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Abstract

Studies of equivalence for recursive types often consider impoverished type systems, where
the equational theory is generated only by the fold /unfold rule uX. T(X) = T(uX.T(X)).
Recursive types have been applied in much richer contexts, including systems with § and
n-equivalence, but without any guarantee that the implementations are correct. Though
there are plausible ways to adapt standard recursive-type algorithms to richer equational
theories, Colazzo and Ghelli observed that two “obvious” ways of extending the algorithm
in a different direction (adding universally-quantified types) both fail. Extended systems
may not even be formally specified; combining Sn-equivalence with coinductive equivalence
of recursive types requires care to avoid inconsistency.

In this paper we both define and analyze coinductive equivalence for recursive types
combined with other common equational principles. We start by adding pairing and pro-
jection, allowing even pairs to be recursively defined. (This permits direct definitions for
collections of mutually-recursive types.) We show that our definition yields a decidable
theory with all the expected equational properties.

We then extend the system with first-order (non-recursive) type operators and (-
equivalence, and show the same equational and decidability properties hold. Finally we
add extensionality for both pairs and functions, obtaining a coinductively-defined theory
of recursive types with On-equivalence.

Capsule Review

1 Introduction

A number of researchers have studied theories of equivalence or subtyping for re-
cursive types (Amadio & Cardelli, 1993; Abadi & Fiore, 1996; Brandt & Henglein,
1997; Gapeyev et al., 2002). With only a few exceptions — typically adding iso-
morphisms such as associativity and commutativity of products (Palsberg & Zhao,
2000; Fiore, 2004; Di Cosmo et al., 2005) — recursive types are studied in isolation,
and the only nontrivial equivalences arise from recursive types and the so-called
fold/unfold rule.

In practice, however, this may not be enough. For example, recursive types can
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be useful in the presence of parameterized types (Bruce et al., 1999), yet studies
of recursive types generally omit type operators. Similarly, the FLINT and TILT
implementations of Standard ML (League & Shao, 1998; Vanderwaart et al., 2003)
have used a slightly more restrictive variant of recursive type equivalence (based on
an unfold/unfold rule), combined with 5 and n-equivalence and primitive notions
of mutually-recursive types.

A common assumption is that algorithms designed for the simple system of recur-
sive types will continue to work when the type system changes. However, Colazzo
and Ghelli (1999) observed that in the presence of universally quantified types (and
hence of bound variables that cannot be eliminated through unfolding), the most
obvious ways to extend the algorithm either fail to terminate or are unsound.

The goal of this paper is to verify that existing ideas from the study of equivalence
of recursive types do extend to richer equational theories. We begin by reviewing
some basic results used to study the simple system of recursive types, based on the
presentation of Gapeyev et al. (2002). We show how to extend the coinductive defi-
nition of equivalence to include pairs of types and projection operators (along with
recursive definitions of pairs), and show that a sound, complete, and terminating
equivalence algorithm can still be obtained. This extension allows direct definitions
of mutually-recursive types, without specialized primitives or unintuitive encodings.

The approach for pairs then extends further to include type operators and (-
reduction, provided that kinds are restricted to first order (no arrows in negative
positions). We finally add extensionality principles: pointwise-equivalent functions
are equivalent, and componentwise-equivalent pairs are equivalent. We thus obtain
a coinductive theory of fn-equivalence with recursive types.

2 Review
2.1 Recursive Types

There are two traditional frameworks for recursive types, differing in how the type
uX.T(X) relates to the equation X = T'(X). In the isorecursive approach, recursive
types induce no interesting type equivalences. The type uX.T(X) is isomorphic to
but not equal to T'(uX.T(X)), and there are inverse term-level operators

fold,x. 7(x) D T(pX.T(X)) - puX.T(X)
unfold,x. rx) @ MuX.T(X) — T(uX.T(X))

witnessing this isomorphism. Often these operators have no observable run-time
effects, but their presence simplifies type checking (Vanderwaart et al., 2003), just
as systems with explicit type coercions are generally easier to type check than
systems with implicit subsumption.

However, explicit coercions can be unwieldy at times. The equirecursive approach
defines the type pX.T(X) to be equal to T'(uX.T(X)). Explicit fold and unfold
term operators become unnecessary, but this immediately leads to a non-trivial
equational theory of types.

Given the decision to study an equirecursive system, as we will do here, there
is still a choice whether equivalence should be defined inductively (as usual in
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the absence of recursive types) or coinductively. Coinductive equivalence is often
motivated by a view of recursive types as finite representations of potentially infinite
u-free types. Thus, uX. int— X is a finite representation of the infinite type

int—int—int—---.

The same infinite type can be represented by uX.int—int— X, because repeated
unfoldings approach the same limit. Though no finite sequence of foldings and
unfoldings can make the two recursive types identical (i.e., the types are not induc-
tively equivalent), they have the same limit and so coinductively we have

pX.int—X = pX. int—int—X.

The coinductive approach tends to be more useful than the inductive approach, as
it safely equates more types. For example, suppose we have two separately-defined
recursive types T and T5. If instead we were encode the two as mutually-recursive
types — the degenerate case where the types could refer to each other but don’t —
we typically obtain results that are coinductively but not inductively equivalent to
the original T} and T5. (Mutually-recursive definitions are described in more detail
in Section 4.) We thus consider coinductive equivalence here.

2.2 Coinduction

We first review what if means to define equivalence coinductively. By following the
presentation of Gapeyev et al. (2002), we can work directly with syntactic types,
rather than defining types as reasoning about infinite trees (and reduction steps for
infinite trees).

Assume F : 24 — 2Y is a function from the subsets of U to the subsets of U.
If F' is monotone then it has a unique greatest fixed point, written v F', satisfying
vF = F(vF). A defining property of this greatest fixed point is the following:

Definition 1 (Principle of Coinduction)
Assume F' is monotone, so that vF exists. If A C F(A) then A C vF.

The premise of the Principle of Coinduction can be weakened; A C vF if A
is a subset of F'(A), or of the larger set F(A U F(A)), or of the still larger set
F(AU F(AUF(A))), and so on. Pushing this idea to the limit we obtain the
following generalization:

Proposition 2 (Extended Principle of Coinduction)

Let F' be a monotone function on sets, and A be a set. Define
FM(X):= AU F(X).

Then A C F(vF*A) if and only if A C vF.

Proof

Assume A C F(vF*). Then vF™ = AU F(vF™) C F(vF™). By the Principle
of Coinduction vFt C vF, and thus A C vF.
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Conversely, assume A C vF. Since pointwise F C F* we have vF C vFHA.
Then by monotonicity A C vF = F(vF) C F(vF*). O

Corollary 3
Assume F' is a monotone function on sets. If A C F(A)U F(F(A)) then A C vF.
More generally, if A C |, ~, F"(A) then A C vF.

Proof

Assume A C |J,,5; F"'(A). An easy inductive argument shows that F"(A) C vFtA
for every n > 0, and so using monotonicity, A C 5, F™(A) = U, 5o F'(F"(A)) €
Unso F(vF*) = F(vF™). Therefore A C vF by Proposition 2. [

The application of greatest fixed points to type equivalence is that equivalence
for recursive types can be defined coinductively as the greatest fixed point (rather
than the more usual inductively-defined least fixed point) of the inference rules:

T=T (1)

T =5 5 =9,
Th—1> = 51—>52

(2)

{(uX.T/X}T = S
uX.T=S8

3)

T = {,uX.S/X}S
T=uX.S

(4)

Here the notation {S / X}T denotes the capture-avoiding substitution of S for free
occurrences of X in the type T.

These rules can be viewed as a function from a set of premises to the set of those
conclusions derivable in one step:

F.(J): T T) | for all types T}

{(

{( 1*>T2 514)52) | (T1 = Sl) € J and (T2 = SQ) € .,7}
{(wX.T = 9) | ({pX.T/X}T = S)e J}

{(T = pX.9) | (T = {(uX.S/X}S) e T}

The usual inductive interpretation of inference rules corresponds to the least fixed

point of F},, while the coinductive interpretation is the greatest fixed point vF,. To
assert a coinductive equivalence judgment 7' = S is to say that (' = S) € vF),.

cccl

2.3 Algorithms

In some cases the decidability of membership in a greatest fixed point can be deter-
mined directly from properties of the generating function (Gapeyev et al., 2002).
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A monotone function F : 2¥ — 24 is said to be invertible if for all x € U, the
collection of sets sufficient to produce =,

suff [Fl(z) ={ACU |z € F(A)}

is either empty or has a minimum element with respect to inclusion. When F' is
invertible, we define

min suff [F](x) if suff[F](x) # 0

T otherwise

support[F)(z) := {

In the context of functions mapping premises to conclusions, invertibility corre-
sponds to proof search being deterministic. The support of a judgment is then the
unique, minimal set of premises required to prove that judgment.

Given an invertible F': 24 — 24 and z € U and A € 2Y, let

_ 0 if support[F|(z) =1
pred(F](z) - {support[F](m) otherwise
pred[FJ(A) = U pred[F](z)

z€A

The set of elements reachable from a set A is

reachable[F|(A) := U pred[F]"(A).

n>0

An invertible function F : 24 — 2Y is said to be finite-state if for all z € U,
the set reachable[F|({x}) is finite. In the context of inference rules, this means that
proof search finds only finitely many judgments before looping or terminating.

Proposition 4
If F: 24 — 92U js invertible and finite-state then membership in vF is decidable.

Proposition 4 can be proved constructively by presenting a sound, complete, and
terminating algorithm; several are available. The following simple (though not most
efficient) algorithm is a generalization of the subtyping algorithm of Amadio and
Cardelli (1993):

gfp“[F](A,z) = if x € A then true
else if support[F](x) = 1 then false

else /\yGA/ gfpac[F](A U {$}> y)
where A’ := support|[F|(z)

If F is invertible and finite-state, then gfp®“[F|(0,z) = true if x € vF, and
afp““[F)(0,z) = false otherwise. (More generally, gfp““[F|(A, z) tests x for mem-
bership in vF*4.) The correctness proof for this algorithm appears in Appendix A.

The function F), defined above is not invertible, since an equivalence uX.T =
pY. S can follow either from {uX.T/X}T = pY. S or from puX.T = {uY.S/Y}S.
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However, the closely-related “algorithmic” variant

Fﬁ(,j) :

pX. Ty = S) | ({pX. T /X3y = S)e T}
T = pX.S1) | T is not of the form pX.T; and
(T = {MXS1/X}51)EJ}

= {(
U {(
U {(T1—>T2 = Sl—>Sg) ‘ (Tl = Sl)EJaHd (T2 = SQ)EJ}
U {(
U {(

is both invertible and finite-state. Further, we have vFy = vF), (Gapeyev et al.,
2002), so we can use it to test equivalence. Instantiating the general algorithm for
membership in the greatest fixed point with the function Fj, we have that T'= S

if and only if gfp®“[F](0,(T = S)) returns true, where expanding the definition
we have:

afp™[FE)(A (T = 8)) =

if (I' = S5) € A then true

else if T'= int and S = int then true

elseif T'= X and S = X then true

else if T'=T1—T5 and S = S1—S55 then
a ™ IFAUL(T = $)} (T
gfp“[FRJ(AU{(T = 9} (T»

else if T'= pX. Ty then
gfp“[FR](AU{(T

else if S = pX.S; then
gfp“[FR](AU{(T

else false.

S1)) A
S52))

)}, ({uX. Ty /X3 = 9))

ST = {uX.S1/X}S1))

3 Recursive Types and Pairing

Applications of recursive types often require mutually-recursive types. Theoretical
studies of recursive types usually ignore this issue, as mutual recursion can be
encoded in terms of nested recursion (see Section 4). For the purposes of clarity
and implementation efficiency, however, it may be worthwhile to have a language of
types that can directly handle mutual recursion. We therefore extend the standard
calculus of recursive types with pairs of types and projections from such pairs. We
allow not just pairs of recursively-defined types, but recursively-defined pairs as
well.

This extension is also of interest because it represents a particularly simple but
non-trivial extension of the traditional equational theory for recursive types.

3.1 Syntax

The syntax of the type system is specified by the following grammar:



Journal of Functional Programming 7

K, L .= x
KxK

S, T.U :: int
X|Y|Z]| -
T—T
uX:L.T
(T.T)

7T1T

7T2T

The kind system distinguishes proper types of kind * from type-level pairs. The
pair (Ty,T5) is a collection of two types and will have a kind of the form K; x Ks.
(Note that (T1,T3) is not the proper type that would classify a pair of values; such
a type 11 xT» would have kind *. Types of pairs could be added, but since they are
equationally very similar to types of the form T} —T5 they have been omitted.)

The notation FV(T) denotes the set of free variables in T, where pX::L. S binds
X in S. Types are identified up to renaming of bound variables.

3.2 Weak Head Reduction

Our generalization of the “unfolding” transformation for recursive types is weak
head reduction. To define this relation we use the concept of an elimination context
E. These contexts are defined inductively according to the following grammar:

E:=e|mFE|mE

Every elimination context contains a single hole, written e. If E is an elimination
context, we write E[T] for the type obtained by replacing the hole in E with T'. For
example, if £ = m; (72 e) then E[m X| = 7 (72 (m1 X)). A type of the form E[X]
or E[int], an elimination context applied to a variable or constant, is called a path
and denoted P.

The weak head reduction relation ~» on types is defined by two axioms:

E[ﬂ'i <T1, T2>] ~> E[Tl]
EpuX:L.T] ~ E[{pX:L.T/X}T).

Unfolding and projections may occur inside projections. Thus, when
S = puX:kxx. (int—me X, m X —int)

we have mg S ~» 7o (int—my S, 1 S—int) ~ m S—int. We use ~* to denote the
reflexive, transitive closure of this relation, and write T' > when T' is weak head
normal (cannot be reduced).
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3.3 Well-Formedness

Well-formedness of types is relative to a typing (or in this system, kinding) context

I, defined by the following grammar:
r:= -

| T, X:K

Contexts can be treated as partial functions from variables to their kinds. When

dom(T';)Ndom(Ty) = @, we write I'1, I's to be the concatenation of the two contexts.

The well-formedness judgment for types is defined inductively, as usual, by the
following sequence of inference rules:

_ 5
'k int :: * 5)
X € dom(I)
X :T(X)
I'ETyox I'ETy:x
'ET—T5 %

I X:LFT:L
't puX:L.T L

THT, =K, TFT: K,
'k <T1,T2> o K1><K2

F"T:ZK1XK2
'tmT: K;

(10)

Proposition 5 (Basic Properties of Well-Formedness)
1. IfFFTKl andFFT::Kg then Kl :KQ.
2. IfT'+T :: K then FV(T) C dom(T).
3. Iffl,Fg FT: K and dOHl(Fl,Fg) N dOHl(Fg) = @ then Fl,FQ,Fg FT: K.
4. If T, Y:K',T9o+T = K and T =T’ :: K’ then I',T'5 {T'/Y}T 2 K.

Proof
By induction on derivations. []

Proposition 6 (Characterization of Kinds)
1. fT'=T :: * then T ~ T or T is a path or T = T1—1T5.
2. IfTHT:: K1xKy then T~ T or T is a path or T = (Ty, Ts).

Beyond the well-formedness rules, we follow usual practice for equirecursive types
by requiring that all types considered are contractive, a global syntactic restriction
discussed further in the following section.
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3.4 Contractiveness

Equirecursive recursive types are often motivated as finite representations of (poten-
tially infinite) p-free types, the limit of repeated unfoldings. Thus, pX::*. int—X
unfolds to int—int—int—- .-, while pX::*. X=X unfolds to (- - -—- )= (- - - —- - -),
an infinite binary tree where every node is —, while pyX::*. int unfolds to simply
int. Not all syntactic recursive types correspond to such u-free types, though; the
type uX::*. X unfolds only to itself. Such types are typically forbidden; types that
correspond to trees are said to be contractive.

Although we do not define equivalence in terms of infinite trees, in order to obtain
a sound theory we must make a similar syntactic restriction. Otherwise, coinduction
and Rule 3 would imply that (uX.X) = S holds for every type S.

In simple systems contractiveness can be syntactically enforced in the grammar
itself, for example by requiring that the body of every recursive type be a function
arrow (Brandt & Henglein, 1997). Here we formalize the intuition that p-bound
variables should appear only inside — by using a notion of unguarded variables.
The unguarded variables of a type T', written UV (T'), are defined by:

UV(int) := 0
UV(Tl"TQ) = @
Uv(X) = {X}
vv(mT) = UV(T)
UV((T1,T3)) = UV(T1)U UV(T»)
UV(pX:L.T) = UV(T)\{X}

A type is then said to be contractive if every occurrence of a recursive type pX::L.T
satisfies X ¢ UV(T). Thus, the type mo (uY ::¥x*. (ma Y 71 Y)) (which reduces to
itself in four steps) is not contractive since Y € UV ((m Y, m Y)).

Contractiveness is still purely syntactic, is not context-sensitive, and is preserved
by capture-avoiding substitutions and by reductions. Following convention, we as-
sume for the rest of the paper that all types mentioned are contractive.!

We depend on two properties of contractive types: any subcomponent of a con-
tractive type is itself contractive (by definition of contractiveness), and weak head
reduction of contractive types terminates.

There are several ways to prove the latter property. For example, we can explicitly
define a nonnegative “height” measure for recursive types that is strictly reduced
by weak head reduction. (Simpler type systems can just count the outermost p’s in
a recursive type.)

I Crary et al. (1999) give a closely-related definition of contractiveness for well-formed types,
but they expand the set of contractive types to include every type provably equivalent to some
type that is syntactically contractive in our sense. In the absence of defined type variables this
extra flexibility does not appear useful, especially compared to the complexity introduced by
defining contractiveness mutually with of well-formedness and type equivalence. Though we
do rule out types such as pX:*. .71 (X—X, X) that their approach would allow, one could
write the syntactically-contractive type puX::*x. X—X in the first place. We conjecture that
equivalence with their more general notion of contractiveness would be a conservative extension
of equivalence as defined here.
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height(int) := 0
height(T1—T5) = 0
height(X) = 0
height(m1T) := height(T)
height(ma T) := height(T)
height((T1,T)) := 14 max(height(Th), height(T2))
height(uX K. T) = 1+ height(T)

Proposition 7
If X ¢ UV(T) then height({T"/X}T) = height(T).

Proof
By induction on T

Case: T'= int. Both heights are zero.

Case: T = T1—T5. Both heights are zero.

Case: T =Y. Then Y # X since Y € UV(T), so both heights are zero.

Case: T = m; S. By the inductive hypothesis, since X ¢ UV (m; S) = UV(S),

we have height({T" / X}(m; S)) = height({T' | X}S) = height(S) = height(m; S).

o Case: T' = (S51,52). Since X ¢ UV(T) = UV(S1) U UV(Sz2), by induction
height({T"/ X}(S1, S2)) = 1 + max(height({T"/X}S1), height({T" / X}S2)) =
1 + max(height(S1), height(S2)) = 1 + height((S1, S2))-

e Case: T = uY::L. S, where without loss of generality X # Y and Y ¢ FV (T").

Then X ¢ UV (pY::L.S) = UV(S)\ {Y}, so by the inductive hypothesis we

have height({T"/X}(uY ::L.S)) = 1 + height({T"/X}S) = 1 + height(S) =

height(pY::L.S). O

Proposition 8 (Basic Properties of Reduction)
1. If T ~» Sl and T ~» 52 then Sl = SQ.
If T ~ T’ then E[T] ~ E[T").
If T~ T' then ({S/X}T) ~ ({S/X}T").
If T is contractive and T ~» T" then height(T) > height(T").
IfFTHFT 2 K and T~ T' thenT +HT' :: K.
IfT ~ T’ then FV(T) 2 FV(T").

A e

Proof
1. By definition of ~».
2. By definition of ~.
3. There are two cases:
e Case: T = E[m; (I1,T2)] and T" = E[T;]. Then we have that {S/X}T =
Elm, ({8/X)T1). ({S/X)T2))) ~ EI{S/XYTi) = {5/ )7
e Case: T = E[uY:L.Ty] and T = E[{uY::L.Ty /Y}T1]. Without loss of
generality, X#Y and Y¢FV(S). Then {S/X}T = E[{S/X}(uY ::L.T)]
e ({8/XVT2)] ~ B[{uY L. (8 /X}T1) /Y}({S/X}T0)] = E{S/X}({nY L. T3 /YYT})) =
S/X}T.
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4. Again there are two cases.
e Case: T = E[m; (T1,T»)] and T'=E|[T;]. Then height(T) = height({T1,T3)) =
14+max(height(11), height(T)) > height(T;) = height(E[T;]) = height(T").
o Case: T = E[uX:: .S and T' = E[{puX:: . S/X}S]. T is contractive, so by
Proposition 7 height(T) = height(uX:: . S) = 1+ height(S) > height(S) =
height({uX:: . S/X}S) = height(E[{uX:: .S/ X}S]) = height(T"). O
5. By inversion of the typing rules and application of Rule 10 it suffices to
consider the cases in which E = e.
e Case: T = m; (Th, Tz) and T' = T;. By inversion of Rule 10 and Rule 9 we
know that K = K; where I' - T; :: K;.
o Case: T = pX:L.S and T’ = {uX::L.S/X}S. By inversion of Rule 8
we have L = K and I', X::L + S :: L. Thus by Proposition 5, we have
I {pX:L.S/X}S :: K as desired. [

6. By definition of reduction.

3.5 Defining Type Equivalence

The following collection of inference rules defines equivalence of well-formed types.
In contrast to the definition of the well-formedness judgment, these rules are to be
interpreted coinductively, where the universe of potential equivalences is

Uy ={TFT=S:K) | F+FT:KandT'HS:: K}

U, is intended as an upper bound and contains judgments that are not provable.

'-T: K (11)
'ET=T:K
F}—leSlzz* F"TQESQIZ* (12)
e1T -1, = 51HSQ X
L' E{puX:L.T/X}T) =S = K '-pXaL. T L (13)
FFEpX:LT)=S:K
I'eT=E{pX:L.S/X}S):: K PFpX:L.S: L (14)
P+-T=FEuX:L.S]: K
PFET]=S:K H-Ts_;: K’ (15)
'k Em (T, Ty =5 K
FrET=E[S] K 'FS;_;: K' (16)
I'ET = E[m; (S1,592)] : K
rer1n=51:K Ty, =5 K.
1 1 1 2 2 2 (17)

'k <T1,T2> = <51,SQ> b K1XK2
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{C+-P=P:K)|TFP:K}
{TFTi—>T = S51—852 %) |

TrFh=SaxeJand THET,=S:%) € J}
U {(CFT=S:K)|T~T and TFT' =S K)eJand T :: K}
{TFT=8:2K)|S~S and T+T=5=:2K)eJandT'F S :: K}
{(FF<T1,T2>E<S1,SQ> ::K1XK2)‘

(Fl—lesl ::Kl)and(F}—TQESQ::KQ)GJ}

Fig. 1. Generating Function for Equivalence with Pairs and Projections

The corresponding generating function Fy : 2V« —2V« appears in Figure 1. The
well-formedness constraints ensure that F,, does map 2V« to 2Y«. F, is monotone,
and hence has a greatest fixed point vF,. We take this set of judgments as the
formal definition of equivalence, i.e., we say that ' - T' = S :: K if and only if
THT=S8:K)evF,.

There are two differences between F, and the inference rules above. One is an
inessential notational convenience: weak head reduction has been used to merge
Rules 13 and 15 into a single line in the definition of F, and similarly to merge
Rules 14 and 16.

The other change is more substantive. Though Rule 11 states that any type is
equal to itself, the definition F builds in reflexivity only for paths (which include
the type int and projections from variables). This change makes F. easier to work
with, yet does not change the greatest fixed point: Rule 11 is admissible.

We try to avoid including admissible rules in our generating functions. Some ad-
ditions are innocuous, but adding admissible rules to the generating function can
actually change the greatest fixed point. For example, symmetric and transitive clo-
sure rules are admissible but were purposely omitted from definition of equivalence.
If we were to augment the definition of F(J) with the line

U{T+FT=8:K)|(T+-FS=T=K)eJ}

then the greatest fixed point would suddenly be Uy, itself, equating all types of the
same kind. Explicitly requiring transitive closure would make equivalence similarly
inconsistent.

Instead, the rules have been carefully designed to obtain an equivalence relation.
For example, we have both Rules 13 and 14 to maintain symmetry, and the two
rules each build in a nontrivial step of transitivity (compared to simply having the
two axioms pX:L.T = {uX:L.T/X}T and {uX::L.T/X}T = pX::L.T).

The presence of elimination contexts in a declarative definition of equivalence
might also be surprising, but they seem necessary to obtain all the desired equiv-
alences. Consider the equation 71 (uX::*x*. (int,int)) = int. If the elimination
contexts F were dropped from Rules 13-16 then this equation would not be coin-
ductively provable because it would not match the conclusion of any inference rule,
even if we added more congruence rules. (In an inductive presentation this equiva-
lence could follow from an appeal to the transitive rule.)
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3.6 Properties of Type Equivalence

By definition v F; is closed under weak head expansion (as long as well-formedness
is preserved). Less obviously, it is closed under reduction as well.

Proposition 9
1. fIT+-T' =8 2K, T~>*T, S~*S, 'ET:: K,andT'+ S :: K then
r-7T=5:K.
2. fITHFT=S:K, T~*T',and S~* S5 thenT FT' =5 K.

Proof
1. By Proposition 8, all reducts along the way from T to 7" and from S to S’ are
well-formed. By repeatedly applying the fact that by definition v F; is closed
under single well-formed weak head expansions, we obtain the desired result.
2. By induction on height(T) + height(S), and cases on the justification for
THFT=S8:K)evE, =F;(VFy).
e Case: T+ and S 4. Then T'= T’ and S = 9’, so the desired result is
true by assumption.
e Case: THFT =S:Kbecause T~ U, TFT 2 K,andTTHU =95 : K.
If U ~*T thenT' T = S5 :: K follows inductively. Otherwise, since
reduction is deterministic T = T, and the inductive hypothesis yields
FrFU=S:K,sothat (THT'=5"::K) € Fr(vF;) =vFy.
e Case: T =S5: Kbecause S~ U, TS K,andT'HFT=U :: K.
Analogous to the previous case. [J

Then we can show that = as defined is both a partial equivalence relation and a
congruence.

Proposition 10 (Reflexivity)
IFTrFT K thenI'FT =T K.

Proof

We want to show that I C vF,, where ] :=={(T'FT =T K)|T+T: K}. By
Corollary 3 it suffices to show I C F(I)U F (Fr(I)). Let (THFT =T : K)e I be
given, and consider the possible cases, given that T is well-formed.

e Case: T=P. Then THFP=P: K) e F,(0) C F:(I).

o Case: T =T1—Tr and K =* Then ' Ty s xand - T :: *, 50 (' -1 =
Ty ux)eland (THTy =Ty :: %) € I. Thus (T F Ty =Ty = T1—T5 = %) €
Fo (D).

e Case: T = (T1,T») and K = K1 xKs5. Then F T7 : K7 and + T3 1 Ky, so
TrFOh=T 2 Ky)eland (FTy =Ty Ko) € I. Thus (' - (Th,T3) =
<T1,T2> i K1><K2) S Fﬂ(I)

e Case: T ~ T’ for some T'. Then by Proposition 8, - T" :: K as well, and so
CHT =T =K)el. Thus CFT =T = K)e Fr(I),so CFT =T :
K) € F(F:(I)).

The fold /unfold rule and the projection rule for pairs hold:
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Corollary 11
IFT+T:KandT~ T thenI' FT =T K.

Proof
By Propositions 10 and 9. [

Proposition 12 (Transitivity)
ITHFT =T KandI'-To =T33 K thenTHT, =15 :: K.

Proof
We must show that vF; is transitively closed, i.e., TR(vF;) C vF,, where

TR(T)={CT+rNT=T::K)|I.THFNh =T, = K),TFTh=T;:K)e J}

is the transitive-closure operator. It suffices to show that TR(vF;) C F(TR(vFy)),
because then TR(vF;) C vF, follows by coinduction. Assume (I' -Th =T5 :: K) €
TR(vF;) because (' Ty =T = K) € vFy and (' Ty = T3 : K) € vF,;. We
must show (I' =Ty = T3 :: K) € F(TR(vF;)), and this follows by induction on
height(T) and cases on the justifications for the two assumed equivalences.

e Case: T1 =T5 = T3 = P. Trivial.

e Case: Ty = T{—=TY, Th = To—=Ty, Ts = T4—=TY, and (T F Th = T =
K) e vFy and T' F Ty, = T3 = K) € vF; because (I' F T] = Tj =2 %),
CrTY =Ty %), TETy =T, 0 %), T FTY =T :: ) € vF;. Then
T HT =T %) € TRWF;) and (T' + Ty = T :: ) € TR(vFy), so
(T HT{=T] =T{—TY %) € Fx(TR(VEy)).

e Case: (' Ty =Ty : K) € vF; because (I' - T = Ty =+ K) € vF,,
T, ~ T{,and T' - T} : K. Then (I' v T] = T3 = K) € TR(VF;), so
CFETy=T5:K) € Fr(TR(VFR)).

e Case: (T Ty =T : K) € vF,; because (I' - Tx = T} : K) € vF,,
T3 ~ T4, and T' - T3 = K. Then (' v Ty = T4 = K) € TR(VF,), so
(CFTy =T, K) € Fo(TR(vFy)).

e Case: (' Ty =Ty : K) € vF; because (I' W Ty = T =+ K) € vF,,
Ty ~ T, and T' + Ty :: K. By Proposition 9, (I' F Ty = T3 :: K) € vF,,
By Proposition 8 we know that height(T2) > height(T3), so the induction
hypothesis applies and (T'F Ty = T3 :: K) € F.(TR(VF;)).

o Case: T = (T],TV), Ty = (T3, V), Ty = (T4, TV), K = K'x K", and (I
T'=T,:K)evF,and T FTy,=T3:: K) € vF; because (T'HT] =Ty =
K, CFT/ =T« K"), CF T, =T, = K'), 0+ TY =T =: K") € vFy.
Then (THT] =T4:: K') € TRWF;) and (T Ty =TY :: K") € TR(VF,),
so (CHA{T], T =(T5,T§) : K'xK") € Fr(TR(vFy)). O

Proposition 13 (Symmetry)
FIrtT=5:K thenT'HFS=T: K.

Proof
Similar to the previous proposition; by coinduction we can show that SY (vF;) C
F (SY (vF;)) where SY () is the symmetric closure operator. []
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Fi(Jg)= {TFP=P:K)|T+P:K}
{TFTI—>Ty = S1—52 %) |
CTrFh=SaxeJand THT,=S::%) € J}
U {(THFT=S:K)|T~T,TFT'=S:2K)eJ,andT+T:: K}
{CFT=S:K)|T#,S~8 TrT=S2K)eJandT'+S:: K}
{(FF<T17T2>E<S17SQ> 4 K1XK2)|
THFh=S:2K)eJand (THT, =S Ko) e J}

Fig. 2. Algorithmic Generating Function for Equivalence with Pairs and Projections

Proposition 14 (Congruence)
1. ITFT =S KixKy thenT'Fm,T=m S :: K;.
2. fT, X:LF S =S5y Lthenl' - pX::L.S; =puX::L.Sy :: L.

Proof
Simplified versions of the proofs for Propositions 34 and 38. [

3.7 Decidability of Equivalence

Decidability of equivalence in the presence of pairs is not a trivial corollary of
decidability for recursive types in isolation. We cannot first reduce all projections
and then proceed as before; as shown in Section 3.2, unfoldings can introduce
new opportunities to project, while projections can introduce new opportunities to
unfold. The termination of weak head reduction does not automatically guarantee
that finite-state properties still hold. A priori, each unfolding could yield more
projections from more pairs, and we might never see the same types twice.

To show that equivalence is decidable, we want an invertible, finite-state function
F& : Uegq—Ugq such that vF? = vF,. Such a function appears in Figure 2; it differs
from F; only in one line, where we require T' to be weak head normal before allowing
S ~+ S’ as a justification.

Proposition 15
F? is invertible.

Proof
By inspection of Figure 2. []

Fr and F?® have the same greatest fixed point. Intuitively, if we wish to know
whether two types are equal it does not matter which one we weak head reduce
first; completely reducing the left-hand type before starting on the right-hand type,
as suggested by proof search using F¢, is thus a sound and deterministic strategy.

Proposition 16
vE, =vF?.

Proof

Since pointwise F¢ C F., we know vF? C vF,. To show vF,; C vF? it suffices to
show vF, C F2(vFy;). Since the definitions of F; and F¢ differ only in one line,
there is only one interesting case:
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o Case: THFT =S5:K)evF, because THFT =5 K) € vF; and S~ 5
and I' = S :: K. There are two subcases:
— Subcase: T +». Then (I'FT =S5 K) € FX(vFy).
— Subcase: T ~ T'. By Proposition 9, (I' H T = S :: K) € vF,, so since
'FT:Kwehave (THFT =81 K)e Fe(vF,). O

F? is finite-state. Following Brandt and Henglein (1997) and Gapeyev et al. (2002),
we define two sets of “subterms” of types. We say that T is a top-down subterm
of S if T C S is provable from the rules in Figure 3. The top-down subterms are
recognizable as the types that we might see in some comparison while running a
proof-search algorithm.

Proposition 17 (Top-Down Transitivity)
IfT1 E T2 and TQ E T3 then T1 E Tg.

Proof
By induction on the proof of T, C T3. [

Proposition 18
1. IFEITFT =8 2 K')epredFY(THFT=S::K) thenT' CT and S’ C S
and ' =T".
2. If(T"FT"=58": K") € reachable[FEJ{T'FT =S :: K}) then T C T and
S"C SandI =T1".

Proof
1. By definition of F}.
2. By Part 1 and Proposition 17. [

Next, we define the bottom-up subterms, also shown in Figure 3. The rules for T’
being a bottom-up subterm of S, written T" < S, are nearly the same except for
the difference between Rule 21 and Rule 27. (Despite the notation, this relation has
nothing to do with subtyping.) The key advantage of the bottom-up formulation is
that the set of bottom-up subterms of every type is finite, a fact easily shown by
induction. Because of Rule 21, a prior: this might not be the case for the top-down
subterms.

Lemma 19
1. If T < S then FV(T) C FV(S).
2. The set { S| S X T} is finite for every type T

Proof

1. By induction on the proof of T < S.
2. By induction on 7. []

We would like to relate the top-down and bottom-up subterms. In the absence
of pairing and projection, every top-down subterm is a bottom-up subterm, and
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TCT (18) T=T (24)
TCS, T=S;
T E S1—>Sz (19) T j Slﬂsz (25)
__TES 20 =S 26
TE<S1,52> ( ) Tj<51,52> ( )
T C E[{uX:L.S/X}S] (21) T < E[S] (27)
T C E[pX:L.S) {uX:L.S/X}T < E[uX::L. S
T C E[S] T < E[Si]
T C E[m; {(S1, S2)] (22) T < E[m; (51, S2)] 2
TCS T=S
TETI'ZS (23) ijS (29)

Fig. 3. Top-Down and Bottom-Up Subterms

hence the top-down subterms are finite in number (Gapeyev et al., 2002). Here this
is no longer true. For example, put

U = pXxxx. (1 X—my X, mo X—m X).

The type 71 U has g (1 U—mo U, 1o U—71 U) as a top-down subterm, but not as
a bottom-up subterm.

However, it turns out that every top-down subterm is a weak head reduct of some
bottom-up subterm. For example, the above top-down subterm is a reduct of the
bottom-up subterm s U.

We show the this relationship using two lemmas characterizing the bottom-up
subterm relation.

Lemma 20
IfT <mS thenm; S~*T orT < S.

Proof
By induction on the proof of the assumption, and cases on the last rule used.

e Case: T < m; S because T'=m; S. Then m; S ~* m; S =T.

e Case: T < m; S because T' < S. Trivial.

e Case: T < m; S because S = (S1,52) and T' < S;. Then by Rule 26, T <
(S1,52) = S.

o Case: T = m; S because S = E[r; (S1,52)] and T' < m; (E[S;]). By the induc-
tive hypothesis there are two subcases:
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— Subcase: m; (E[S;]) ~* T. Then; S = m; (E[m; (S1,S2)]) ~ m; (E[S;]) ~*
T.

— Subcase: T < E[S;]. Then T < E[r; (51, 52)] = S by Rule 28.

Case: T = m; S because T = {uX:=L.S'/X}T" and S = E[uX:L.S'] and

T" < m; (E[S’]). By the inductive hypothesis there are two subcases:

— Subcase: m; (E[S’]) ~* T’. Then using Proposition 8 we have m; S =

T (E[puX:L. ') ~ m; (E{pX L. 5"/ X}S"]) = {uX=:L.S"/ X} (m; (E[S"])) ~*

{uX:L.S'/X}T" =T.
— Subcase: T" < E[S’]. Then by Rule 27 we have T = {uX::L.S'/X}T" =
EupX:L.S=58. 0O

Lemma 21
If S 2 ({U/X}T) then either S X U or there exists T' X T with ({U/X}T") ~* S.

Proof
By induction on T. If S = ({U/X}T) then we can choose 7" = T, so assume
otherwise.

Case: T = X. Then S < ({U/X}X) = U by assumption.

Case: T = int or T =Y # X. Cannot happen, since then S = T and we

assumed S # {U/X}T =T.

Case: T = (T1,Tz). Then S = ({U/X}T) = ({U/X}T1), {U/X}T3)). By

inspection of the definition of <, there are only two possibilities:

— Subcase: S < ({U/X}T1). By the inductive hypothesis either S < U,
in which case we are done, or else there exists 7y with 7] =< T; and
({U/X}T{) ~* S. By Rule 26 we have T{ < (T, T) = T.

— Subcase: S <X ({U/X}T3). Similar.

Case: T = Ty —T5. Analogous to the previous case.

Case: T = m; Ty. Then S = {U/X}T = =; ({U/X}T1). By Lemma 20 there

are two possibilities:

— Subcase: m; ({U/X}T1) ~* S. We can put 7" =T = m; T}.

— Subcase: S =< {U/X}Tl. By the inductive hypothesis, either S < U,
in which case we are done, or else there exists 77 with 7] < T; and
({U/X}T]) ~* S. By Rule 29 we have T{ < m; T} =T.

Case: T = pY::L.Ty. Without loss of generality we may assume that X #

Y and Y € FV(U), so § < {U/X}(uY=:L.Ty) = pY:L.({U/X}T1). By

inversion of Rule 27, there exists a type Sy such that S; = ({U/X}T}) and

S = {(uY:L.{U/X}T1)/Y}S;. By the inductive hypothesis (since T is a

subterm of T'), there are two possibilities:

— Subcase: S; <X U. Then by Lemma 19 we have FV(S;) C FV(U), and
hence Y ¢ FV(S;) which implies S = 51 < U.

— Subcase: There exists a type T» such that To < T3 and ({U/X}Tg) ~*
Si. By Proposition 8 we have that {(uY::L. {U/X}T1)/Y}({U / X}T3) ~*
{(wY=:L.{U/X}T1)/Y}Sy. That is, {U/X}({pY L. Ty /Y}T) ~* S. We
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can take 7" = {uY::L.Tl/Y}Tg, since by Rule 27 and Ty =< T; we have
T = {MY::L.Tl/Y}TQ pY: LT, =T. O

Proposition 22
Every top-down subterm of a type is a weak head reduct of a bottom-up subterm
of that type: if S T T then there exists S’ such that S" X T and S’ ~* S.

Proof

By induction on the proof that S C T, and cases on the last rule used. Because the
definitions of C and < differ only in one rule (Rule 27 vs. Rule 21), there is only
one interesting case; the rest follow directly from the inductive hypothesis.

e Case: T = E[uX:L.Ty] and S C T because S C E{puX:L.Ty/X}T1]. By
the inductive hypothesis, there exists S such that S| < E[{uX::L. T\ /X}T]
and S ~* S. Then E has no free variables, so S| < {uX::L. T\ /X}(E[T}])
and hence by Lemma 21 there are two possibilities:

— Subcase: S| < uX::L.Ty. Then we can take S’ = S because using Rule 29
we have S| <X EluX:L.Ty|=T.

— Subcase: There exists T} such that 7] < E[Ty] and ({uX::L. Ty / X}TY) ~*
S Put 8" = ({pX:L. Ty /X}TY), so that S ~* S} ~* S. By Rule 27,
S"'=({uX:L.T1/X}T]) X EpX=:L.T])=T. O

Corollary 23
1. Theset { S’ |3S <X T. S~* S"} is finite for every type T
2. Theset { S| ST T} is finite for every type T.

Proof
1. By Proposition 8, weak head reduction is deterministic and strongly normal-
izing, so there can be only a finite number of reducts of the elements of the
finite set {S | S <X T'}.
2. By Part 1 and Proposition 22. []

Corollary 24
F? is finite-state

Proof

By Proposition 18 and Corollary 23, given any judgment I' H T' = S :: K, the
judgments reachable by working backwards through F¢ involve a finite set of pairs
of types. Further, the reachable judgments all have the same context I', and the
classifying kind is determined uniquely by I' and the types being compared. Hence
the set of reachable judgments is finite. [

Corollary 25
Membership in vF; (that is, type equivalence) is decidable.

Proof
By Corollary 24 and Proposition 4. [
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Though we could directly apply gfp®[F2](0,-) to decide equivalence, the algo-
rithm can be further simplified. If the original two types being compared are well-
formed, then all other comparisons done by the algorithm will automatically in-
volve well-formed types and so there is no need to explicitly check well-formedness.
Further, since the typing context never changes and the classifying kinds in each
judgment are uniquely determined by the types being compared, the accumulator
set A needs to contain only pairs of types as in Section 2.3, rather than the general
judgment 4-tuple.

4 Mutual Recursion

Various ways of taking mutually-recursive types as primitive have been intro-
duced (Harper & Stone, 1997b; Harper & Stone, 1997a; Collins & Shao, 2002),
but usually these arise in isorecursive systems. The reason may be that with coin-
ductive equivalence and the fold-unfold rule, Beki¢’s Theorem shows that mutually-
recursive types are definable using simple p-types (Winskel, 1993).

For example, if we want types X; and X satisfying

Xl = Tl(Xl,XQ)
XQ = TQ(Xl,XQ)
then we can take
X, = quil*.Tl(Yl,MYQZZ*.TQ(Yl,YQ))
Xy = /JYéZZ*.TQ(,LLYlil*.Tl(Y17Y2),§/é).

A more direct definition (involving 77 and T» only once each) would be

X' = pYiuxxx (Ti(m Y, mY), To(m Y,m2 Y))
X1 = X/
XQ =  T9 ,X/7

especially if simple syntactic sugar were used, allowing the first definition to be
written X/ := /1,<Y12:*, }/221*>.<T1(Y1, Yé), TQ(Yl, Y2)>
Either definition is acceptable in v F};, as they are coinductively equivalent:

Proposition 26
Let T1(X1, X2) and To (X1, X2) be two types such that T', Xq:%, Xoux - T1 (X1, Xo) =
* and T, Xy, Xoux F To(Xq, Xo) :: *. Then
Iy (u(Yrk Yaux), (Th(Y1,Y2), To (Y1, Y2))) =
pYpox Ty (Y, pYaux. To(Y1,Ya)) oo *
F l_ ) (/L<Y12:*,Y§Z:*>. <T1(Y1, YQ),TQ(Yl, 1/2)>) =
wYoux To(puYrox. To(Y1,Ys),Ys) o *.

Proof

Execution of the equivalence algorithm. []
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5 Adding Type Abstractions

Next, we consider the addition of type abstractions and (-equivalence. In general,
type systems with bound variables (other than those bound in recursive types,
so that the limit of unfolding still contains bound variables) can be tricky when
combined with recursive types (Colazzo & Ghelli, 1999; Gauthier & Pottier, 2004).
A key problem is that the definition of equivalence is no longer obviously finite-
state, because premises of equivalence rules need not have the same typing context
as the conclusion; consider the standard rule for equivalence of A-abstractions. We
might get into an infinite loop in which the same pairs of types appear (or the
same up to renamings of variables) but all the judgments differ because they have
different variables in the typing context. Colazzo and Ghelli (1999) showed that
attempting to short-circuit such loops by naively merging multiple bindings of what
was originally a single bound variable could lead to incorrect results.

We sidestep this problem by restricting the language to first order, forbidding
kind arrows in negative positions. All function arguments are then proper types (or
tuples of proper types) and hence after some finite number of “outer” lambdas no
more bound variables will enter the context during the algorithm’s search process;
all further type abstractions will be entirely (-reduced away.

5.1 Extending the Syntax

The syntax of the system with type operators is as follows:

L:= *|LxL
K:= L|KxK|L=K
S, T,U :: int
X|\vy|z]| -

<T,T> | 7T1T | 7T2T
AX:LT
TT

E:= eo|mFE|mE|ET

|
| Tv—Ts | pX:L.T
|
|
|

We now use L to denote the kinds of (tuples of) proper types, and K to denote an
arbitrary kind. Thus, u-types cannot be type operators. However, type operators
can accept or return recursive proper types, or even recursively-defined pairs. This
is enough to handle most examples of ML-like datatypes. (In ML, list is a type
operator that when given a proper type such as int returns a recursive proper type
classifying lists of integers).

The definition of contractiveness remains unchanged, once we extend the defini-
tion of unguarded variables:

UV(Tl Tg) = UV(Tl) U UV(TQ)
UVOAX:LT) = UV(T)\{X}.

We still require that all types be syntactically contractive.
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5.2 Extending Well-Formedness

The existing well-formedness rules can remain. The additional two rules are com-
pletely standard, given the first-order restriction:

I X:LFET: K
't AX:LT @ L=K

(30)

I'tT):: L=K I'H15: L
'E1Ty o K

(31)

The expected properties continue to hold:

Proposition 27 (Basic Properties of Well-Formedness)
1. T T Ky and ' T :: Ky then Ky = Ko.
2. IfT'+T :: K then FV(T) C dom(T).
3. IfT1,I'3 T :: K and dom(T'1,T's) Ndom(T's) = @) then T'1,T9, T3 - T :: K.
4. If T, Y:K',To T = K and T T’ :: K’ then I',T'5 - {T'/Y}T o K.

5.3 Extending Reduction

The weak head reduction relation is extended to reduce function applications:

E(AX:LT)S] ~ E[{S/X}T]
Elmi (1, Ty)]  ~ E[T}]
E[uX:L.T) ~  E[{pX:L.T/X}T)

Proposition 28 (Characterization of Kinds)
1. fT'+T ::* then T~ T or T is a path or T = T1—T5.
2. ITHT:: KyxKy then T ~ T or T is a path or T = (T}, T5).
3. IfT'+T :: K1=Ky then T~ T’ or T is a path or T = AX::L1.T5.

Instead of defining a height metric and using it to show that weak head reduction
must terminate, it is more convenient at this point to go the other direction. We
show that weak head reduction terminates, and then define height as the number
of steps required.

The translation function |-| maps each type into a type without pu.

lint| = int

| T, —T5| = int

| X| = X

|7 1| = m|T|

(T, T)| = (11l |T2])

|pX L. T) = (AX:u*.|T|)int
Ty 1| = |||
[AX:LT| = AX:LJT)
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Then |-| maps weak head reduction sequences in the system with recursive types
into reduction sequences in the simply-typed (or in this case, simply-kinded) lambda
calculus with pairs. The two key steps are the translation of a recursive type into a
B-redex (ensuring that every step of weak head normalization, including unfolding,
becomes one application or projection), and the replacement of arrow types by int
(a type with no free variables). These, in combination with the requirement that
types are contractive, ensure that [uX::L.T|~ 3 [{uX::L.T/X}T|.

Proposition 29
1. ITHT :: K thenT'H|T|:: K and |T| has no u’s.
2. UV(T)=FV(T)).
3. If T ~ S then |T| ~pgr |S|, where ~» g, is weak head reduction without
unfolding (i.e., reducing projections and applications only).
4. Thus, ~ is normalizing for well-formed types.

Proof

1. By induction on the proof of the assumption.
By induction on T'.
By cases on T~ S.
The types without p are members of a simply-typed lambda calculus with
pairs, which is well-known to be strongly normalizing under ~»g,. Thus by
Part 3, weak head reduction for the original types must terminate. [J

Ll

We then define height(T) to be the (finite) number of reduction steps required
to reduce T to a weak head-normal form.

Finally, the same properties listed in Proposition 8 continue to hold:

Proposition 30 (Basic Properties of Reduction)
1. If T ~ Sl and T ~» SQ then Sl = SQ.
If T~ T' then E[T] ~ E[T"].
If T~ T' then ({S/X}T) ~ ({S/X}T").
If T is contractive and T ~» T" then height(T) > height(T").
IFTHT =K and T~ T thenTHT' :: K.
If T~ T’ then FV(T) 2 FV(T").

o CUk

5.4 Extending Type Equivalence

Figure 4 shows a generating function F whose fixed point vF is an appropriate
definition of equivalence in the presence of type operators. AssertingI’'FT =5 :: K
now means that (I' - T'= 5 :: K) € vF\. The definition of F) corresponds to the
addition of three new rules, still to be interpreted coinductively:
L't E{T:/X}T ) =S = K 'k E(AX=:LT)T5] = K
PFEAN:LT) T =S K

(32)

I'ET=E[{S:/X}S] = K 'k E[(AX::L.51) Ss] :: K
T =E[(AX::L.S1)S2] : K

(33)
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Fy(J):= {(C'kint =int:*)|forall I'}
U {(FTFX=X:K)|THX :: K}
U {(FFWZ‘P1E7T¢P2::KZ‘)‘(FFP15P2::K1XK2)€j}
U {(F"PlTlEPQTQK)|
TrFPA=P:l=K)eJand (PFT1 =Ty 2 L) € J}
U {(FFT1—>T2551—>SQ 2:*) | (I‘Flesl :2*)7(FFTQESQIZ*)€\7}
U {(THFT=S:K)|T~T and TFT' =S:K)eJand T T :: K}
U {(TFT=8S:2K)|S~S8and T+HT=S2K)eJandI'+S: K}
U {(FF(Tl,T2>E<S1,SQ> ::K1XK2)|
TrFh=S:2K)eJand (THT, =S Ko) € J}
U {TFAX:LT=XX:LS::L=K)| (T, X:LFT=S:K)eJ}

Fig. 4. Equivalence with Type Abstractions

I'X:LET=S:K
I'FAX:LT=MX:L.S : L=K

as well as replacing the reflexive case of path equivalence with the following four
more general rules (since once elimination contexts contain types, path equivalence
is no longer just syntactic equality):

(34)

(35)
I't int = int :: *
(36)
I'FX=X:D(X)
F}_Pl EPQ IZK1XK2 (37)
F}_ﬂiplEWiPQZIKi
ITFP =P :L=K TFT=Ty:L (38)

FFPlTl EPQTQ s K

Proposition 31
1. fT+-T' =8 2K, T~*T, S~*8, 'ET :: K,andT'F S :: K then
r-T=5:K.
2. IfTHFT=S:K, T~*T',and S~* S5 thenT FT' =5 :: K.

Proof
Same argument as for Proposition 9. [

As before, equivalence as defined by membership in v F) is reflexive, symmetric,
and transitive.

Proposition 32
1. ITHFT : K thenTHFT =T :: K.
2. fTHFTy =Ty 2 K andT'HETy, =13 :: K thenI'HT, =13 :: K.
3. IfT+HFT=S:K thenTTHS=T : K.

Proof
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1. Following the pattern of Proposition 10.
2. Following the pattern of Proposition 12.
3. Following the pattern of Proposition 13. [J

Corollary 33
IFTHT::Kand T~ T thenTHFT=T':: K.

Proof
Assume ' = T :: K and T ~ T’. By Proposition 30, I' - T" :: K. By reflexivity,
then THT' =T :: K) € vF\. Hence THFT' =T : K) € F(vF)\) =vF\. O

Similar admissible rules follow as well, e.g.,

Proposition 34 (Congruence for Projections)
ITHFT =S KixKy thenT'F-mT=m S :: K.

Proof
By induction on height(T) + height(S).

e Case: (THFT =S5: K1xKs) € vF) with T = Py, S = P». Then immediately
(F FoPr=m Py Kz) S F)\(Z/F)\) =vF,.

o Case: T = (T1,T»), S = (S1,92), (T Ty =851 = Ky) € vFy, and (T I
T2 = SQ o KQ) S VF)\. Then T' - 7TiT o KZ‘, 'k 7TiS o Ki7 7TZ‘T’\’> T‘Z‘, and
m; S~ S;, so (F FmT=m8 KZ‘) S F,\(F,\(VF)\)) =vF,.

e Case: T~T' , THT =85 :: K1xKsy) € vFy and '+ T :: K1 xKy. Then by
the inductive hypothesis, T+ m; 7' =m; S : K;) € vF\. Then ' - m; T :: K;
and m; T~ m T ,so TFmT=mS:K;) € Fx(vFy) = VF\.

e Case: S~ S THT =S5 Ki1xKs) €evFyandT'H S :: Kj xKs. Similar to
the previous case. []

Proposition 35 (Weakening)
IfT, T3+ T =S :: K and dom(T'1,T'3)Ndom(T'y) = @ then T, T2, Ts T =S :: K.

Proof
Let
W(T) ={1, I, T3 -T1 =T : K) |
(I',I3-Ty =T : K) € J and dom(I'1,T'3) Ndom(T'e) = 0}.

By Corollary 3, proving W(vFy) C U,,~, FX(W(vFy)) suffices to get W (vFy) C
vFy. Assume (I'1,[9, T3 - T7 =T = KT) € W(vFy) because I'1,T's FTh = T» =
K and dom(I'1,I'3) N dom(I'y) = @. The desired result follows by induction on
height(T1) + height(T5).

e Case: Ty = Tp = int and K = *. Then (I'1,2,T's F int = int = *) €
(1) € FA(W(vFy).

e Case: T1 = TQ =Xand K = (Fl,rg)(X) Then (Fl,Fg)(X) = (Fl,rg,rg)(X),
50 (I',T2, T3 F X =X : K) € F\(0) C Fx(W(vFy)).

e Case: Ty =m; Py, Ty = m; Py, and K = K;, where I'1,I's - P, = P :: K1 xXKos.
Then (I'1,T9, s b Py = Py :: K1xKs) € W(vFy), so (I'1,T9,s b m; P, =
i Py it K;) € Fx(W(vFy)).
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e Case: Ty = P S1, To = P», S5, where I'',I'3s v P, = P, :: L=K and
1"1,1"3 F Sl = 52 ;2 L. Then (F17F27F3 H Pl = PQ o L:>K) S W(VF)\)
and (Fl,FQ,Fg FS =8 L) S W(VF,\), SO (1"1,1"2,1"3 FPSi=PS
K) S F,\(W(VF)\)).

o Case: Ty = T{—=TY, Ty = Ty—Ty, and K = *, where I'y,I's - T) = T :: *
and I'1,Ts F Ty = T4 = . Then (I'1,T9, T3 = T) =T :: ¥) € W(vF)) and
(T,T2, T3 TV =T - x) € W(vFy), so (I'1,T2, T3 b T =Ty = Ty—T4 =
*) € Fx(W(vFy)).

e Case: I'1,I's - T) = T :: K with Ty ~ T and I'1,T'3 - 77 :: K. By the
inductive hypothesis (I';,T'2,I's = T7] = T :: K) € [J,,» FY(W(vFy)). Since
by Proposition 27 we have I'1, T, s - T} :: K, it follows that (T'1,T9, T3 F
T =T K) € U,sy IX(EX(WWEN))) € U,y FY(W(VEY)).

o Case: I'1,I's W T = T :: K with Ty ~ T4 and I';,T'3 - Ty :: K. Same
argument as the previous case.

o Case: T = (T7, 17, To = (T43,T4), and K = K'xK", where I'1,I'5 I
T/ = T} = K’ and [,03 - TV = TY = K”. Then (I'y,[,T5 F T
T, K') € W(wFy) and (I'1,T9, T3 - Ty = T4 «+ K”) € W(vF)), so
(01, Do, T3 F TI—TY = T—TY = K'xK") € Fy\(W(vFy)).

o Case: Ty = \Y:L.T{, T, = \Y::L.Ty, and K = L'=K", where I';, '3, Y::L'
T) = Ty :: K. Without loss of generality we can assume Y ¢ dom(I'3), in
which case (I'y, T2, T3, Y:L' - T] =T4 :: K") € W(vF)), and so (I',T'5, '3 -
AY:LT) = \Y:LT) . I'=K") e Fx(W(vFy)). O

Proposition 36 (Functionality)
Put

H(J) = {(T1,T2 - {T2/Y}T1 = {S2/Y}51 = K) |
(Fl,YIZL7F2 FTy =5 @ K) € J and (Fl F1y =59 L) S j}

1. VF)\ g H(Z/F)\).

2. H(VF,\) g Z/F>\.

3. f ', YL, Iy Ty, =85, : Kand 'y - T, = Sy :: L then I'y,I'y +
{2 /Y}Th = {S2/Y}S = K.

Proof

1. Assume ' F T4 = Ty : K. Pick X ¢ dom(T"); by Proposition 35 we have
I'X:xFTy =T :: K. Since ' int =int s x, we have ' FT1 =T :: K €
H(VF)\).

2. We wish to show that H(vF)) C vF)\. By the Coinduction Principle, it suffices
to show that H(vFy) C F\(H(vF))). Assume that (I'1,T F {T3/Y}Ty =
{Sg/Y}Sl : K) € H(wF)) because (I'1,Y:L, Ty Ty =51 = K) € vFy and
(T1 F Ty = S 2 Ky) € vF). We proceed by cases on the justification for
(T1,Y:L,To Ty = 51 = K) € vF\ = F\(vF)). By Proposition 27, in all
cases we have I'1, 'y - {TQ/Y}Tl 2 Kand 'y, {SQ/Y}Sl s K.

e Case: T} = T, = int and K = *. Then ('},  int = int = *) €
FA(D) € FA(H(Fy).
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e Case: T} = E1[X] and Ty = E5[X].

If X =Y then since E4[X] and E3[X] are well-formed and L contains no
arrows, we know that Fy and Es consist only of projections (and hence,
have no free variables). In this case, by definition of F\, F; = FEa; we
will denote this common elimination context by FE. By repeated use of
Proposition 34 we have I'y b E[T] = E[Ss] :: K, and by Proposition 35,
Part 1, and monotonicity we have (I'y,['y - E[Ts] = E[Sa] :: K) € vF) =
F,\(Z/F)\) g FA(H(I/F,\)).

Otherwise, when X # Y there are three subcases:

— Subcase: B} = F3 =e and K = (I'1,T9)(X). Then (I';, T2 F X =X =
K) e F\(0) C Fx(H(VFy)).

— Subcase: By = w,; B, Es = w; B}, and (I'1,Y:L,Ty F E{[X] =
EjX] ©» KixKy) € vFy with K = K;. Then we have (I'y,T2 F
{1 /YHEX]) = {SQ/Y}(E&[X}) @ KyxKs) € HwFy), so (T'1,Ts F
{To/Y}(m; Bi[X]) = {S2/Y}(m; By[X]) = K) € FA(H(vF))) as de-
sired.

— Subcase: By = (E{[X]) U1, Es = (E{[X])Us, (T'1,Y:L, Ty F Ej[X] =
Ei[X] : I'=K) € vFy, and (I'1,Y:L,To - Uy = U 2 L') € vF).
Then (I, Ty F {T2/Y}(E{[X]) = {Sg/Y}(Eé[X]) 2 L'=K) e HF))
and (Fl,Fg - {T2/Y}U1 = {SQ/Y}UQ I L/) S H(VF)\), SO (Fl,rg -
(To/YH(EX) U1 = {S/YH(EIX]) Us) = K) € FA(H(vFY) as
desired.

e Case: Ty = T{—T{ and S; = S|—57 and K = *, with (I'1,Y:: K5, T2
T/ =8, %) evF, and (T'1, YKy, To ET) =87 - %) € vF,.

Then (T'y, Ty F {T2/Y}T{ = {S2/Y}S] : ¥) € H(vF)) and (', T2 +
{T/Y}T] = {S2/Y}S] %) € H(VF)), so (T'1,T2  {Th/YNT{—TY) =
{S2/Y}(S1—5Y) i %) € FA(H(VF))).

o Case: Ty~ Tyand (' -1 =51 = K) € vF)\. Then (T'y, Ty - {12 /Y}T] =
{S,/Y}S; : K) € H(vF)) and by Proposition 30 we have {T5/Y}Ty ~»
{TQ/Y}T{, SO (Fl,FQ - {TQ/Y}Tl = {SQ/Y}Sl i K) S F)\(H(VF)\))

e Case: S;~ S{and (' Ty = 5] : K) € vF). Same argument as for the
previous case.

o Case:Th = (17,17)and S; = (51, 5)) and K = K'x K", with (I'1,Y:L, Ty
T/ =5 K')evF, and (I'1,Y:L, Ty T = S) :: K"”) € vF,.

Then (I'y,Ty b+ {Ty/Y}T] = {Sy/Y}S| = %) € H(vFy) and (I'y, T F
{TQ/Y}TH = {SQ/Y}S{/ b *) c H(VF)\), SO (F17F2 = {TQ/Y}(T{-’ 1//) =
(S2/Y}(S,—8Y) = %) € Fy(H(vEy)).

e Case: Ty = AX:L'.T] and To = AX:L'.Ty and (I',Y::L, Ty, X::L' +
T = T4 : K') with K = L’=K' Without loss of generality X # Y and
X & FV(T3) U FV(Ss). Then (T'y,T9, X::L' - {Tg/Y}Tl' = {Sg/Y}Si i
K') € H(vF)), so (I'1,Ty )\X::L’.({Tg/Y}T{) = )\X::L’.({SQ/Y}S{) i
K) € Fx(H(vFy)).

3. This is a restatement of Part 2. [
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can then prove the admissibility of the standard rule that applying equals to

equals yields equals.

Prop

osition 37 (Congruence for Applications)

ITFT, =8, 2 L=K andT Ty =Sy = L then T F Ty To = S, S =2 K.

Proof

By in

Prop
Let

duction on height(T) Ty) + height(S1 Sa).

Case: Ty = Py and S; = P,. Then Ty - P Ty = P, Syt K) € F\(vFy) =
Z/F)\.

Case: Ty ~ T{ and (' = T] = Ts : L=K) € vF). Then T} Ty ~ T| T and
inductively (To - T7To = S1 52 :: K) € vFy,s0 (To F T1 T = 5152 : K) €
F)\(VF)\) = Z/F)\.

Case: S; ~ Tj and (T +T, =Ty :: L=K) € vF),. Similar.

Case: Ty = AX LTy, Sy = AX:LTy, and (I, XL+ T] =T5 : K) € vF)y.
Then (I' - {T3/X}T{ = {S2/X}T3 = K) € vFy by Proposition 36. Thus
(T AX:LT)) Ty = (AX:LT5) Sy s K) € Fx(FA(vFy)) =vF\. O

osition 38 (Congruence for Recursive Types)

C(J) :={(T1, T b {uX::L.S1 /Y}Ty = {uX=:L.Sy /Y}T5 = K) |

1.
2.

Proof
1.

(T, YL To b Ty =T = K), (I1,X:LES1 =85 :L0)eJ,
X & dom(T"1),Y & dom(T',T2) }.

C(I/F)\) g I/F)\.
I, XL+ S =Sy LthenT - puX::L.Sy =puX::L. Sy :: L.

By Corollary 3 it suffices to show that C(vFy) C Fx\(C(vFy\))UF\(F\(C(vFy))).

Assume (', Ty b {pX=L. S /YITy = {pX:L.S/Y}Ts = K) € C(vF))
because (I'1, Y=L, To F Ty = T5 : K) € vF\ = F\(vF)) and (I'1, XL
S1 =8 :: L) € VF).

We will abbreviate the substitutions {uX::L.S1/Y} and {uX::L. S2/Y} as oy
and oy respectively. Immediately, we have I'y,I's - o177 :: K and I'1,I'y -
09Ty » K, and we want to show that (I'1,I's F 0177 = 09T = K) €
F)\(C(VF)\))UF)\(F)\(C(VFW)))

e Case: T} = T» = int. Then (I';,T's F int = int = *) € F\(0) C
FX(C(vFy)).

e Case: Tl = E1 [Y] and Tg = EQ[Y]
Since E1[Y] and E,[Y] are well-formed and the kind L of ¥ contains no
arrows, we know that F; and Es must consist only of projections with no
applications. In this case, by definition of F), F; = FEs; we will denote
this common elimination context by FE.
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Since (I'y, X::L F S1 = Sy :: L) € vF), by repeated use of Proposition 34
we obtain (I'1, X::L F E[S;] = E[S2] = K) € vF\. By Proposition 35
we have (I'1,X:L,Ts F E[S]] = E[S2] :: K) € vFy. Then (I'1,Ty F

E[{pX::L. Sl/X}Sl] = E[{uX::L. SQ/X}SQ] 2 K) e C(vFy),so (T'1,Ta F

ElpX::L.S1) = E[pX::L.S3] : K) € FA\(F\(C(VF)))).

e Case: Th = E1[Z] and Ty = Es[Z] with X' #Y.

There are three subcases.

— Subcase: B} = Fa = e and K = (I'1,T2)(X). Then (I';, T2 F X =X =
K) € Fx\(0) C FA(C(vFy)).

— Subcase: By = m; E{ and Ey = 7; By and (I', YL, Ty + E{[Z]
By[Z) = KixK») € vFy with K = K;. Then (I'1,Ts F oy (E}[Z))
o2(E5(Z]) = Ki1xKs) € C(vFy), so that (I'1,I'y + o1(m; E1[Z])
oo(mj Ey[Z]) :: K) € FA\(C(VFy)).

— Subcase: F; = E{U; and Es = E,U, and (I',Y::L, Ty - E{[Z] =
EiZ] :: I'=K) € vFy and (I',Y:L,Ty - Uy = Uy 2 L') € vF).
Then (T'1,Ty F o1(EY)[Z] = 020EY)[Z] =« L'=K) € C(vF),) and
(Fl,FQ F 0'1U1 = O'2U2 o L/) S C(UF)\), SO (Fl,FQ - Ul((EHZ]) Ul) =
oa((BZ]) 1) 5 K) € FA(CwFy)).

o Case: Ty ~ T{ and (T = T{ = T :: K) € vF\. Then (I'1,Ts F 01T} =
01T :: K) € C(vF)) and by Proposition 30 we have o177 ~ 0177, so
(T1,To F 01Ty = 03T :: K) € F\(C(vFy)), as desired.

o Case: To~ Ty and (F Ty =T :: K) € vF). Similar.

e Case: Ty = (T, T]) and Tp = (T7,1y) and K = K’'xK", where we
have (I'1,Y:L,Ty - T) =Ty =+ K') € vF\ and (I'1,Y:L,Te F T =
TY :: K") € vF\. Then (I'1,Ty b o1T] = 02Ty = K') € C(vF)) and
(T, Ty b 01Ty = 0918 2 K') € C(vF)), so (I'1,T2 b o1 ({17, T7)) =
oo ({T5, T :: K'xK") € F)\(C(VFY)).

e Case: Th = T1—T7 and Ty = T{—T} and K = *. Similar.

o Case: Ty = N\Z:L'.T] and Ty = A\Z:L' Ty and (I'1,Y:L, T, Z:L' - T =
T, :: K') € vFy with K = L'=K’. Without loss of generality, Z # Y
and Z ¢ FV(51) U FV(Sy). Then (I'1,T9, Z:L' F 01T} = 02T = K')
C(wFy),s0 (T1,Ty ko (AZ:L' 1)) = 02(AZ::L'.T}) :: K) € F\(C(VFy)).

2. If T, XL+ Sy = Sy L then by Part 1 we have (I' - {uX::L. 51 /X}S) =
{uX::L.Sy/X}S5 it L) € vFy and hence (I'F pX:L. Sy = pX::L. Syt L) €
F)\(F)\(VF)\)) = I/F)\.

m

5.5 Decidability

Since we do not allow recursively-defined type operators, unfolding a S-normal type
yields a B-normal type. This suggests we can compare types by S-normalizing and
then using the previous algorithm. Unfortunately, it is not immediately obvious
that this algorithm would be complete. We instead show that the techniques used
for pairs can be reapplied for functions, a fact interesting in itself.
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T C E[{S2/X}S1] 39 T2 E[5:] X¢FV(E) m

T C E[(AX::L.S1) Sa] (39) {S2/X}T < E[(AX::L.S1) Ss] (1)
TCS; T=<S;

TC S S (40) T <5152 (42)

Fig. 5. Additional Top-Down and Bottom-Up Subterms

We can extend the definition of bottom-up and top-down subterms, as shown in
Figure 5. We also add to Rules 21 and 27 the requirement that X ¢ FV(E), which
is always possible by renaming of bound variables.

The following two lemmas continue to hold in the extended system:

Lemma 39
IfT <mS thenm; S~*T orT < S.

Proof
By induction on the proof of the assumption.

e Case: T = m; E[(AX::L.S1) S5] because T' = {S3/X}T" and T’ = m; (E[S1])
where without loss of generality X ¢ FV(FE). By the inductive hypothesis
there are two subcases:

— Subcase: m; (E[S1]) ~* T". Then using Proposition 30 and X ¢ FV(E),
we have T (E[()\XLSl) SQ]) ~ Ty (E[{SQ/X}Sl}) = {SQ/X}(W} (E[Sl]))
~* Sy /X}T =T.

— Subcase: 7" < E[S;]. Then by Rule 41 we have that T = {S,/X}T" <

The remaining cases follow as in Lemma 20. []

Lemma 40
Assume ' U = L and I, X=:L + T : K. If S < {U/X}T then either S < U or
there exists T" < T with {U /X}T' ~* S.

Proof
By induction on T

e Case: T = \Y::L1.T5. Then T = {U/X}T since abstractions have no proper

subterms, and we can choose 7" = T.

e Case: T' =T T5. There are several subcases depending why S = {U/X}T =

{U/X1h) {U/X}T>).

— Subcase: S 2 {U/X}T because S < {U/X}T; by Rule 42. By the in-
ductive hypothesis, either S < U, or else there exists 7" < T3 such that
{U/X}T’ ~* S. In the latter case, by Rule 42 we have TV < T1 15 =T.

— Subcase: S < {U/X}T because S < {U/X}T» by Rule 42. Similar.
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— Subcase: S =< {U/X}T using Rule 28 because {U/X}Ty = E'[m; (T}, T3)]
and S =< (E'[T}]) {U/X}T>).

— Subsubcase: T is of the form E”[X] (i.e., the pair (T},T4) and possi-
bly the m; came from U), so {U/X}T = ({U/X}E")[U]) {U/X}T3).
But this is impossible; by assumption U has no arrows in its kind, so
{U/X}Ty = ({U/X}E")[U] has no arrows in its kind, which contra-
dicts the fact that by Proposition 27 we know that the application of
this to {U/X}T5 (i.e., the application {U /X}(T T»)) is well-formed in
the context I'.

— Subsubcase: Ty = E"[m; (T, TY)], E' = {U/X}E", T| = {U/X}TY",
and Ty = {U/X}T4. Then we have that S < (E'[T]]) {U/X}Tz) =
{U/X}((E"[T}']) T2). By the inductive hypothesis, either S < U and
we are done, or else there exists T/ < (E"[T}']) T» with {U / X}T" ~»* S.
In the latter case, by Rule 28 we have T" < (E"[m; (T, TsH]) To =
Ty T, =T, as required.

— Subcase: {U/X}T = E'[(\Y:L3.T5)T;] and T = {I;/Y}S" with S" =
E'[T}]. Without loss of generality X #Y and Y ¢ FV(U). Since I' F U ::
L, we know U itself not a type abstraction and hence it must be the case
that T'= E"[(AY ::L3.T4) T}/] (where T; may or may not be T5) with E/ =
{U/XYE", T ={U/X}T{ and Ty = {U/X}T} . As S' < {U/X}(E"[T3]),
by the inductive hypothesis there are two possibilities:

— Subsubcase: §” < U. Then FV(S') C FV(U) and hence T = {T} /Y}S' =
S =<U.

— Subsubcase: there exists T4 < E”[T4] such that {U/X}T§ ~* S’. Put
T' = {T}/Y}T§. Then we have {U/X}T" = {U/X}({T{/Y}T3) =
{{U/X310) /vy ({U ) X}T5) ~ {({U/ X}T)) JY}S" = {T; /Y}S' =T.
Since T} =< E"[TY], by Rule 41 we have that 77 = {T}/Y}T§ =
E'"(\Y LT T/ =T.

— Subcase: {U/X}T = E'[uY::L.T§] and T = {pY =:L.T4/Y}S’ with S’ <
E'[T4]. This cannot occur; by well-formedness constraints no type of the
form E'[pY ::L.T4] can be an application (since the kind of pY:: L. T4 con-
tains no arrows).

The remaining cases follow as in Lemma 21. [

Proposition 41

Every top-down subterm of a well-formed type is a weak head reduct of a bottom-
up subterm: if ' = S :: K and T T S then there exists T" such that T' < S and
T ~*T.

Proof

By induction on the proof that T' C S, and cases on the last rule used. The defi-
nitions of C and < differ only in two rules (Rule 27 vs. Rule 21, and Rule 41 vs.
Rule 39). These are the only interesting cases:
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e Case: S = E[uX::L.S] and T C S because T T E[{puX::L. 51 /X}S1], where
without loss of generality X ¢ FV(F). By the inductive hypothesis, there
exists T} such that T < E[{uX:L.S1/X}S] = {uX::L. S /X}(E[S1]) and
T{ ~* T. Then by Lemma 40 there are two possibilities:

— Subcase: T] < pX::L.S;. Then we can take 77 = T} because by well-
formedness E cannot contain applications, and so repeated use of Rule 29
yields 8" =T] < E[pX:=:L.S1] = S.

— Subcase: There exists S such that S| < E[S1] and ({uX::L. S /X}S]) ~*
T{. Then we can take T’ = ({uX::L. S1 /X}S7) because then 7" ~»* T} ~»*
T and by Rule 27 we have T" = ({uX::L. S1/X}S]) 2 E[uX::L. S = S.

e Case: S = E[(AX::L.S1)So] and T C S because T T E[{S,/X}S,]; further,
without loss of generality X ¢ FV(FE). Then by the induction hypothesis
there exists 7] such that 7] < E[{S2/X}S1] = {S2/X}(E[S1]) and T] ~* T

By Lemma 40 there are two possibilities:

— Subcase: T} < So. Then we can take T = T because using Rules 29 and
42 we have T{ X E[(AX::L.S1) S2] = S.

— Subcase: There exists S} such that S| < E[S1] and ({S2/X}S]) ~* TY.
Put 7" = ({S2/X}S1), so that T" ~* T{ ~* T and by Rule 41 we have
T = ({S2/X}S]) = E[(AX::L.S1)S5) = S.

The remaining cases follow directly from the inductive hypothesis. [

Proposition 42
1. The set {T | T = S} is finite for every well-formed type S.
2. Theset {T" | 3T < S. T ~* T"} is finite for every well-formed type S.
3. Theset {T | T C S} is finite for every well-formed type S.

Proof

1. By induction on the type S.

2. By Proposition 30 weak head reduction is deterministic and strongly normal-
izing, so there can be only a finite number of reducts of the elements of the
finite set {T' | T < S}.

3. By Part 1 and Proposition 41. []

Next, Figure 6 defines two invertible generating functions. The function FY,
though written as a combination of two parts, differs from F only in the left-
to-right ordering of reductions. As for F; and F? before, the two functions have
the same fixed point, for the same reasons.

Proposition 43
vF\ = vFy.

Unfortunately, though FY{ is invertible we cannot directly use finiteness of top-
down subterms to show that it is also finite-state. When comparing two type ab-
stractions the predecessor has a different context, so repeating the same pair of
types is no guarantee that the whole judgment has been repeated.

Therefore, we temporarily restrict attention to the function FyY_, which never
changes typing contexts. The finite state property for Fy_ follows as for F¢.



Journal of Functional Programming 33

F_(J):

FX(T) -

cccl

{(I'F int = int :: *) | for all T'}

{TFX=X:K)|K=T(X)}

{(FFW»;PlE’JTipz Z:Ki) | (FFPlEPQ :2K1><K2)€j}

{(F}_PlTlEPQTQ K)‘
CTrHP=P:2Ll=>K)eJand PHT1=T2: L) e J}

{(FFT1—>TQES1—>52 i *)l

TrFh=Sia2xeJand THET, =S %) € J}

{(CFT=S:K)|T~T and T+FT' =S:K)eJand T :: K}

{CFT=S:K)| T+, S~S, TFT=S8:2K)eJ, andT'F S :: K}

{(F}_<T1,T2>E<Sl,52> o K1><K2)|
(FI—lesl::Kl)Ejand(F}—TQESQ::KQ)EJ}

F_(J)
{THFAMXLT=XX:LS:L=K) | (L X:LFT=S:K)eJ}

Fig. 6. Invertible Equivalence with Type Abstractions

Proposition 44
The C relation is transitive: if Ty T Ty and Ty T T3 then Ty T T3.

Proof

By induction on the proof of T, C T3. [

Proposition 45
1. (VT =8 2 K')epredF{ |(T+FT=S:K)thenT CTT and S'C S
and ' =T".
2. If(IMFT' =5t K') € reachable[F{_J({T'FT =S :: K}) then T C T and
S'CSandT =T".

Proof

1. By definition of Fy_.
2. By Part 1 and Proposition 44. []

Corollary 46
F§_ is finite-state.

We would like to show next that Fy and Fy_ agree on comparisons at the base

kind *, but this is insufficient as a coinductive hypothesis; checking the equivalence

of types at kind * may require comparisons at higher kinds. For example, checking
a judgment of the form X::(¥x*)=* - X (T, To) = X T3 :: * requires comparing X
with itself at kind (#x*)=>* and comparing (T, T3) with T3 at kind *x*. However,
we can guarantee that when starting with a comparison at kind *, if we reach a
comparison at a kind K7 x Ky then neither Ky nor Ks contain arrows (pair kinds
can only arise when comparing function arguments) and if we compare at a kind
L=-K then we are doing so because we are comparing two paths being applied to
arguments. In all such cases, the difference between Fy and Fy_ is irrelevant:
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Lemma 47
Put

A= {(TFT=85:K)eU,|
K is arrow-free, or T and S both reduce to paths. }
1. If J € A then pred[F{_|(J) = pred[F{](J) C A.
2. If J € A then reachable[F{|({J}) = reachable[F{_]({J}) C A.

Proof
1. By definition of F{ and Fy_.
2. By induction and Part 1. [

Proposition 48
Fy is finite-state.

Proof

We show that reachable[ F{]({I' - T = S :: K}) is finite, by induction on K. Assume
I'ET: Kand'FT: S Without loss of generality we may assume that T" and .S
are weak head normal; otherwise a finite number of weak head reducts are added.

e Case: K = *. Then by Lemma 47, reachable[ F{|{T' F T = S :: x}) =
reachable[F{_]({T' =T = S :: *}), which is finite.

o Case: K = K1 xKo. If T'and S are not pairs, then Lemma 47 and Corollary 46
imply reachable[F§)({T'F T = S :: K1xK,}) is finite. Otherwise, when T' =
(T1,T3) and S = (S1,S2), by the inductive hypothesis, reachable[F§]({T +
Ty = S1 : Kq}) and reachable[F¢]({T F Tp = Sy it Ko}) are both finite.

e Case: K = L1=K,. If T and S are not type abstractions, then again by
Lemma 47 reachable[F{]({T' + T = S :: Li=K,}) is finite. Otherwise, if T' =
AX::L1.T5 and S = AX::L;.Ss, then inductively reachable[F{]({T, X::L1
Ty = So 2 Ko}) is finite. [

Corollary 49
Membership in vF, is decidable.

6 Adding Extensionality

A further extension to the system is extensionality (n-equivalence) for pairs and
functions: pairs with equivalent components are equivalent, and pointwise-equivalent
functions are equivalent. No changes to the syntax, well-formedness, or reduction
is necessary, so all such properties remain unaltered. The only change is to add two
rules
T and S are not both paths
I'tmT=mS:K; IT'FmT =m0 S Ky

(43)
F"TESZZK1XK2
T and S are not both paths
Z g FV(T)UFV(S)
I Z:IWFTZ=57: K,
(44)

'tT=5:Li=Ks



Journal of Functional Programming 35

Fpy(J):={(T'F int = int :: ¥) | for all T'}
{FI—X:X..K)|F}—X::K}
{FFﬂ'iplEﬂ'z‘PgiiKi)|(PFP15P22:K1XK2)€\7}
{F"P1T1EP2T221K)|
(TP =P uL=>K)eJand (CFT =Ty L) € J}
U {(F FT1—Ty = S51—55 ) |
{
{
{
{

PRy

TrFh=S=:2K)eJand THTy =5 K) € J}
CrFT=S:K)|T~T,TFT'=S:K)eJ, and'HT :: K}
TrFT=S2K)|S~S, T+T=8:2K)eJ, andT'F S :: K}
THT=S: KixK,) | at least one of T and S is not a path,

TrFmT=mS:Ki)eJ,and TEmT=mS:K)eT}
(T'ET =S : Li=K>) | at least one of T" and S is not a path,
Z g FV(T)UFV(S), and I, Z:L1 W TZ=SZ :: K3) € J}

Fig. 7. Generating Function for Equivalence with Extensionality

and to omit the (now admissible) structural congruence rules 17 and 34 for pairs
and functions. The resulting generating function F), for equivalence is shown in
Figure 7.

Rules 43 and 44 require that at least one of T and S be a non-path. This is
necessary for consistency, given that equivalence is defined coinductively. Let J be
the set containing the following three judgments:

Xikxx VikxxE X =Y o xxx
Xokaxx VikxxbFm X =mY o x
Xokaxx VikxxFm X =mY %

If we drop the non-path restriction then we would have J C F,(J) and so by
the Principle of Coinduction all three judgments would be in the greatest fixed
point: the first judgment would produce the last two by Rule 37, and the last two
would produce the first by Rule 43. None of the three should be provable in any
consistent system. A similar problem would arise for functions if the path restriction
were removed from Rule 44.

Proofs for most of the expected equational properties then follow straightfor-
wardly, in most cases with few changes.

Proposition 50 (Reflexivity)
IfT’+T: K then T =T :: K.

Proof

We must show that [ :={T'FT =T : K) |TFT: K} CvF,. By Corollary 3,
showing I C F,(I)U F,,(F,(I)) is sufficient. Let ' T =T :: K) € I be given. We
proceed by the possible cases, using Proposition 28:

e Case: T'=int and K = *. Then (I' - int = int :: ¥) € F,(0) C F,,(I).
e Case: T =X and K =T'(X). Then (T F X = X : K) F,(0) C F,(I).
e Case: T = m; P, where ' - P :: K1 xKs and K = K;. Then (' - P =

K1XK2) el so (FFTQPET(ZPK) € Fn(I)
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e Case: T =PS, where ' P:: L=K and ' F S :: L. Then (' P = P =
L=K)eland (T'FS=S=:L)el,so TFPS=PS:K)eF,(I).

e Case: T =T1—To and K =* Then T H Ty s *xand - Ty :: ¥, 50 (T H Ty =
Ty :*x)elTand (CHTy, =Ty %) € I. Thus (T'F Th1—Ty = Th1—Ts = %) €
F,(I).

e Case: T = (Th,Tz) and K = K1 xKy. Then - Ty :: Ky and F T3 :: Ko, so
(F Fom <T1,T2> =T <T1,T2> i Kl) € I and (F F o <T1,T2> = 7o <T17T2> i
K») € I. Thus (T - (T}, Ty) = (T1, Ty) = K1 xK) € F,(I).

e Case: T ~ T’ for some T’. Then by Proposition 30, - T’ :: K as well,
andso I' F T =T = K) e I. Thus T FT =T = K) € Fy(I) so
THT=T:K)e F,(F,()).

e Case: T'= AX::L,.T5. By inversion of Rule 30 we know that K = L1=K>, so
(D, Z::Ly - (AX:L1.To) Z = (AX:L1.T») Z = K») € I. Thus (0 F AX=:L,.Tp =
AX LTy it Li=K>y) € Fy(I).

The fold/unfold rule still holds:

Corollary 51 (Fold/Unfold and $-Equivalence)
ITHFT 2K and T~ T thenTHT =T :: K.

Proof
Assume '+ T :: K and T ~ T'. By Proposition 30, I' = T” :: K. By Proposition 50,
CTFT' =T = K)evF\.Hence T'-T'=T = K) € Fy(vF,) =vF,. O

Proposition 52 (Symmetry)
ITHFT=S:KthenTHFS=T: K.

Proof
By coinduction we can show that SY (vF,) C F,(SY (vF,)) where SY(-) is the
symmetric closure operator. [

Proposition 53 (Weakening)
IfT1, T3+ T =S :: K and dom(T'1,T'3)Ndom(T's) = @ then T, T2, Ts T =S :: K.

Proof
The argument for Proposition 35 still applies once we replace the final two cases:

e Case: K = L1=K,, T and Ty are not both paths, and I'1,I's, Z:: L1 - T1 Z =
Ty Z :: Koy where Z ¢ FV(T1)UFV (Ty). Without loss of generality we can as-
sume Z ¢ dom(I's), in which case we have (I'y,'9,I's, Z::l1 F Th Z =T Z =
Ky) e W(vF,), and so (I', T2, T3 FTh =T i1 L1=K>) € F,(W(vFy,)).

e Case: K = K1 x Ky, T1 and Ty are not both paths, I'y,I's - m T = 7 15 =
Kl, and F17F3 F 7T2T1 = 7T2T2 o KQ. Then (F17F27F3 H 7T1T1 = TI'1T2 o
Kl) € W(VF,?) and (Fl,FQ,F3 FaTh =mo Ty KQ) S W(Z/Fn), SO (Fl,rg,rg =
Ty =T, = K1xKy) € F,(W(vF,)). O

Proposition 54 (Congruence for Projections)
ITHFT =S KixKy thenT'F-m;T=m S K.
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Proof
By induction on height(T) + height(S).

o Case: 'FT =S K1xKj) € vF, with T = P, S = P». Then immediately
(CkmPy=m P K;) € Fy(vFy) = vF,.

o Case: T~T', THT =8 K1xKp) € vF, and I' - T :: K1xKs. By the
inductive hypothesis, (I' - m; T' = m; S =t K;) € vF,. Then I' - m; T :: K; and
mT~mT so(TkmT=mS:K;) e F,(vF,) =vF,.

o Case: S~ S, IT'+T =51 KixKy) €vF,and ' S :: K1 xK,. Similar to
the previous case.

e Case: TFmT=mS:KiandT'FmT =m S :: Ko, with at least one of T
or S being a non-path. Immediate. []

Proposition 55 (Congruence for Pairs)
IfT'+ Tl = Sl b K1 and I' F T2 = S2 o K2 then I' <T1,T2> = <Sl,52> b K1><K2.

Proof

Pk m(Ty,Te) : K; and T' F m; (S1,59) =+ Ky, so (T'F m; (Th,Ta) = m; (S1,52) =
K;) € F,(F,(vF,)) = vF,. Thus by extensionality (I' + (T1,T5) = (S1,S52)
K1 xKy) € F(vF,) =vF,. O

Proposition 56 (Congruence for Abstractions)
Assume ', XL 1 FT =85 :: Ky. ThenT' F AX L. T = A\X::L1.5 :: L1=K>.

Proof

We have I', X::Ly - (AX::L1.T) X :: Ko, 80 by Rule 32, T', X:: Ly - (AX::L1.T)
S :: Ko. By a similar application of Rule 33 we have ', X::Ly - (AX::L;.T)
(AX::L1.58) X :: K5. By extensionality, ' F AX::L1.T = AX::L1.S :: Li=K,. [

X
X

Proposition 57 (Functionality)
IfFl,YSZL,FQ H Tl = Sl :: K and Fl H T2 = SQ :: L then Fl,FQ H {TQ/Y}Tl =
{S2/Y}S) = K.

Proof
The same argument for Proposition 36 works, once we replace the last two cases of
Part 2.

e Case: K = K1=K,, T1 and S are not both paths, I'1Y::L,I's - m 17 =
1 S1 o Kl, and Fl,YZZL,FQ H T2 T1 = To Sl o KQ. Then we have (1—‘1,1—‘2 [
m ({T2/Y}Th) = 1 ({S2/Y}S1) = K1) € H(vF,) and (I'y, Ty - mo ({12 /Y}Th) =
Ty ({S2/Y}S1) = Kz) € H(vF,), and substituting into a non-path always
yields a non-path, so (T'1,T's - {Tg/Y}Tl = {SQ/Y}Sl i KixKsy) € Fp(H(VFy)).

e Case: K = Ky=1L,, T} and S; are not both paths, and I'y,Y::L, 'y, Z:: L1 F
T1Z = SlZ o Kg, where Z ¢ FV(Tl) U FV(Sl) Then (Fl,FQ,leLl =
{T2/YV¥T) Z = ({S2/Y}51) Z =+ K3) € H(vF,), and substituting into a
non-path always yields a non-path, so (I't,Iy F {T/Y}Ty = {S3/Y}S: =
Li=K,) € F,(H(vF,)). O
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Proposition 58 (Congruence for Applications)
T+ =82 L=KandT'+-Ty =Sy LthenT' FT1 T, =55 :: K.

Proof
By induction on height(Ty To) + height(S1 S2), and cases on the forms of 77 and S;.
Inall cases, 'FT1 Ty :: K and ' 57 .5 :: K.

o Case: Ty = Prand Sy = Po. Then (I' - P, S1 = P> Sy : K) € Fy(VFy) = vF).

e Case: Ty ~ T] and '+ T] =S :: L=K) € vF,. Then T} S; ~ T| S; and
inductively (T F 7751 = T2 52 = K) € vFy,s0 (T FT1 51 =Tx Sy : K) €
Fn(l/F)\) = VF,\.

e Case: S;~ Sy and (T'HTy =57 :: L=K) € vF). Similar.

e Case: Ty = AX::L.Ty, S1 = AX:L.S{, and (I XL+ T] = 5] :: K) € vF\.
Then (I' - {T2/X}T{ = {S2/X}S; = K) € vF\ by Proposition 57. Thus
(D (AX=L.T)) Ty = (AX=L.S}) Ss = K) € Fy(Fy(vFy)) = vFy. [

Proposition 59 (Congruence for Recursive Types)
IfT, X:LEF S =Sy Lthenl'F pX::L.Sy =puX::L. S :: L.

Proof
The same argument for Proposition 38 applies, once we replace the pair and function
cases in Part 1:

e Case: K = K1=Ks, T and T, are not both paths, I'1 YL, I's F m1 Ty
m 1o Ky,and T, YL, T by Ty = mo Ty 2 Ko. Then (T'y, Ty - (01TY)

Tm ol

T (O’QTQ) i Kl) € C(VFTI) and (1—‘1,1—‘2 F oo (0’1T1) = T (02T2) i Kg)
C(vF,). Substituting into a non-path always yields a non-path, so (I';, T2
o111 = o215 0 K4 XKQ) € Fn(C(VFn»

e Case: K = K1=1L,, T1 and T, are not both paths, and I'y,Y::L,I's, Z::L1
le = TQZ o KQ. Then (Fl,FQ,Z:ZLl H (G’lTl)Z = (UQTQ)Z o KQ) €

H(vF,), and substituting into a non-path always yields a non-path, so (I';,T's -
o1y = o515 :: L1:>K2) € FU(H(VFU)) ]

The fact that equivalence is closed under reductions is less obvious in the presence
of extensionality, but it follows easily once we have a strengthening property (i.e.,
that we can drop unused variables from the typing context). This is easy to show
because all kinds are inhabited, and hence we can apply Proposition 57, where the
substitutions have no effect for unused variables.

Proposition 60 (Inhabitation of Kinds)
Define Tk by induction on kinds as follows:

Tx = int
Tkixk, = (T, , TKQ
TL1:>K2 = )\XIZLl.(TK2)

Then for every kind K we have - Tk :: K.

Proof
By induction on K. [J
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Corollary 61 (Strengthening)
T, X:LTobT=S:Kand X g FV(T)UFV(S) thenT'1,ToFT=S5: K.

Proof
Assume ', X:L,To F T =S5 = K and X ¢ FV(T) U FV(S). By Propositions 60,
50, and 53, T'y - T, = T}, :: L. Thus by Proposition 57, I'1, T, T =S K. O

Proposition 62
LIUTFT =9 K, T~*T, S~*§, TFT: K, andT F S :: K then
r-T7T=5:K.
2. fT+FT=S:K, T~*T,and S~* S8 thenTHFT' =5 :: K.

Proof
1. Same argument as for Proposition 9

2. By induction on K and height(T")+ height(S) (ordered lexicographically), and
cases on the justification for (I'-T =5 :: K) € vF, = F,,(vF,).

e Case: T+ and S . Then T =T’ and S = 9’, so the desired result is
true by assumption.

e Case: THFT =S:Kbecause T~ U, TFT = K,andTTHU =95 : K.
IfU~*T then T T =5 :: K follows inductively. Otherwise T = T”,
and the inductive hypothesis yields ' F U = S’ :: K, so that (' - T =
S K) € F,(vF,) = vF,.

e Case: T =95: Kbecause S~ U, TS K,andT'HFT=U :: K.
Analogous to the previous case.

e Case: T'HFT =S KiyxKobecause'FmT=m S Ky,and'Fm T =
m S 1 Ko. Then m; T ~* m;T" and m; S ~* m; S’, so by the inductive
hypothesis T - m T/ =m S : Ky and T my T = 7w S' :: Ko If T and
S" are both paths then these equivalences can be in vF, = F,(vF)) only
if'HT' =8 :: K1 xKs; otherwise, we can use extensionality to conclude
that THT =5 : K1 x K.

e Case: 'FT =5 : Li=Ky because I', Z:: L1 W T Z = SZ :: Ky, where
Z ¢ FV(T)U FV(S). Then TZ ~* T'Z and S Z ~* S' Z, so by the
inductive hypothesis I', Z::L1 - T Z = S'Z :: Ko. If T" and S’ are not
both paths then ' - T/ = S’ :: L1=K, follows by extensionality. Other-
wise it must be that I, Z::Ly T = S’ :: L1= K. By Proposition 30 and
Corollary 61, T =T =5 :: Li=K,. O

The greatest difficulty caused by extensionality is proving that equivalence re-
mains transitive. Specifically, it might be that ' P, =15 : K and ' - T = P5 =
K hold only because of extensionality (where T3 is not a path), but then the desired
conclusion I' - P; = P3 :: K does not itself follow directly from extensionality. We
handle this case separately.
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Lemma 63
Define Ex by induction on K as follows:

Ex = e
EKIXKQ = EKI [Trl:]
EL1?K2 = EK2 [. TLI]

Then for every I' =T :: K we have I' - Ex [T :: *.

Proof
By induction on K. []

Lemma 64
AssumeT'H P K andTH Py K. IfTH E[P)| =P, : K' and T+ P, = E[Ps] =:
K’ then (I'+ Py = P3 :: K) € F,(TR(VFy)).

Proof
We proceed by induction on E:

o Case: I = o. There are four subcases:

— Subcase: P, = P, = P3 = int. Trivial.

— Subcase: P, = P, = P3 = X. Trivial.

— Subcase: Py = m; P|, P, = m; Pj, and P3 = m; P, where I' - P{ = P =
KixKy, T F P = P, = K;xKo, and K = K;. Then (I - P| = P
K1 xKj) € TR(vF,),so (' P, =P, :: K) € F,(TR(VF,)).

— Subcase: Py = P{T1, Py = PyTs, and P3 = P{T5 where ' - P| = P} =
L=K.T+P, =P, L=>K,TFT =Ty L,and T Ty = Ty :: L. Then
('FP =P:: L=K) € TR(vF,) and (' =Ty =T3 :: L) € TR(VF,), so
TFHP =P K)e F)(TR(VEF,)).

Case: E = m; E'. Then by definition of F}, it must be that P, = m; P5, T'F

E'[P]] = P, KyxKo, T - P} = E'[Ps] = KyxK>, and K = K. By the

inductive hypothesis (I' - P, = P3 : K) € F,(TR(vFy)).

Case: E = E'S. Then by definition of F, it must be that P, = P3S;, I' F

E'lP)] = P} :: L=K, and T' + P} = FE'[P;] :: L=K. By the inductive

hypothesis, ' Py, = P3 :: K) € F,(TR(vFy)). O

Corollary 65
ITHFP =Ty :KandT'kFTy, =Py K then (' P, =Py : K) € Fy(TR(vE,)).

Proof

By Lemma 63 and Propositions 54 and 58, I' - Ex[P1] = Ex[Ty] = * and T
Ex[T5] = Ek[Ps] i *. Since Ex[P1] and Ex[Ps] are paths, the definition of vF,
and determinacy of reduction ensure that Ex[Th] ~* P with I'+ Ex[P)] = Py :: *
and '+ Py = Eg[Ps] :: *. By Lemma 64, (T'- Py = Py : K) € F,(TR(vF,)). O

Proposition 66 (Transitivity)
ITHFh =Ty KandTHTy=T3:: K thenT'HFT, =13 : K.

Proof
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We must show that vF, is transitively closed, i.e., TR(vF,) C vF,, where
TR(j) :{(FFTl ETg IZK) ‘ 3T2(F|‘T1 ET2 ZZK),(F"TQETg, ZZK) Ej}

is the transitive-closure operator. It suffices to show TR(vF,) C F,(TR(vFy)).
Assume T'F Ty = T3 : K) € TR(vF,) because IT' - Th = Ty : K) € vF, and
(I'FTy, =T :: K) € vF,. We proceed by induction on height(T5) and cases on the
justifications for the two equivalences being assumed.

e Case: T} and T3 are paths. By Corollary 65.

o Case: Ty = T{—=T, Th = To—=TY, Ts = T45—TY, and (T T4 = T =
K) e vFyand (' F Th = T3 =+ K) € vF, because (I' F T] = Tj =2 *),
CHETY =T %), T Ty =Ty 2 %), T+ Ty = T3 : ) € vF,. Then
(' =T =Ty :: ) € TR(vF,) and (' - Ty = T3 = x) € TR(VF,), so
(T =T =T = T4—Ty : %) € F,(TR(vF,)).

e Case: (' Ty =Ty = K) € vF, because (I' - T] = Ty == K) € vF,,
Ty ~ T{,and ' - T} :: K. Then (' - T{ = T3 = K) € TR(vF,), so
THFTY=Ts: K) e Fy(TR(VEFY)).

o Case: (' W Ty, = T3 =+ K) € vF, because I' F T, = T3 = K) € vF,,
T3 ~ T3, and I' - T3 == K. Then (' W Th = Ty == K) € TR(vF,), so
CTHFTY=T4:: K) e F,(TR(VF,)).

o Case: ('FTy =T5 :: K) € vF, because (I' Ty =T :: K) € vF,, To ~ Tj,
and I' F T, :: K. By Proposition 62, (I' - Ty = T3 :: K) € vF,. Then
height(T2) > height(Ty), so the induction hypothesis applies and (I' - 77 =
T :: K) € F)(TR(VFy)).

e Case: K = KiyxKo where ' Fm Ty =mTe : Ki, ' w1y = m Ty 2 Ko,
I'FmTy, =mT; : Ky, and I' F w1y = w13 1 Ko, where T} and T3
are not both paths. Then I' F mTo = m T3 :: Ky and ' - m Ty = w13 ::
K, by Proposition 54, so (I' - m Ty = m T3 = Ki) € TR(vF,) and (I' -
moT1 = mo T3 : Ko) € TR(vF,). By extensionality, (I' = T1 = T3 :: Ky) €
F,(TR(vFy)).

o Case: K = [1=Ky, where I Z::Iqh - TV Z = To Z :: Ko, Z ¢ FV(T1) U
FV (1), and Ty and T5 are not both paths. ThenI', Z::[1 F To Z = T35 Z :: Ky
by Propositions 53 and 54, so (I, Z::Ly - T1 Z =15 Z :: K») € TR(vF),). By
extensionality, (I' - T = T3 :: Ky) € F,,(TR(VvFy)).

6.1 Decidability

The corresponding algorithmic (invertible) generating function for equivalence is
shown in Figure 8. The function F differs from F}, in only two respects: the usual
asymmetric restriction for the reduction cases, and the restriction of the reduction
cases to proper types of kind *. Since application and projection commute with
reduction, we can choose to apply equal projections or applications to non-paths
and then reduce only once we reach kind *.

As for Fr and F¢ before, the two functions have the same fixed point:

Proposition 67
vEy =vE,.
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Fy (TJ): 'k int =int %) | for all I'}
r'-rX=X:K)|I'X:K}

'tmPr=m P :ZKZ‘) | (FFPlEPQ ::KlXKz)EJ}
F"PlTlEPQTQ K)|

{
{
%
TrFP =P, uL=K)eJand (CFTi =Ty L) € J}
{
{
{
{

A~ S SN

(FFT1—>TQE»S'1—>SQ o *)|
=S a2xeJand (THFT, =S %) € J}
CFT=Su%)|T~T and THFT =S :*x)eJ and T+ T :: %}
CHET=Su#) T, S~5, TFET=S2%)eJ, and'F S :: %}
(TFT=S5: K1xKj) | at least one of T and S is not a path,
CTrFmT=mS:Ki)eJ,and TEmT=mS:K)eJ}

Fi(T) = Fy(T)
U{(TFT=S5:Li=K>) | at least one of T" and S is not a path,
Z ¢ FV(T)UFV(S)and (I, Z:L1 v TZ=5Z: Ky) e J}

Fig. 8. Algorithmic Generating Function for Equivalence with Extensionality

Proof

Since pointwise F;; C I}, we immediately have l/F,? C vF,. To show that vF, C
vFy it suffices to show that vF, C Fi'(vF,). Assume ' =T = S == K € vF,. We
proceed by induction on K;

o Case: I'FT=SuK)evE,because ' FT :: K, T~ T',and ' FT' =

S :: K) € vF,. There are three subcases:

— Subcase: K = *. Then (I'-T'=S:: K) € Fp(vFy).

— Subcase: K = KixKy. Then ' - mT = m S = Ky and ' F mT =
mo S i1 Ko by Proposition 54. Since T' can be reduced it is not a path, so
(TET =8 KixKy) € F(vFy).

— Subcase: K = L1=Ks. Let Z ¢ FV(T)UFV(S). Then I, Z:L, F T Z =
S Z :: Ko by Propositions 53 and 58. Since T' can be reduced it is not a
path, so (T'FT =8 Li=Ks) € F(vFy).

o Case: ('FT =51 K)evF,becauseI' - S :: K, S~ S and T FT =

S":: K) € vF,. There are two subcases:

— Subcase: T~ T’. Then T' - T = S :: K by Proposition 62, so (I' - T =
S K) € Fi(vEy).

— Subcase: T +». The same general argument for the previous part applies.

e All other cases follow directly by induction.

Again F)} is invertible but not immediately finite-state because predecessor judg-
ments may again have different contexts. Therefore, we consider Fj , which never
changes typing contexts.

Because of extensionality for pairs, predecessor types are not longer guaranteed
to be top-down subterms of the original pair of types; for example, the predecessor
of (Xuxxx b X = (m1 X, mp X)) :: #x¥) contains (X:xxx by X =71 (mp X, 1m0 X) =
*). However, we can show that any non-subterm types are created by projections
from top-down subterms.
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Definition 68
We say that T ;C S if T = E[T'] and T' C S for some T and E where E contains
only projections, i.e., if T is a projection from a top-down subterm of S.

Lemma 69
1. If U C E[T) and T C S where E contains only projections, then U = E'[U’]
for some U’ C S where E’ contains only projections.
2. IfU ETI and T1 WE S then UWE S.
3. IfU ;CTy and Ty C S thenU ,C S.

Proof
1. By induction on U C E[T].

Case: U = E[T]. Take E' = Eand U’ =T.
Case: E=eand UCT. Take B = Fand U' =T.
Case: E = 7; By and U C F4[T]. By the inductive hypothesis.
Case: E = Ej[me|, T = (T1,Ts), and U T Ei[T;]. By the inductive
hypothesis, since by transitivity any top-down subterm of 7} is a top-down
subterm of S.

e Case: U C E[T'] where T ~ T’. By the inductive hypothesis (since

T"CTLCS).

2. This is a rewording of Part 1.
3. By Part 2, since adding more projections to a projection doesn’t matter. []

Proposition 70
LI ET =8 2 K') €pred[F{_|[TFT=S8:K) thenl' =T" and T" ;£ T
and S' ,C S.
2. If (I =T" = 8" :: K") € reachable[F_[{I' =T = S :: K}) then I' =T
and T" ;C T and S"” ;C S.

Proof
1. By definition of F}_.
2. By induction, using Part 1 and Lemma 69. []

Corollary 71
Fy_ is finite-state.

Proof
There are only finitely many top-down subterms, and for each there are only finitely
many well-formed projections possible. []

Proposition 72
Fr(;l is finite-state.

Proof
Exactly analogous to the proof for Fy. [

Corollary 73
Membership in vF, is decidable.
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7 Related Work

The most interesting previous extensions of coinductive equivalence or subtyping
with fold/unfold rules are those involving type isomorphisms (Palsberg & Zhao,
2000; Di Cosmo et al., 2005). These are motivated by the problem of searching
libraries of code (specifically class interfaces, which can be self-referential) ignoring
the order or currying/uncurrying of arguments.

Studies of inductive equivalence with [-equivalence and fold/unfold are more
common than the coinductive case. For example, Bruce’s (2002) target for object
encodings includes the fold/unfold rule in an inductively-defined type equivalence
relation. Statman (2002) has described a decidability proof for an inductive defin-
ition of equivalence for a simply-typed lambda calculus with 87 for functions and
a fixed-point combinator Y : (0 — 0) — 0. The proof does not directly apply to
pairs encoded as functions, because the Y combinator cannot be used to recursively
define functions.

8 Conclusion and Future Work

We have defined some interesting extensions of the usual coinductive theory for re-
cursive types, up to gn-equivalence with first-order type operations and recursively-
defined pairs. In all cases we have shown that equivalence is well-behaved and de-
cidable. The results presented here are enough to allow a straightforward proof of
type soundness (“well-typed programs don’t go wrong”) for a term language with
this type system.

Though we have studied type equivalence, we conjecture that the ideas in this
paper should be directly applicable to subtyping as well.

The issue with bound variables that caused us to consider only first-order type
operators is exactly the same issue that Colazzo and Ghelli (1999) encountered
in combining recursive types with bounded polymorphism in Kernel Fun. They
showed decidability of equivalence and subtyping for simple recursive types ex-
tended with bounded universal quantifiers. More recently the work of Gauthier
and Pottier (2004) showed that through a transformation analogous to DeBruijn
numbering, universally-bound variables could be eliminated while preserving equiv-
alence of recursive types; perhaps these ideas could be adapted here to remove the
restriction of type operators to first-order.

Finally, this paper studies only a syntactic equational theory. We have not pro-
vided a semantic model for our types, or even formally related our types to u-free
infinite trees. An open question is how best to do so because a reduction relation
on infinite trees may be necessary. If so, the restriction to contractive types, guar-
anteeing termination of weak head reduction, could make the trees involved easier
to work with than arbitrary infinite lambda terms.
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A Generalizing Amadio-Cardelli

Gapeyev et al. (2002) define several algorithms for determining membership in
greatest fixed points of finite-state functions. As an exercise in using properties of
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coinduction, we show one more algorithm. This variant was discussed in the specific
case of subtyping recursive types, but not generalized (because there are similar but
more efficient possibilities).

Definition 74
The generalized Amadio-Cardelli algorithm is defined by

afp““[F](A,z) := ifz € A then true
else if support[F|(x) =1 then false
else \yea 9fp“[FI(AU{x},y)
where A’ := support[F](x)

The following lemma appears in Gapeyev et al. (2002):

Lemma 75
Assume F : 24 — 24 is invertible. Then A C F(B) if and only if support|F](A) C B.

Then,

Proposition 76
If F : Uy — U, is finite-state and gfp®“[F|(A,z) = true then x € vF™.

Proof
By induction on the execution of the algorithm. By inspection, there are two cases
in which the algorithm can return true:

e Case: v € A. Then z € A C AU F(vFt) = FHAVFH) = v which
exists since F* is monotone.

o Case: A\, coupport(F)(x) ap“[F|(AU{z},y). By the inductive hypothesis, for
all y € support[F](z) we have y € vFMU{=} That is, support[F|(z) C
v AR By Lemma 75, » € F(vFHAYeh) € pRA(yFHAY{EH) Therefore
PR} = PRAU(} (, PRAU(s}) = PR(y PrAULY) | {3} = FRA(y PRV},
By Coinduction we have v F+AY{#} C vG, and therefore x € FHA(vFHAY{=}) C
FHWG) =vG. O

Proposition 77
Assume F : U,, — U, is invertible. If gfp®‘[F](A,z) = false then x ¢ vF*+A.

Proof
By induction on the execution of the algorithm. Again there are two cases in which
the algorithm might yield the answer false.

o Case: © € A and support[F|(x) =T. Since F is invertible, there is no X such
that = € F(X). Thus z ¢ F(vF™) and so z ¢ AU F(vFt) = vFHA,

e Case: z ¢ A and gfp®“[F|(AU{z},y) = false for some y € support[F](x). By
the inductive hypothesis, y ¢ vFAY{=} That is, support[F|(z) € vFAY =}
By Lemma 75, z ¢ F(vFtY{#}) and so using monotonicity, v 4 C pFtAV{z}
implies z ¢ AU F(vF*) = v [
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Proposition 78
If F : Uy — Uy, is finite-state then gfp®“[F|(A,z) terminates for all A C U,, and
x € Uy

Proof

At each recursive call the set A strictly increases, but only by an element of
reachable[F|(x), and the latter set is finite by assumption. Further, the branch-
ing factor is finite since the conjunction over the support set again is checking only
reachable elements. []

Corollary 79
If F: U,y — Ue is finite-state then

1. gfp®[F](0,z) = true if x € VF
2. gfp““[F)(0, ) = false if © & VF



