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Select

* Input: Set of (distinct) integers S and an
integer k
e Output: k™" smallestintegerin S

1/30/01 CS140- Lec4

Select: special cases

e k=1

How fast can we solve these cases?
° k:n /
e k=n/2
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Select: Takel

Sdlect(Sk)
Letx=5[0]
Partition Sinto
S ={y eS{x} ly<x}
S={y eS{x} [y>x}
If IS,]|® Kk then return Select(S, k)
Elseif ||S;|| = k-1 then return x
Elsereturn Select(S,, k-|S;[-1)
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Analysis of Select(Sk)
In worst we get

TM<TCO+__=QC )
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Suppose ...

* Supposewe could choose x so that the
recursive call isalwayson aset of sizen/b,
for some constant b>1.

Then T(N)=T(_ )+
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Towarmup ...

Suppose we could choose x so that the
recursivecall istypically on aset of size
n/b, for some constant b>1.
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Average-case analysis

What does average-case mean?
— Randomized algorithm on worst-case input

— Deterministic algorithm with a known input
distribution

— Deterministic a gorithm on worst-case input
using amortized cost
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A brief tour of (discrete)
probability theory...

« Sample space, events, probability
Discrete probability distributions
Discrete random variables
 Expectation

Conditional Probability/Expectation
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Experiment 1
» Experiment: A fair coinisflipped

» Sample space:

e Events:

* Probabilities:

1/30/01 CS140- Lec4 1

Experiment 2

» Experiment: Two fair coinsareflipped

» Sample space:

e Events

* Probabilities:
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Experiment 3
» Experiment: A fair dieistossed

» Samplespace:

e Events

* Probabilities;
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Discrete Probability Distribution

Assignsarea number to every subset of the
sample space such that:
* P(A) 3 Ofor any event A
* Sus P(A) =1
* P(A or B) = P(A)+P(B) for digoint events A,B
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Discrete Random Variable X

Assigns area number to each outcome.
¢ Experiment: Tossfair coin

— If head then X=1

— If tail then X=0
« Sample space =
Probabilities:
— What isP(X=0)?
— What isP(X=1)?
— What is P(X3 1)?
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Expectation

e E[X] =4, .sX P(X=x)

» E[XZ=8, ,sXx2P(X=x)
« Var(X) = E[(X-E[X])]]
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Discrete Random Variable X
Example continued: P(0)=P(1)=1/2
Expectation:
E[X] =4, . sXx P(X=x)=
E[X%= &, sX? PX=X)=
Var(X) = E[(X-E[X])]=
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Example

A biased coinistossed ntimes:

P(H)=p, (T)=1p=q

X isthe number of heads

. P(X:k) =
(Binomial distribution)

. E[X] =

. E[XZ] =
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Conditional Probability

 Let A and B be events such that P(B)>0
» Then P(A|B) = P(ACB)/P(B)
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Conditional Probability: Example

Experiment: Tossafair die

» Aistheevent that a2 isrolled

» B isthe event the number rolled is even
» Cisthe event the number rolled is odd
* What is P(A|B)?

* What is P(B|A)?

* What is P(A|C)?

* What is P(C|A)?

1/30/01 CS140- Lec4 20

Conditional Probability:
Properties
LetA,, A, ..., A bedigoint eventsthat
partition the sample space.

Thenfor any event A

P(A) =S,k P(A |A) P(A)
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Average-case analysis: T(n)

What does average-case mean?
— Randomized algorithm on worst-case input
¢ T(n):Mameuts\ of size nE(# steps on inpUt I)
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Average-case analysis. T(n)

What does average-case mean?

— Deterministic algorithm with a known input
distribution

* E[#stepsoninput I], where | is chosen at random
fromall inputs of sizen
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Average-case analysis. T(n)

What does average-case mean?

— Deterministic algorithm on worst-case input
using amortized cost
« We'll definethisnext time
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Average-case analysis

What does average-case mean?
— Randomized algorithm on wor &t -case input

— Deterministic algorithm with a known input
distribution

— Deterministic algorithm on worst-case input
using amortized cost
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Randomized Select in Expected
Linear Time

Randomized Sdlect(Sk)
Choose x randomly from S
Partition Sinto
S ={y eS{x} ly<x}
S={y eS{x} ly>x}
If ISl k then return Randomized Select(S, k)
Elseif ||S]| = k-1 then return x
Else return Randomized Select(S,, k-|IS,|I-1)
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Analysis of Randomized-Select
E[T(M] =E[T(N)] +cn

Where N isthe size of theinput to the
recursivecall.
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Analysis of Randomized-Select

E[T(n)] = ETMN)]+cn
= Si1..n E[T(N) | rank(x)=i] P(rank(x)=i) +cn
= (1/n) S=;. o E[T(N) | rank(x)=i] + cn
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N £ max(i-1, n-i) when rank(X)=i

I kt

jth
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Analysis of Randomized-Select

E[T(N)] = ET(N)] +cn
= S.1_ . E[T(N) | rank(x)=i] P(rank(x)=i) + cn
= (U/n) S E[T(N) | rank(x)=i] +cn
£ (1/n) S_,._, E[T(max(i-1,n-i)] + cn
£ (2In) Sgeayjan.n EITG-D)] +en
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Analysis of Randomized-Select
E[T()] £ (2/M)Si_ gnayann E[T(-D)]+CN
30

Prove
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What iswrong with this picture?
A proof that n2=0(n)!!!!
. 12=0(1)
* Assume (n-1)?=0(n-1)
e Thenr? =(n-1+1)2 = (n1)2+2(n-1) +1
=0(n-1) + O(n-1) + O(1)
=0O(n)
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Back to Basics

e Claim: Thereexists constant c and M such that n? £ cn for
aln3M.
* Proof:
— Assumecand M arechosen so M2£ cM.
— Letn-1beat least M. Suppose (n-1)2 £c(n-1).
— Thenr? =(n-1+1)2= (n1p+2(n-1) + 1
£c(n-1) +2(n1)+1
=cn+2(n-1)—<c+1
¢ Claimfollowsiff c3 2(n-1) + 1. But no constant c can
satisfy this requirement.

1/30/01 CS140- Lec4 33

What iswrong with this picture?
A proof that n2=0(n)!!!!
. 12=0(1)
¢ Assume(n-1)2=0(n-1)
e Thenrg =(n-1+1)2 = (n1)2+2(n-1) +1
=0(n-1) + O(n-1) + O(1)
=0(n)

Thisiswhat iswrong!
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Analysis of Randomized-Select

Clam: There exists constants d and M
such that E[T(n)] £ d>n for dl r? M.
* E[T(M] £ (2) Si-gneayzun EITE-D] +en
o E[T()] £(2/n) Si_ grepyonn A-1) +on
£ dn provided d>2c
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Average-case analysis

What does average-case mean?
— Randomized a gorithm on worst-case input

— Deterministic algorithm with a known input
distribution

— Deterministic a gorithm on worst-case input
using amortized cost
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Select: Takel
What if all permutations of Sare equaly
likely?
Select(SK)

Let x=5[0]
Partition Sinto

S ={y eS{x} |ly<x}

S={y eS{x} [y>x}
If ISl ® Kk then return Select(S k)
Elseif ||S,|| = k-1 then return x
Elsereturn Select(S,, k-|IS; |I-1)
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Analysis

* Let mewave my handsabit ...
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Deterministic Select in Linear

Time
Select(Sk)
Choose a“good pivot” xe S
Partition Sinto

§={y eS{x} ly<x}
S={y eS{x} ly>x}
If IS,]I® K then return Select(S; k)
Elseif ||S,|| = k-1 then return x
Elsereturn Select(S,, k-||S;[-1)
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What isagood pivot?

Wesay x e Sisagood pivotif itsrank is
between n/c and (c-1)n/c for some constant
c>1.

If we aways choose agood pivot we getQ(n)
runningtime.
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Thething ...

» Median of medianspivot

Thenext few slidesare
ANALY SIS - not the algorithm
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Median of medians pivot

-

« Divide the input into |
groups of d. ‘

\“'H‘c-_!'i,- g

ald grougs of d
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Median of medians pivot
« Dividethe input into [l i
groups of d.

« Sort each group and
mark its median.
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Median of medians pivot

* Divide the input into
groups of d.

 Sort each group and
mark its median.

 Sort the groups by
their medians. Mark
median of medians

[
[—
[
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Median of medians pivot

« Elementsin upper left
quadrant are smaller
than median of
medians.

¢ Elementsin lower
right quadrant are HUH
larger than median of
medians. g U
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Median of medians pivot

¢ How many elements

Median of medians

¢ Median of mediansis Thnnnr
agood pivot provided | | ||| | .
d satisfies the | |
following: J | '
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of Sare smaller than 1] |
the median of H ul'j =
medians?
¢ How many are larger? S U
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BUT

* Finding the good pivot requiresarecursive
call to Select

* Wehadn't counted on this...
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New Analysis

. Dividetheinputinto 1. O(1) time per group,

groupsof 5. Find the O(n) groups = O(n)
median of each group.

. Find the median of the

medians. 2. T(n/5)
. Partition the input

around the median of

medians. 3. O(m

. Recurse on appropriate

set of the partition. 4. T(3n/4)
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Linear selection

T(n) = T(n/5) + T(3n/4) + O(n) =Q(n)

BUT BE CAREFUL OF DETAILS!
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