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Modeling: Curves

We can model curvesto arbitrary precision

withpolylines
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Modeling Curves

P R Not-So-Friendly
° ¢ —| Graphics System _.<::>
. .
o o 0
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Modding Curves

. Friendlier
— Graphics .
System
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Parametric Curve Representation
© XTaptagtt ..ttt a

s y=a,t+tat+..+a, " +a "
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Linear: Line Segment

« The points (x(t),y(t),z(t)), tT [0,1], where
X(M)=3 * gt
y(t)=g,, +q,,t

 User specifies the endpoints (X,y,) and
(xpy,) then
&0=X A 1TX X
{o=Yor H{1TY1 Yo
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Modeling: Curves

« The user specifies ““properties’ of the curve between
sample points

o

« The graphics system computes an appropriate parametric
curvefor each region, samplesit, and scan converts

T
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Modeling: Curves

* What degree curve should we use?

— High degree b Good model

— High degreeb Slow computation
 User chooses adequate sample points

S
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Cubic Curve

* The points (x(t),y(t)), tT [0,1], where
X(t)zax,o +a,t+ a\<,2t2 + ax,3t3
y(t):a/vo + ay,lt + a/,2t2 + ay'3t3

 User specifies endpoints (x(0),y(0)) and
(x(1),y(2)) +
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Cubic Curve: Interpolation

« The points (x(t),y(t), tT [0,1], where
X(t):a&,o +a ,t+ ax,ztz + a&.sﬁ
y(t):%’o + ay,lt + ay,2t2 + %.3t3

» User specifies endpoints (x(0),y(0)) and
(x(2),y(2)) +two intermediate points, e.g.
(x(1/3),y(1/3)) and (x(2/3),y(2/3))

10/23/00 ©s155(12)

Example

* p(0)=(0,0), p(1/3)=(11), p(2/3)=(2,1), and
P(D)=(3.0)
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Example

* p(0)=(0,0), p(1/3)=(1-1), p(/3)=(2,1), and
p(1)=(3,0)

*  Wewant to find the coefficients of :
X(t)=a+a it +a 2 +a
given:
X(0)= 0=2a,,
X(U3)=1=a o+ &, ((1/3) + &, 1/9) + & 1/27)
X(213)=2=a, o+ a, 2/3) + & 4/9) + a, (8/27)
X(1)= 3=a ot a+ g o+a;
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Matrix Form: x(t)

1 o Jo Jo a,
1 |u3 (v9 |v27 ||a, | _
1 |23 |49 [827|]a,
1 1 1 |2 a
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Matrix Form: y(t)
1 0 0 0 a0
1 |u3 |v9 (v27|l|a, | _
1 |23 |49 (827 ||a,
N N FR a,;
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Example

» Theinterpolating polynomial that satisfies:
p(0=(0,0), p(1/3)=(1-1),
P(2/3)=(2,1), and p(1)=(3,0)
e Is:
X(t) =3t
y(t) =-13.5t + 40.5 t2— 2713
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Solution: x(t)
a, | [t Jo Jo o
a, | [55 9 [45 1
a, | |9 [225/18 [-45
a, | [-45 [135]-135[45
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Solution: y(t)
a, 1 o Jo |o 0
a, 559 [-45 |1 -135
a, | |9 [=22518 [-45 405
a, -45 [135 [-135[45 -27
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Example

o X(t)=3t, y(t)=-135t+405t2—2713
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Problems with interpolating
polynomial

» Not smooth at joins

N4
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Hermite Curves
* Specify endpoints of curve: p(0) and p(1)

» Specify tangent of curve at the endpoints:
p&0)andp 1)

o
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Cubic Curve: Hermite

* The points (x(t),y(t)), tT [0,1], where
X(t)zax,o +a,t+ a\<,2t2 + ax,3t3
y(t):a/vo + ay,lt + a/,2t2 + ay'3t3

 The user specifiesthe endpoints (x(0),y(0))

and (x(2),y(1)) + tangent vectors at the
endpoints (x€0),y €0)) and (x &1),y €1))
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Example

* p(0)=(0,0). p(1)=(3,0), PK0)=(1,1), p&1)=(-1,1)

¢ Wewant to find the coefficients of :
x() =ap+at+at’+a
(x€t) = a, o+ 2a, t + 33, 4% )
given:

X(0)= 0=2a.,

X(1)= 3=a ot a+ g o+a;

x€0)= 1=a,,

x€1l)=-1=a,+2a,, +333
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Matrix Form: x(t)

1 o [0 [o a,
1 [t |1 a. | _
o [t fo o a., i
0o |t [2 |3 3.,
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Solution: x(t)

Qo 1 0 0

. 0 0

a, ., -3 (3 -2

| | O] ©

a, | [2 [2 |1
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Matrix Form: y(t)

1 Jo Jo |o e u
1ottt ffaa |0
o [t Jo o |[a.
o 1 [2 |3 a,;
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Solution: y(t)

a, | [t o o

a, | [0 o |1

a, | [3 [3 |2

| k| O] O
IHH

a3 2 22 |1
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Example: Hermite

* The Hermite polynomial that satisfies:
p(0)=(0,0), p(1)=(3,0),
PE0)=(1,1), and p¢1)=(-1,1)
e Is:
X(t) =t + 6t2—6t3
y(t) =t-t2+2t3
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Example: Hermite

o X(t) =t + 62— 6t3, y(t) =t-t2+2A3
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Problems with Hermite
polynomial

 User hasto specify aderivative.
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Parametric Continuity

P

N

» COcontinuity: p(1)=q(0)
« C! continuity: p(1)=q(0) & p&1)=q%O0)

o« Cn c-:ontinuity: p®(1)=g®(0) for i£n
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Geometric Continuity

v &

» G continuity: p(1)=q(0)
o G!continuity: p(1)=c(0) & p€1)=cq¢0)
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Continuity: C'b G
* Interpolating Polynomid: C°

¢ Hermite Polynomid: C*
» Bezier Polynomia: C%and G*
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Cubic Curve: Bezier

* The points (x(t),y(t)), tT [0,1], where
X(t)zax,o +a,t+ a\<,2t2 + ax,3t3
y(t):a/vo + ay,lt + a/,2t2 + ay'3t3

 The user specifiesthe endpoints (x(0),y(0))
and (x(1),y(2)) + two control pointsu,v
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Bezier

¢ Approximations. p&0)=3(r4(0))
and p&1)=3(p(1)-)
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Example: Bezier

* p(0)=(0,0), p(1)=(3,0), r=(1,1), s=(2.1)

*  Wewant to find the coefficients of :
X()=ap+at+at’+a
(x€t) = a, 1+ 2a, 5t + 33, 42 )
given:
X(0)= 0=3a.
X(1)= 3=ata 1+ & +ag
x¢0)= 3(1-0)=3=a,,
x1) = 3(3-2)=3=a,, +2a,, +333
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Matrix Form: x(t)

1 o [0 [o 3.,
[ O R a. | _
o [t fo o a.,
o |t [2 |3 3.,
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Solution: x(t)

EEEE
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Matrix Form: y(t)

T o [0 [0 |[a,
RN ER W EW B PV
o [t Jo fo |la.
o T 2 3 |[as
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Solution: y(t)

a0 1 0 0

a, | [0 [o [a

a., -3 (3 -2

| k| O] O

a. | [2 [2 |1
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Example: Bezier

o X(t)=3t+6t2, y(t) =t-3t2

ZEN
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Property of Bezier

» The Bezier curvelieswithin the convex hull
of the control points p(0),p(1),r,s.
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Assignment 6

* User specifies p(0),p €0),p %0), and p(1)
» What equations have to be satisfied?

* What isthe matrix form?

What is the solution?
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B-spline

» Readthetext
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Bezier Curvesin OpenGL

« giMap1{fd}(arg9 see WNDS pp 500501
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Next Time

» Modding curved surfaces
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