(-1, -1)

xi

f(x) = Σαiyi k(xi, xj)+ bCheck (with b = 0):



Comparisons from original paper
Digit recognition problem



Comparisons from original paper
Digit recognition problem



Soft-Margin Case

 There is no a priori guarantee that a
separating hyperplane exists for a given data
set and choice of kernel functions.

 Thus a robust SVM algorithm must be able to
accommodate this possibility without
knowing in advance whether the data will be
separable in feature space.



Two Possibilities wrt Margin



Constraints

 Separable Case: Positive and negative points lie
outside the margin on the correct sides.

 Soft-Margin Case: Introduce Slack Variables ξi > 0



Slack Variables
ξi < 0   implies correct, outside margin
0 < ξi < 1 implies correct, inside margin
ξi >1   implies incorrect



Indicator Function I

 Define I(ξ) = 0 if ξ < 0,  1 otherwise

 Misclassification error for the entire training
sample is

 Φ(ξ) = Σ I(ξi -1) (summed over i = 1 .. N)

 We want to minimize Φ(ξ) in addition to the
margin wTw.

ξi < 0   implies correct, outside margin
0 < ξi < 1 implies correct, inside margin
ξi >1   implies incorrect classification



Minimization Heuristic

 The joint minimization of Φ and wTw has
been shown to be NP-complete (i.e. very
time-consuming).

 So instead, an approximate Φ is used:

 Φ(ξ) = Σξi instead of Φ(ξ) = Σ I(ξi -1)

 The new objective to be minimized is then
Φ(w, ξ) = wTw + C Σξi

where C is user-specified weighting constant.



New Optimization Problem

 Minimize
Φ(w, ξ) = wTw + C Σξi

wrt w and ξ, subject to constraints:

ξi > 0



Solving the Optimization Problem

 As before, the optimization is solved by
converting to the dual.

 But now there are more constraints:
 Σ αi yi = 0
 0 < αi < C

(before there was no upper bound on αi )



C Tradeoff

 Minimize
Φ(w, ξ) = wTw + C Σξi

 The larger C is, the more the algorithm tries
to fit the data without error (smaller margin).

 Smaller C allows more misclassifications.


