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Last class

The two important questions we consider in
CS140:

—Isthe computational procedure correct?
—Isthealgorithm fagt?
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How do we measure speed?

What to measure

Big-O notation/rate of growth
« Loop counting

* Series
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Running Time
Where to measure?

| Algorithm I Meerementiseesy |
-
Program
[

| Measurement is meaningful Machine
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A useful assumption

T, and T,, differ by no more than amultiplicative
constant

Ta(Z): number of steps of
Algorithm agorithmoninput Z

Input Z,

Machine Tw(Z): number of steps of

machine oninput Z
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More formally

There is some constant ¢ such that for any input Z
TA(Z)ICET\W(Z) £ cTA(2)

Ta(Z): number of steps of
Algorithm algorithm oninput Z
Input Z,
Machine Tw(Z): number of steps of

machine on input Z
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Running Time
Where to measure?

| aigoritnn || Measurement i easy and meaningful
-
Program
= [

Running Time:
What to measure?

‘% x ¢ Run time depends on

| Measurement is meaningful Machine
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input size
XX XX .
* Runtimecanvary on
X XX XX X different inputs of size
X X X XXX n.
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—

Pick special case

< « Runtime depends on input
X X X size
E XX X X * Runtimecanvary on
= X XX XX X different inputs of sizen.
X X XXXX » Choose case:
z — Worst case (show in bold)
X X XX . _ Bestcase
— Average case
glnputsize — Etc.
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Worst case performance of
algorithm A

§ « We can compute this
B function at afinite
; « number of points.
€ «  Better yet, we can
2 model! this function for
gé X al input sizes.
3 X X X
jul
o
= .
Input size
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A general problem ...

* Question: How can we give asuccinct
description of an arbitrary function?

» Answer: Big-O notation.
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Today

* What to measure

* Big-O notation/rate of growth
* Loop counting

* Series
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Upper Bounds

¢ f:N—N andg:N—N are positive-valued, monotonically
increasing functions.
« O(g(n)) = {f(n): there are constantsc and M such that
f(n)<cg(n) for alln> M}

a(n) fm
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Proving f(n)=0(g(n))

Consider h(n)=f(n)/g(n) asn goesto infinity
—h(n) converges

Some useful observations about
Big-O
« If f(n)/g(n) convergesthenf(n) __ O(g(n)).
« If f(n)/g(n) divergesthenf(n)___ O(g(n)).

« If f(n)/g(n) oscillatesthenf(n)___ O(g(n)).
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—h(n) diverges
— h(n) oscillates
Logarithms

For which pairsf(n), g(n) isf(n)=0(g(n))?
Ign
lognZ
Ig2n
Ig 10000n
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Example

lim,gy lgn/logn? = (Ig 10)/2

( Useful observation: log n2=(2/Ig 10) Ig n)
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Limits

limgy lOogN2/lg n
limgy Ign/lg2n
limey 1G2N/1lgn
limgy lgn/1g 10000 n

P wDd P
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Polynomials

For which pairsf(n), g(n) isf(n)=0O(g(n))?

n
nZ
1000n2+n
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Some rules of thumb

¢ Polylogsare slower growing than polynomials
Forany k,j > O:
login=0(nk) andnk® O(logi n)
¢ Polynomials are ower growing than exponentials
For any k>0 and r>1:
nk=O(r") and rt O(n¥)
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Exponentials
For which pairsf(n),g(n) isf(n)=0(g(n))?
2n
3n
20?)
(292
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L hospital’srule

slimgy, logn/ rk=0

* nk /logn divergesasn goesto
infinity
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Polynomially bounded functions

f(n) ispolynomially bounded if thereisa
constant k such thatf(n) = O(nk)
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Logs, Polys, and Exps

Which of thefollowing functions are
polynomially bounded?
logn
n3
2n
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Other functions

* Factorial: n' =n(n-1)!, OI=1

* Towerof 2s; 2--n=22-00)2--0=1

* Iteratedlog: Log*(n) = m such that
2--(m1l)<n£2--n

* Cell<cail: énui = 2M such that
m-1<IlgnEm
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Logs, polys, exps, and others
Comparetherates of growth of the following

functions:
Ign, n3, 2" n!, 2--n, log*(n), &l
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Another useful observation
« If f(n)/g(n) divergesthen so does 2f(M/29(M

* If lg(f(n))/Ig(g(n)) diverges then so
does f(n)/g(n)
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Beyond O
real numbers functions
. £ « 0
. 3 « W
* = 0 Q
¢ < e 0
o > o W
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Lower Bounds

« f:N—N and g:N—N are positive-valued, monotonically
increasing functions.
¢ Wg(n)) ={f(n): there are constantsc and M such that
f(n)2cg(n) for aln> M}
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Definition: Q
f(n) =Q(g(n)) if the following hold:

1. f(n) = O(g(n)), and
2. f(n) = Wg(n))
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Definition: little-o, little-w
+ f(n) =o(g(n)) if lim f(n)/g(n) =0

* f(n) = w(g(n) if limy, f(N)/g(n) =
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Logs, polys, exps, and others

Compare the following functions. Which of
O, W, Q, o, andw apply?

lgn, n3, 2" nl, 2--n, log*(n), én
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A dlight twist...

Isf(2n) = O(f(n))?
1. f(n)=1: 1s2n=0(n)?
f(n) =3n: 1s6n=0(3n)?
f(n) =n2: Is4n2=0(n%?
f(n) =2n: 1s4r=0(2")?
f(n) =n!: Is(2n)!=0(n1)?

apr N
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Today

What to measure

Big-O notation/rate of growth
« Loop counting

e Series
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CS140 pragmatism

Wheat isthe asymptotic behavior of the
worst-case running time of the algorithm?
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CS140 pragmatism
Big-O

What isthe asymptotic behavior of the
worst-case running time of the algorithm?
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CS140 pragmatism

What isthe asymptotic behavior of the
WOr st-case running time of the algorithm?

Special case
input
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CS140 pragmatism

What isthe asymptotic behavior of theworst-
caserunning timeof the algorithm?

Chosen resource
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CS140 pragmatism

What isthe asymptotic behavior of the
worst-case running time of the algorithm?

Remember our
assumption
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Run time bounds for algorithm A

The running time of AisO(n®).

i |

Theworst case running time of A isO(n3).

|

A isO(nd).
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Rate of growth of common functions

 Review of properties/notation
* SeeCLR pp 32-37 for details

KNOW THIS STUFF
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Today

How should we measure the speed of an
algorithm?

Big-O notation/rate of growth

* Loopcounting

* Series
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Types of Algorithms

» Recursive Algorithm: onethat callsitsalf

* Purdy Iterative Algorithm: onethat doesn’t
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Run Time Analysis
* lterativealgorithm ® Loop counting

» Recursive agorithm ® Recurrencerelations
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Iterative Sorting Algorithms

* |nsertion-sort
* Bubble-sort
» Modified Bubble-sort
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I nsertion-sort(S)

(in pseudo-code) Sisanarray of n
FOFj —2ton integers: S(1), S(2),
) Q)
key = S(j)

i =1
While i > 0 and S(i) > key

S(i+1) = S(i-) C decrement operator
S(i+1) = key
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Correctness

* Inductive proof with loop invariant:

When thefor loop executes for thekt time, S(1),
S(2), ..., S(k) are sorted in ascending order.
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Loop Counting: Insertion-sort(S)

Soon (1 Forj=2ton
+1 key = S())
] ————————— i=j1
+So,1(1 Whiléi>o& S(‘i)>key

+1) S(i+1) = S(i--)
+1) S(i+1) = key
Si=2.n(4+ Sizg,.1 2) = O(n?)
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Bubble-sort(S)

Bubble-sort(S)
For i=n down to 2
For j=1toi-1
If () >S(j+1) then swap(S(j), S(i+1) )

Return
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Correctness

« Inductive Proof with loop invariant:
When the i-loop completesits ki execution,
¢ S(n-k+1), S(n-k+2), ..., S(n) is sorted in
ascending order, and
o the max(S(2), ..., S(nk)) £ Sn-k+1).
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Does Bubble-sort do too much
work?

* Repeat on smaller list

e
NN NN W
WWw W N
ENE NI NEN
NS 2 IS IS |

Modified Bubble-sort

M odified-Bubble-sort(S)
SWAP=T
For i=ndown to 2
I1f SWAP=F then return

SWAP=F
Forj=1toi-1
If S(j)>S(j+1) then swap(S(j),S(j+1)) and set
SWAP=T
Return
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Example

1,3 2 45 * Repeat on smaller list

1, 2, 3, 4, 5 unless no swaps are made

1, 2,3 4 5

1/18/01 CS140- Lecl 53

L oop counting: M-Bubble-sort

Modified-Bubble-sort(S)

1+ —_— s SWAPT
Sepn( 1+ = Fori=ndown to 2

1+ ——————————— If SWAP=F then return

14 ——— Flag=F

%:1.71(1*' —— Forj=ltoi-1

3) — If 55, then swap(s, §.,) and set
AP=T

Return

1+S-; (3+521.524) =O(M)

1/18/01 CS140- Lecl 54




Summation

Si=2.n S=1..i1C = €S, (i-1)
= oSz (i-1)-¢

= (Siz1.i-Siznl) -C
= c(n(n+1)/2-n)-c¢c

= 0O(n?
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Series
* A seriesisasummation of terms

» Common series
— Arithmetic series: 1+2+...+n
— Geometric series. l+ata+..+a
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Series
Things we want to do:

» Solveexactly
 Bound above or below
* Provethat asolution (or bound) is correct
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Closed form solutions to some
Ccommon series

f(n) = 1+2+ ... + n=n(n+1)/2

o f(n)=12+22+ ... +n?2=(2n*+3n? + n)/6

f(n) = I+ata®+..+a"=n if a=1
=(@*-1)/(a-1) €lse

f(n) = 1+ata?+... =1/(1-a) if 0fa<1
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Series
Things we want to do:

» Solve exactly
» Bound aboveor below
* Provethat asolution (or bound) is correct
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Upper Bounds on series

For any constant k:
Sizl..ni K

IN

Si:1..nnk
(nk+1)
O(nk+1)

Isthis agood upper bound?
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Lower Bounds on series

For any constant k:
Si:l..nik 3 Si:évza... nik
® Sicevza... n €N/ 20
3 énf2(k+!
= W(nk*1)

S0 Si., 4= QM)
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Series
Things we want to do:

» Solveexactly
* Bound above or below

« Provethat asolution (or bound) is
correct
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Proving correctness

e Clam: S, iz =(2n®+3n%+n)/6
e Claim holdsfor n=1.

« |f theclaim holdsfor nthenit holdsfor
n+1:
Sicpma 2= (M2 S, i
=(n+1)2 + (2rf +3r? + n)/6
=(2(n+1)3 + 3(n+1)? + (n+1))/6
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Next time

¢ Recursiveagorithms
¢ Recurrencerelations
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