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Abstract to actually compute realizability interpretations of theo-
ries of constructive mathematics, one quickly wishes for
We present a system, called RZ, for automatic generatigm automated way of doing it. With a tool like RZ it
of program specifications from mathematical theories. Wemuch easier to experiment and try out variations of a
translate mathematical theories to specifications by cofReory until a suitable specification is obtained. It also
puting their realizability interpretations in the ML langppears that RZ can be used to explain and teach con-
guage augmented with assertions (as comments). Whiiictive mathematics to programmers, who are typically
the system is best suited for descriptions of those datained in classical mathematics; it translates constructive
structures that can be easily described in mathematiggltements into easily understood requirements about pro-
language (e.g., finitely presented groups, real arithmetigams (expressed in classical logic).
graphs, etc.), it also elucidates the relationship between Our implementation of RZ produces interfaces in Ob-
data structures and constructive mathematics. jective Caml [7] but could easily be adopted to other sim-
ilar typed languages. The essential features we require of
the target language are product, function, and sum types,
as well as support for module interfaces.

. - N The paper is organized as follows. Section 2 contains
Kleene [6] introduced realizability as a model of intuition- b pap 9

A ) . . T% rief overview of realizability. In Section 3 we describe
istic arithmetic based on partial computable functions. The . . : )
.théories and signatures, which are the inputs and the out-

idea has since been studied and generalized by vari tts of RZ, respectively. In Section 4 we discuss various

:ﬁ;g%:ﬁt[lbl’ for? IéS]tS]Bl\j\I/IgIr?agvgncgr]gtlrii?eggeg :i?foint of implementation. In Section 5 we show typical
y by giey 1o, xamples and conclude with Section 6.

to translate mathematical theories into specifications for
code, explaining what is necessary in order to believe that

we have a correct implementation of the mathematical Realizability

theory.

As the realizability interpretation validates the laws afife briefly motivate the main idea of (typed) realizabil-
intuitionistic logic, our input theories are intuitionistic ority. When we represent a set of mathematical objécts
constructive. Thus, RZ extracts the computational mean—g programming languag@ there are two natural steps
ing of a constructive theory and expresses it as a progratake: first choose annderlying typd S| of represent-
ming specification. ing values, and second specify how the values of fyfje

We emphasize that RZ doastextract programs from represent, orealize elements of the sef. For exam-
proofs—in fact, there is no way to write a proof in our sysgle, consider how we might represent the Betf simple
tem. We just determine what the programs are supposgfte directed graphs (whose vertices are labeled by inte-
to do, i.e., we provide specifications for them. We leayg:rs). As the underlying datatype we might chod3e=
it to the programmer, or to another tool, to construct th@t 1ist * (int * int) 1ist, and represent a graggh <

1 Introduction

programs as he or she sees fit. This leaves the programas a pair of listgv, e) wherev = [z1;...;z,] is the
mer completely free to write efficient programs that neeidt of vertices and: = [e;;. . . ;e,,] is the list of edges.
not correspond directly to a formal proof. Formally, we write

The original aim of RZ was to aid development of data
structures for computable mathematics. If one sets out (v,e) IFp G



and read it as(%, e) realizesG € D". Observe that each There is one technical point, though, which we first take
graph is realized by at least one pair of lists, and that nare of. A modest set is a tripleS, | S|, IFs) in which S
pair of lists represents more than one graph. (As coims-an arbitrary set. For an automated system it would be
monly occurs, most graphs are represented by many didnvenient if it did not have to refer to arbitrary sets but
ferent pairs of lists.) This leads us to the definition givamther just to ingredients that are already present in the
below. We shall abuse notation slightly and write |S| programming language, such as types and sets of expres-
to mean that is a closed expression of typ§|. sions. Up to equivalence of categories, modest sets can
be construed as triplé$S|, ||.S]|, ~s) where|S]| is a type,
Definition 2.1 A modest sétis atriple(S, |S|,I-s) where ||S|| is a subset of expressions of tyjs#, called thetotal
Sis a set,| S| is a type ands is a relation between ex-values® and~ is an equivalence relation df5||. The
pressions of typéS| and elements of, satisfying: relationship between this representation of a modest set

) and the original one is as follows:
1. For everyr € Sthereist € |S| such that IFg z.

e ||S|| is the set of those € |S] that realize some-
thing, i.e., there is € S such thatt I-g . These
A realized functionf : (S, |S,IFs) — (T, |T|,l-7) be- correspond to implementations that satisfy the rep-

tween modest sets is a functigh: S — T for which resentation invariant, e.g., graphs where the list of
there exists: € |S| — |T) such that edges mentions only integers in the list of nodes,

a subset of all values of typent list * (int *
thrs o = utlbr f(x). int) list.

2. IftlFg z andt kg y thenz = y.

o t ~g u if t andu realize the same element, i.e.,

We say that: realizesf.
y / there isx € S such thatt g z andu IFg =.

The realizeru of a realized functiory is more com- This relation equates alternate concrete representa-
monly known as an “implementation ¢ or an “algo- tions of the same abstract value, e.g., equating two
rithm for computing/™. concrete graph representations differing only in the

Modest sets and realized functions form a category of  order of the nodes or the order of the edges.
modest setbod(P). In realizability theory this is a well .
known category with good properties. It is regular ant'€ alternative view of a modest g8/, [|.5]|, ~s) only
locally bi-cartesian closed, which allows us to interpr&gf€rs to objects and concepts from the programming lan-
first-order logic and a rich type theory. Here we only oufluage. It is better suited for our purposes.

line the main ideas behind the realizability interpretation 'NOt€ that the equivalence relation o is also gpar-
of logic. See e.g. [1] for details. tial equivalence relation ofb|, which shows that modest

In the realizability interpretation of logic, each forSets are in fact equivalent to PER models.

mula¢ is assigned a set eéalizerswhich can be thought

of as computations that witness the validity @f The 3 Theories and Signatures
situation is somewhat similar (but not equivalent) to the

propositions-as-types translation of logic into type theory, yhis section we describe first-order theories and signa-

where the proofs of a proposition correspond to terms @f a5 our system translates the former into the later.
the corresponding type. More precisely, to each formula

we assign an underlying tyge| of realizers. However, .
unlike in the propositions-as-types translation, not all terd- 1 NE€OrieSs

of type|¢| are necessarily valid realizers for We write  a theoryis a description of a mathematical structure, such

t I- ¢ whent € |¢| is a realizer forp. The underlying 55 4 group, a vector space, a directed graph, etc. A theory
types and the realizability relatioh are defined induc- .gnsists of

tively on the structure o; an outline is shown in Fig-
ure 1. We say that a formutais valid in Mod(P) if it has ¢ alist of basic sets
at least one realizer.

We shall not dwell any further on the technicalities in-
volving the category of modest sets, but rather proceed o 4 |ist of basic relationson specified sets,
to a concrete description of our realizability translation.

¢ alist of basic constantbelonging to specified sets,

IModest sets were so named by Dana Scott. They are “modest” be- o alist of axioms.

cause their size cannot exceed the number of expressions of the undef\e donot require that a total value must be a terminating expres-
lying datatype. sion.




|T| = unit OFT
| L] =unit OFz=sy iff z=gy
|z =5 y| = unit (ti, 1) IF G A iff 1 IF ¢ andis IF o
|0 A | = |b] * | tl-¢ = ¢ |iff forall ue|d|,if ulk ¢thentu ko
6 = ¥l =l¢| — vl il tEevy it tike
lo V| =|é| + |¥] inr tiFoVvay iff tiFy
Vo € A.¢(x)| = |A] — || tl-Voe e Ag(x) iff forall u e |A|, if ulka zthentu lF ¢(z)
|Fz € A. p(x)| = |A] x |9 (t1,t2) IF oz € A.p(x) iff 1 1lk4 x andis Ik ¢(z)

Figure 1: Realizability interpretation of logic (outline)

To take a simple example, consider the theory of a semi- There are several features of theories that our system
group in which every element has a (possibly non-uniqug)pports other than those shown in this example above;
square root; recall that a semigroup is a set with an astiee input language is summarized in Figure 2, where brack-
ciative binary operation and a neutral eleménin our ets imply optional elements.

system it could be written as follows: Theories may declare or define relations. They may be
stable , i.e., their computational interpretation is trivial
theory SQGROUP = (see Section 4 for further discussion of this point). Ax-
thy ioms can universally quantify over all models of a theory.
set s This is useful for describing universaility properties, such
const € : s as initiality of an algebra or finality of a coalgebra.
const (*):s->s->s The propositions are the familiar ones from first-order
implicit x, y, z s logic; unique is unique existencel(). In addition to the
axiom unit x = basic empty @) and unit () sets, one can form cartesian
x*e=xande*x=x products, function spaces, tagged disjoint unions, subsets,
axiom assoc x 'y z = and quotients by stable equivalence relations. The corre-
x*ly*rz = x*y *z sponding introduction and elimination forms appear in the
axiom sqrt x = language of terms. For examplerm % relation is the
some y .y *y =X equivalence class undeelation containingterm, while
end let z % relation = term, in term, bindsz to a rep-

The theory is enclosed by ...end. This theory de- resentative of the equivalence classm, to be used in

fines one basic s&t, and two basic constants: an elemeff™: The expressioterm :> setinjectsterminto a
e of s and a (curried) binary infix operatdron the ses. 91Ven subset (recording a proof obligation of the term ac-
Theimplicit  operator is not part of the theory propefu@lly being a member of the subset), whitem < set

but signals to the type checker that bound variables nanRsgi€ctsterm from a subset out into its superssit The
x ory orz should be assumed to range osainless oth- value of the description operatitre x . propis the unique

erwise specified. Finally, we have three axioms. AxioSalisfyingprop; using itincurs the obligation of proving

arguments, e.gx, y, andz in the associativity axiom, that there is exactly one sueh
name the free variables occuring in the axiom. It is not
too big a mistake to think of them as being universal3.2 Signatures

uantified.
g Qn the logical side, we have models described by theo-

It is important to note that theories do not includ h h i » hould h .
proofs, but rather just the statements of the axioms (arrlfés' Thus on the programming side we should have im-

theorems) specified to hold. Thus although axioms ¢ mentations being described by specifications. Our tool

be defined, one cannot actually refer to them within tfia!S translates theories infagnatures which are ML's
theory. module interfaces.

_ ‘ ‘ Signatures allow us to require the existence of certain
3An example of a semigroup with square roots is the complex ”“'ﬂlpes, as well as values of given type. This allows decid-
bers with multiplication as the binary operation. . . .
able typechecking, but we need more expressiveness in or-




der to faithfully translate the content of a theory. We there- (**

Theory Elements

set s[ = set]

const c[ : set][ = term]

[stable ]relation r[ : set][ = prop]
equivalence : set

model M : theory

axiom a[M : theory|* [z : set]* = prop
Propositions

true

false

not prop

prop && prop

prop || prop

prop => prop

prop <=> prop

r[ term]*

term = term

all [z : sel . prop

some [z : sel . prop

unique [z : sef . prop

Sets

0

1

bool

S

Model . name

set * * set

set -> set

‘label[ : set] + + ‘label] :
{ 7] set] | proposition }
set % relation

Terms

i

( term, ..., term)

term . n

‘ label [ term]

match termwith pattern-matches
lam z : set . term

term term

term % relation
let z % relationin term = term

term > set

term < set

the =z [ : set] . prop

let z[: set] = termin term

Figure 2: Input Language Summary

Assertion unit (x:|[s|]) =

fore generate signatures augmented by assertion commentsx * € =s= x and e * x =s= X
which specify constraints on the values and functions an®) .
implementation beyond their type. It is the responsibility (" Assertion

of the programmer to check that the implementation sat-
isfies these assertions, as RZ does not attempt to do an,)s

theorem proving.

Assertions are written in ordinary classical first-order (
logic. Since programmers typically are not trained in con-
structive logic, this may make it easier to verify the asser-

tions.
The output for the theorQGROURbove is then:

module type SQGROUP =

sig
type s
(** Assertion per_s = PER(=s=) *)
val e : s
(** Assertion e_total = e : |[s|| *)

val ((*)

.S ->8 ->58

(** Assertion ( * )_total =

")

all (x:s, yis). x =s=y =>
all (x:s, y:s). X =s=y =>
X*X =s=y*y

assoc (x:[Isll, y:lIsll, zlIsll) =

X*(y*z =s=(x*y *z
val sqrt © s -=> s

Assertion sqrt (x:[|s]]) =
sqgrt x : ||s|| and

sqrt X * sqrt X =s= X

*

end

set]

At the ML level we have required a tyms and three

valuese, *, andsqrt , of typess, s->s->s

, ands->s

respectively. The third value was generated from the square
root axiom, which has a non-trivial computational con-

tent, cf. Subsection 4.2.

Comments contain other requirements, not express-
ible in ML, that further contstrain the allowed implemen-
tations. The assertidPER(=s=) abbreviates the require-
ment that=s= be a partial equivalence relation sn its

domain||s||

is the subset of terms of type that re-



alize semigroup elements, and the relatrs¥ identi- of doing full unification, we require that the types of all
fies (possibly different) terms realizing the same abstrdmiund variables must either be given at the binding site,
semigroup element. These data together determine a ngiden through arimplicit declaration, or be obvious
est set. The assertion following the declarationg @fs- from their definition.

serts thate realizes a valid semigroup element, and the Unlike ML datatypes, we do not require disjoint union
one following* asserts that must not be affected by thetype to be declared before they are used, or to have differ-
choice of realizers. Both and* must of course still sat- ent unions involve different tags. Therefore, a very small
isfy theunit andassoc axioms. Finally, the new func- amount of implicit subtyping is done between sums. Oth-
tion sqrt  derived from the logic must compute squarerwise, if we had a specifiation of queues of integers that
roots. Since the theory requires existence but not uniquesluded

ness of square roots, there is no requirementdfedt be
invariant with respect to the partial equivalence relation on
s; different realizers of the same semigroup element are
allowed to produce (realizers of) different square roots.

set queue

const emptyQueue

const enqueue : int*Yiqueue -> iqueue
const dequeue :

. . igueue -> ‘None + ‘Some:int*iqueue
3.3 Parameterized Theories

. th?n the axiom
A theory may be parameterized by one or more models 0

other theories. For example, a thed®pal of the reals  dequeue emptyQueue = ‘None

may be parameterized in terms of a mobledf the nat- ) .
urals. A theory of free groups may be parameterizedWP“'d fail to typecheck (the most-precise set for the left-

terms of the generating set. hano_l-side is atwo-e_lem_ent disjoint unition,_vv_hi_le the_most-
Parameterized theories serve two purposes. FirsPrgcise set for the right is a one-element disjoint union.)
model of a parameterized theory would be a generic im- The type checker will also try to convert betwesst
plementation that, given any implementation of the pgd{ = @ set | proposition } as necessary in order
rameters, returns an implementation of the resulting tH@-tyPe check. Thus, one can write
ory. At the level of ML, this would be a function from set real
modules to modules, which is called‘tmc_tor, and S08 oot nz real = {xreal | not (x=zero)}
gl?;afﬁﬁ(t;tecr)lrzed theory can be translated into the signature. st one : real
Alternatively, once we have described a parameterizedgggzt I(mi )nz:_:ggll *> r:z;_r_ialreal
theoryReal , we may wish to use it to describe a single
specific implementation of real numbers based on a spe
cific modelN1 (implementation) of the natural numbers;
this can be described as an implementation satisfying the
theoryReal(N1) . instead of needing to write
The dual nature of parameterized theories as being _
both a description of a parameterized model(aype) 2axiom field (x : real) =
and something which can be applied to a model to producen©t (x=zero) =>
a specialized theory (&) is very reminiscent the type in- X * ((inv (x:>nz_real)) :< real)
clusion of Automath [2]. ML does not permit applications = one
of functor signatures, however, so we beta-reduce all trpﬁ-this case, since> and:< has computational content

ory applications bef_ore generating 5|gnatur%sal_(N1) oing into a subset involves pairing the item with the re-

would produce a signature for a real-number mplem_eﬁ-lzer of the proposition; going out of a subset is then a

tation that refers directly ttéN1 rather than to a genericg o projection), the typechecker rewrites the former ver-

parameteN, sion offield into the latter before passing it on to the
translation phase. If injections into subsets cannot be jus-

4 Implementation tified 'in the theory (e.g., if théield axiom. Iac'ked the
premisenot (x=zero) )then the theory will still trans-

late, but the generated assertions will not be satisfied by

any implementation.

After parsing, our implementation does type checking.

The type checker does simple type reconstruction. Instead

axiom field (x : real) =
not (x=zero) => x * (inv X) = one

4.1 Pre-translation



4.2 Realizability Translation to appear on the left side of ap= #
The following theorem is a precise formulation of the

We first discuss the realizability translation of sets aqifaims we made in a paragraph above
& .

terms, and then focus on the translation of logic, whi

is the intere_sting part. . Theorem 4.1 For every formulag there exists a seR
A S?tS 1S t.ranslated mfco a merst S@S" 1511, ) and an almost negative formutg such that in the real?z—
according to its structure: a basic ;et is translated toak?ility interpretatione is equivalent t&r € R.. ¢ (r).
modest set whose underlying type is abstract, a product
is translated to a product of modest sets, a function spacewe omit the proof, as it is fairly standard and involves
is translated to the exponential of modest sets, etc. Thustraightforward induction on the structure ¢f The
we simply use the rich categorical structureMdd(P) to  set R, in the theorem is simply the set of terms of the
interpret all the set constructors. underlying type ¢| of realizers, while the intuitive mean-
Similarly, terms are translated to suitable ML termisig of ¢/(r) is “r realizesy”.
according to their structure. Note however, that there are RZ translates an axiom, or any other proposition it
terms whose validity cannot be checked by RZ becausgcounters, by computing its underlying tyjge and the
that would require it to prove arbitrary theorems. Such @aimost negative formula’ from the above theorem. In
example is the definite description operateg = .¢(z), the output signature it then emits
whose validity can be confirmed only by proving that there
exists a unique: satisfying¢(x). In such cases RZ emits valr:|¢|
proof obligations for the programmer to verify. Note how- (* Assertiong’ (1) )
ever, that the translated terms always have valid ML types,
even if the accompanying proof obligations are not satiBhis way the axionyp has been separated into its com-
fied. putational content and a statement’ which describes
The driving force behind the realizability translatiomnvhenr is a valid realizer ofp. Because)’ is almost neg-
of logic is a theorem, see e.g. [12, Thm. 4.4.10], whidtive it has no computational content, which means that
says that under the realizability interpretation every faits classical and constructive readings agree. Therefore
mula ¢ is equivalent to one that says, informally speale constructive mathematician and a classical programmer
ing, “there exists, such that- realizesp”. Furthermore, will agree on the meaning af (r).
the formula * realizes¢” is computationally trivial. We RZ recognizes almost negative formulas and optimizes
explain what precisely this means next. away their realizers, as described below. In addition, the
In classical logic a doubly negated formutan¢ is user may declare a basic predicate or relation to be stable,
equivalent tap. Constructively, this is not true in generalwhich will be taken into account by RZ during translation
To see this, recall that in constructive logi@ is defined and optimization.
as¢ = 1 and observe that the underlying type of re- It seems worth noting that the computational irrele-
alizers of=—¢ is (|¢| — unit) — unit. Terms of this vance of stable propositions is akin pooof irrelevance
type cannot be converted to terms of typéin a general studied by Pfenning [9]. This is not surprising in view
way (although conversion in the reverse direction can béthe well known fact that double negation enjoys many
done quite easily, which shows thaimplies——¢). Fur- formal properties of a modal possibility operator.
thermore, terms of typ€|¢| — unit) — unit do not
compute much .of .apythlng, SO we mlght as well repla(2ﬁ3 Optimization
them by a specidtivial realizer devoid of any computa-
tional meaning. We can think of the trivial realizer as Bropositions without constructive content have trivial re-
term which witnesses validity of a formula but does ne@iizers, and so a final “unit elimination” pass both re-
compute anything. moves these and does peephole simplification of the re-
In some cases it may happen even in constructive logigdting signature. Without an optimizer, the axioms of the
that ——¢ is equivalent tap. When this is so we calh a theorySQGROURould produce
——-stable formulaor juststable formuldor short. Stable L .
formulas have trivial realizers, as they are equivalent Yg} unit - S fcop top
doubly negated formulas. Among the stable formulas the Assertion unit (x:[|s|l) =
almost negativéormulas are important because they can
be easily recognized syntactically: they are built from angl
combination ofA, — ,V, =, and those basic predicates
that are known to be stable, btitandv are only allowed val sqrt : s ->'s * top
4A negativeformula is one that does not contairandyV at all.

X *e =s=x and e * X =s= X




(** Assertion sqrt (x:||s]|) = natural numbers to natural numbers. (If we could com-

pio(sqrt x) : ||s|]| and putably decide whether two functions always give equal
pi0(sgrt x) * piO(sqrt x) =s= X results on equal arguments, we could construct a Halting
*) Oracle.)

wheretop 15 the type of '_[r|V|aI reallzers,_vv_e u$ep """ Natural Numbers. Next we consider the theory of nat-
steaq ofqnlt to emphasize that thes_e trivial r_eahzers alfal numbers. This example shows how axioms can be pa-
terminating and hence safe to eliminate; this would nRimeterized by theories. Recall that the natural numbers
necessarily be true for terms of typeit . The optimizer zre the initial algebra with one constant and one unary
can easily tell from the types that the realizers for thgeration (such algebras are sometimes called “iteration
unit andassoc axioms are trivial and can be discardedlgebras”):

and that althoughkqgrt cannot be discarded entirely, parltheory lteration =
of its return value is unnecessary. Assertions that refgyy

ence discarded or optimized constants are automaticaligt s

rewritten to preserve well-typedness, and we obtain theonst zero : s
translation of SQGROUBhown previously, which con- const succ : s -> s

tains no occurrences &hp . end
theory Nat =
5 Examples thy

model N : Iteration
Decidable set. We now consider the theory of a decid-
able set. Recall that in constructive mathematics aSset axiom initial [l : lteration] =
is said to bedecidableif v =y orz # yforallz,y € 5. unique (f : N.s -> Ls) . (

The inputto RZ is f N.zero = l.zero and
. _ (@l (n : N.s) .

:Esory DecidableSet = f (N.succ n) = Lsucc (f n))

set s eZm q

axiom decidable (x:s) (y:s) =

X =y or not (x =) The theoryiteration is an auxiliary theory. The the-

end ory Nat postulates the existence of a modiedf theory
and the output is Iteration which satisfies the initiality axiom stating

that there exists exactly one algebra morphism fidto

dule t DecidableSet = . .
mocuie ype Leciqablese any other iteration theorly. The output generated by RZ

Slgtype s is shown in Figure 3. The initiality axiom has been trans-
(** Assertion per_s = PER(=s=) *) lated to a functor which expects an implementatioof
an iteration theory and outputs a realizer for the axiom. A
val decidable : s -> s -> ['or0 | ‘orl] closer look at the assertion reveals that it essentially says
(** Assertion that the realizer defines a function from natural numbers
decidable (x:[Is|l, y:lIsll) = tol.s by simple recursion.
decidable x y = ‘or0 and x =s= y cor
decidable x y = ‘orl and not (X =s=vy) . . .
% Axiom of Choice. As a third example, we look at the
end realizability interpretation of the Axiom of Choice. We

work with the formulation of the axiom which states that

The output signature asks fdecidable to be a func- every total relation has a choice function:

tion accepting two realizers andy and returning one
of two tokens'or0 and‘orl , depending on whether
andy realize the same element. This is nothing but a com-
putable decision procedure for equality ®ywith respect dg € B.Vx € A R(z,g(x)) .

to =s= of course, as should be expected. . . .
P §e could write this as a theory parameterized by ggts

(Ve € A.3y € B.R(z,y)) =

| we rIeTark Eh?t SOthmg rfqtl)Jllres the tpartlal eqlélv 3 and the relationR, but to keep things simple, we use
ence relatiores= to be computable, so not every modegq ¢,1owing version:

set is decidable. In fact, there are many natural and im-
portant examples of non-computable partial equivalentﬁ@
relations, such aextensional equalitpf functions from

ory Choice =



module type lIteration =

sig

type s

(** Assertion per_s = PER(=s=) *)

val zero : s

(** Assertion zero_total = zero : ||s|| *)
val succ : s -> s

(** Assertion succ_total

all (xis, yiS). X =S= y => succ X =S= succ Yy *)

end

module type Nat =
sig
module N : lteration
module Initial : functor (I : lteration) ->
sig
val initial : N.s -> I.s
(** Assertion initial =
(all (x:N.s, y:N.s). x =N.s= y => initial x =lL.s= initial y) and
initial N.zero =l.s= l.zero and
(@l (n:]|N.s]]). initial (N.succ n) =l.s= l.succ (initial n)) and
(@all (u:N.s -> Ls).
(@l (x:N.s, y:N.s). x =Ns=y => u x =l.s= u y) =>
u N.zero =l.s= l.zero and
(@l (n:|IN.s]). u (N.succ n) =lLs= l.succ (u n)) =>
all (x:N.s, y:N.s). x =N.s= y => initial x =l.s= u vy)
")
end
end

Figure 3: Output for theorieléeration andNat



set a of limitations of ML not every parameterized axiom can

set b be turned into polymorphism; ML allows only prenex quan-
relation r > a * b tifiers, and the quantifiers can range over types but not
axiom choice = type operators. However we would like to do so where

(all (x:a). some (y:b) . r(xyy)) =>
some (g:a->b) . all (x:@) . r(x,g(x))
end

it is possible (the common case). As an alternative, we
could attempt to retarget the output to a language like
Haskell [10] which supports the necessary polymorphic
The output is shown in Figure 4. The interesting bit igpes, though Haskell's support of modules is much weaker.
the assertion fochoice , which says thathoice takes  Another possible extension would be to allow depen-
as an argument a realizgrfor the V3 statement and out-dent families in the input language. Fortunately, this does
puts a pair of functions, of which the first is the ChOiCﬁot require fmdmg a target |anguage that supports depen_
functiong and the second one provides realizers Witne%nt types; we can use the under]ying (non_dependent)
ing that the choice function does its job. However, thefgpes, and then express the dependencies as additional

is a problem: the realizef is not required to respesa=  properties that must be verified for the implementation.
while the choice functiom is. In general there is no way

for choice to transformf into a=a=-respecting func-

tion. It follows that in general the Axiom of Choice i®t References
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module type Choice =

sig
type a
(** Assertion per_a = PER(=a=) *)
type b
(** Assertion per_b = PER(=b=) *)
type r

(** Assertion predicate_r =
PREDICATE(r, a * b,
lam t u.(pi0 t =a= pi0 u and pil t =b= pil u))
)

val choice : (@ > b *r) ->(a->Db) *(a->r
(** Assertion choice =
all (fa > b * ).
@all ¢x:llalf). pi0 (f x) : ||b|]] and
pil (f x) |= r (x,pi0 (f x))) =>

(all (x:a, y:a). x =a=y => pi0 (choice f) x =b= pi0 (choice f) y) and
(all (x:||a]l). pi1 (choice f) x |= r (x,pi0 (choice f) x))

)

end

Figure 4: Output for theorZhoice
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