CS140: Algorithms
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Algorithm Design Techniques

* Induction
« Reduction
« Divideand Conquer
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Induction: Algorithm,

Induction: Algorithm,

Algorithm,
Input, | £ Inputy, Output,., | Output,
— % —1 Algorithm,, — s
g g
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Divide and Conquer:
Algorithm,
Algorithm,
Input, E Inputs,, Outputs,, Output,,
— % — Algorithm,, [— %—-
p— —
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Algorithm,
Input, E Inputs,, ; Outputs, 4 Output,
— % — Algorithm,, |— g—-
E — " %
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Sorting

e |nsertion Sort:  T(n)=T(n-1)+cn=0(n?)
— Sort first -1 elements
— Insert element n into sorted list
e Merge Sort: T(n)=2T(n/b)+cn=0(n Ig(n))
— Sort first n/2 elements
— Sort last n/2 elements
— Merge sorted lists into one sorted list
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Matrix Multiplication

* Input: Twonx nmatricesA, B
 Output: The product AB

3/6/01 CS140Lec10
Example
1 3 2 3
* Input:
2 4 2 1

* Output: | 4 6
12 -2
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Reminder
i
Algorithm
Fori=1ton
Forj=1ton
Cli,j]=0
Fork=1ton

Cli,jl = Clij] + A[i.KIB[k/]]
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Operation Count

Fori=1ton
Forj=1ton
C[i,j]=0
Fork=1ton
Cli.jl = C[i,j] + A[i,KIB[k,j]

Requires n3multiplicationsand n?(n-1)
additions.

(Note theinput sizeis 2r?.)
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Divide and Conquer: n=2m

° I nput- All A12 Bll BlZ

A21 A22 BZl B22

* Output: | ¢,  Cp Cy=AuBy +A By

T(2n?)=8T(2(n/2)?) + cn? =O(n%)
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Can we do better?
* T(2n?)=aT (2(n/2)?)+cr? =o(n3) if a<8

* Strassen’ salgorithm:
a=7 and T(n)=0(n'°%.")
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Strassen’s Algorithm

Base Case: 2x2
a b e g aetbf a+bh
c d X f h | T | cerdf  ogech
Isthere hope?
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A little magic ...

We can compute Av with 7 scalar
multiplications!

Rephrase
Call thismatrix A Call thisvector v
4
a b 0 e aetbf
c d 0 0 f cetdf
0 0 a b g - ag+bh
c d h cg+dn
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BandC
B C B+C
b |b|0 |0 001010
b |b|0 |0 001010
00|00 010 |c |c
00|00 010 |c |c
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BandC
B C B+C
b [b]0 |0 0j0o(0]0 b |b 0|0
b [b]0 |0 0j0o(0]0 b |b 0|0
01010 |0 010 |c |c 0[O |c|c
01010 |0 010 |c |c 0[O |c|c
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B,Cand D

B,CandD
B+C D B+C+D
b (b [0 |0 0 |0]0]|0
b|b |0 |0 c-b [0 |0 |c-b
010 [c |c b-c |0 [0 |b-c
00 |c |c 0 |0]0]|0
B,C,DandE
B+C+D E B+C+D+E
b [0 |0 ab|0 |0 |O
b |0 [c-b 0 |00 |O
b-c |0 |c |b c-b [0 |ac|O
0 |0 |c|c 0 |00 |O
B,C,D,Eand F
B+C+D+E F B+C+D+E+F
alb|o|0 0 (0 |Ofo
c|b|0|c-b 0 [d-b|0[b-c
0|0|a|b 0 (0 |Ofo
0]0|c|c 0 [0 |0|d-c
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B+C D B+C+D
b[bfoJo] [o JoJoJo b 1o |0
b|b [0 (O c-b |0 [0 [c-b b o [cb
010 |c |c b-c|0 [0 |b-c| [b-clo [c [b
olo]c|c o [o]o]o 0 0 lc |c
B,C,DandE
B+C+D E B+C+D+E
b ([b]0O]0 ab|0 [0 |O a |b [0 |0
c |bf0O]|cb| |0 |[0]0 |O c |b [0 |cb
b-c|0 |c |b cb [0 |ac|O 0 |0 [a |b
0 |0 |c|c 0 |0ofo |oO 0 [0 |c |c
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B,C,D,EandF
B+C+D+E F B+C+D+E+F
alb (oo 0 |0 |[of0 alb (oo
c|b]0|c-b 0 [d-b|0fb-c cl|d|o|0
ofofa(b 0 |0 |[of0 ofofa(b
0]|0]c|c 0 [0 |0fd-c 0|0|c|d
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A=B+C+D+E+F

A little magic...

Claim: We can computethe productsBv, Cv,
Dv, BEv, and Fv with 7 scalar multiplications

So we can compute Av with 7 scalar
multiplications
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a b 0 0 e aet+bf
c d 0 0 f cerdf
0 a b - ag+bh
0 0 c d cg+dh
Bv: 1 multiplication
B Y,
b|bo [0 E
b b0 |0 =
ofo]ofo m
ofo]ofo
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Cv: 1 multiplication
C v
ofofo]o E
ofofo]o -
ofo]ec|c m
ofo]ec|c
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Bv: 1 multiplication
B Y
blbJoJo] [e | b(e+f)
blblo]o = |bet)
ofo]ofo m 0
ofo]ofo 0
Cv: 1 multiplication
C v
ofofoTJo E 0
ofofo]o - 0
ofofcfc]| [o ] c(g+h)
olo]cc c(g+h)
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Dv: 1 multiplication

Dv: 1 multiplication

D v
0 |ofofo e | 0
c-bfofo]cb = (c-b)(e+h)
b-clo[ofbc| o | (b-c)(eth)
o |o]olo 0
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Ev: 2 multiplication

E v
ablo|o [0 e | (a-b)e
o [o]o |o e 0
c-b|0 [ac |0 9 | (c-b)et(ac)g
o |ofo [o 0

Note: (c-b)et+(a-c)g =(a-c)(g-€)+(a-b)e

3/6/01 CS140Lec 10 34

D v
o [o]o]o E
c-blo[ofcb -
b-c|0 |0|b-c m
0 [o]o]o
Ev: 2 multiplication
E v
ablo]o [o E
0o [o]o [o e
c-b|o [ac|o m
0o [o]o [o
Note: (c-b)e+(a-c)g =(a-c)(g-e)+(a-b)e
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Fv: 2 multiplication
F v
ofo JoJo
0[d-bfo[bc| [f |=
ofo [o]o o |
oo [ol]dc

Note: (d-b)(f-h)=(d-b)f+(b-c)h-(d-c)h
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Fv: 2 multiplication

F v
ofo fofo e | 0
0[d-bfo[b-c| [f |= (d-b)f+(b-0)h
ofo fofo g | 0
oo |oldc (d-o)h

Note: (d-b)(f-h)=(d-b)f+(b-c)h-(d-c)h
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Strassen’ s Divide and Conquer

* Input:

e Output: | ¢,  Cp C; = AuBy +A,B;

T(2M)=7T(2(n/2)?) + cn? =0O(n'9” )
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Closest Pair

* Input: Set of pointsn>2 on the plane
{xuy) [1<i<n}

* Output: Pair of closest points (under
Euclidiandistance)
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Closest Pair
Example

o Input: {(1,1),(2,2),(10,1),(10,2)}
- Output: (10,1) and (10,2)
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Closest Pair — Algorithm
Naive Approach

¢ Compute pair-wisedistances
* Choose smallest

Requires O(n?) time
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Simple Inductive Approach
Find Closest Pair in

{P1P; -

<5 Poad

3/6/01

CS140 Lec 10

Simple Inductive Approach cont.
Find Closest point top,

av
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Simple Inductive Approach cont.
Choose best of best
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Simple Inductive Approach

e T(n) =T(n-1) + O(n) = O(n?)
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Divide and Conquer
Partition by x-coordinate
L R

45

ol ® 8
7 ©
[ ]

ow
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Divide and Conquer cont.
Solve sub-problems

of® 0
Q.

3/6/01 CS140Lec 10 46

Divide and Conquer cont.
Choose best of best

|
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What have we missed?
Suppose p and g are closer than d.

L R 1. ThenpelL andgeR
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What have we missed?
Suppose p and g are closer than d.

L R 1. Thenpel andgeR
! 2. Eachiswithind of

the L-R boundary
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What have we missed?
Suppose p and g are closer than d.

L R 1. ThenpeL andgeR
2. They arewithind of
the L-R boundary

3. Their y-coordinates
* differ by lessthand
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Objective: nlgnvs. n?

e Sort (nlgn) then search (constant)

AN
7.

d d
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If d(p,q)<d then
|rank(py)-rank((dqy) |<4

K/
d d
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Closest-pair(P)

* Let M bethe medianp, forpeP

* P={peP|p, <M}, P,={peP|p >M}

¢ Let (r,5) be the closest of the pairs
Closest-pair(P1) and Closest-pair(P2)

* Let Q={peP|d(r9>p,-M[}

¢ Sort Q by y-coordinate.

* Find closest pair p; and p,e Q, where O<|i-j|<4.

¢ Return best pair found
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Running time of Closest Pair

e T(n) =2T(n/2) + nlg(n) = O(nlg(n))
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