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The Deduction Theorem

Theorem (2.9.5): U T'U{U} Fy & then 'y ¥ = ©.

Pictorially, this says that if there is a proof of the formula
® of the form:

DU {0}
P

Then there is a proof of the formula W = ® of the form:

I
U =
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Proof of The Deduction Theorem

Proof. The (meta) proof follows a pattern that occurs
frequently in logic, and follows by complete induction on
the size (i.e. the height) of the proof tree. The proof
breaks down into two cases, depending on whether the
proof is of height one or greater than one.

Suppose the proof, II, of the form
ru{v}
¢

is of height one (h(IT) = 1). Then the induction hypoth-
esis is vacuous (since there are no proofs of lesser height)
and either:
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Proof of The Deduction Theorem

e ® is an instance of axiom n. In which case the proof

is actually just of the form:
- n

o

and the set of assumptions of the proof is actually
empty, and there is no assumption W, and this is not
really an application of this theorem. Nonetheless, for

any formula WV, the following is a valid proof tree:
1

MP

n

o D= (V= 9)
U= O

e UV = &, and the proof is of the form:
o

with ® as both conclusion and an open assumption.
But we know that for any formula ® there is a proof
with the formula ® = ® as its conclusion with the
same structure as the proof of (p = p) given earlier:

P (05050 @=(0=0)=d) = (2= (D= d) = (= D)) ZP

D= (D= D) | @=>(@=d) = (D= d)
b=

MP
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Prootf of The Deduction Theorem

Now, suppose h(Il) > 1, and that for all proofs II" such
that h(I") < A(II) the deduction theorem holds. Then
the last step of the proof must be an application of modus
ponens, and the proof, II, is of the form:

ru{v} ru{v}

= == &
MP
i)

for some formula =.

But then the proof of each premise has height less than
h(IT) and by the induction hypothesis the deduction the-
orem holds for those proofs. Therefore, there exist proofs
of the form:

I I

V2= and U= (S 0)

But then the following structure is a valid proot:
T

Vo (Eod) o (ESd) s (VoDo W)

U=E (T =E)= (V= D)
U =270

MP

MP



Lecture 12a — Propositional Logic: Hilbert Systems — Proof of the Deduction Theorem 5

Impact of The Deduction Theorem

Thus, the deduction theorem holds, and the deduction
rule is admissible.

This can significantly shorthen proofs. For example, the
previous proof of (p = p):

p=((p=p =0r ! (p=((p=p)=p)=((p={pP=p)=(=Dp) 2

p=>w=7 b=0=p)=>0>0 "
p=7p

P

may now be replaced by the following proof using this

derived rule: y
p=p DR



