Algorithm Design Techniques

* Induction (or Self-Reduction)
* Reduction

* Divideand Conquer (special case of Self-
Reduction)

» Gready
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Greedy Paradigm
Get what you can NOW!
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But sometimesit’s better to ook
around!
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But sometimesitisn't ...

/8/01 TP

| hate gas stations!

* I’mdriving cross country and my routeis
fixed.

* My map tells me exactly where every gas
station along therouteislocated.

« | want to minimize the number of times|
stop for gas...

* ... without running out!
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Greedy

 First stop
—I'll stop at the farthest gas station | can get to
without running out.

e Then repeat
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Greedy is Optimal!

» Cantheoptima makeafirst stopthat is
later?
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Minimum Spanning Tree
* Input: Weighted graph G

e Output: Minimum weight spanning tree of
G
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Weighted Graph

» G=(V,E) isaconnected, weighted graph
with n vertices and m edges.
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Spanning Tree

« A spanning tree of G isaconnected, acyclic
subgraph with vertex set V.
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Weight of Spanning Tree

» Theweight of spanning tree of Gisthesum
of theweights of its edges.
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Minimum Spanning Tree

* A minimum spanning tree of G isonewith
smallest possible weight.

e Findan MST of thefollowing graph:
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Prim’s Algorithm

Chooseavertexw eV
F={w}
WhileV-Fzf

L et e be aminimum weight edge that
emergesfrom F

F=F+{ e}
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Prim’s example

Start with red vertex
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Prim’s example
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Prim’s example
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Prim’s example
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Prim’s example
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Prim’s example
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Prim’s example
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Prim’s example
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Prim’s Algorithm

* |sit correct?
* Isit efficient?
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Cut

« Acutisapartition of thevertices of G into two sets (R,B).

* Anedgeecrossesthecutif it has an endpoint in each set
of the cut.

« Which edges cross the (R,B) cut?
s t u
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Cut Theorem

» Let(R,B) beacut of graph Gandletebea
minimum weight edge crossing the cut.

¢ Then eisin some minimum spanning tree
of T.

« If eistheleast weight edge spanning the cut
thenitisinevery minimum spanning tree of
T.
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Tree Facts

» Atreeonnnodeshasn-1 edges.
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Tree Facts

« Ifeisanedgeof T then T-{e} isaforest
consisting of twotrees.
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Tree Facts

e If eisanedgeof G but not of T then
T+{ e} containsexactly onecycle.
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Tree Facts

1. Atreeonnnodeshasn-1 edges.
2. Ifeisanedgeof T then T-{€} isaforest
consisting of twotrees.

3. If eisanedgeof G but not of T then
T+{e} containsexactly onecycle.
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Proof: Cut Theorem

Let (R,B) beacut of graphGandletebea
minimum weight edge crossing the cut.

e Let T beaminimum spanning tree of G.
If eisin T we are done so suppose not.
Consider thegraph T+{ €} .
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Proof: Cut Theorem

e Consider thegraph T+{¢€}.

— By our tree facts this graph has exactly one
cycleand the cycleincludese.

— Removing any edge of the cycleyieldsa
spanning tree of G.

— If the cycle contains an edge € such that
w(e')3w(e) then T+{e}-{€'} isaspanning tree
with weight no morethan T.
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Consider the cut (R,B)

* Since e spansthe cut at |east one other edge
of the cycle must also span the cut.

* Why?
» Sowhat?
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Prim’s Algorithm

* |sit correct?

— If the edge weights are unique then it follows
immediately from the cut theorem.

— What if the edge weights are not unique?
* Isit efficient?
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Prim’s Algorithm

Chooseavertex w eV
F={w}
WhileV-Fzf

Let e be aminimum weight edge that
emerges from F

F=F+{e}
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Prim’s Algorithm
Running Time: O(n(?))
ChooseavertexweV
F={w}
WhileV-Fz f

L et e be aminimum weight edge that
emergesfrom F

F=F+{¢} .
/

How should we implement this?
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Consider naive approach ...

» Gothrough edgelist to find least weight
edgeemerging from F:
6,13,7,35,8,111,2,10,9,124
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Prim’s Algorithm
Running Time: O(nm)
Chooseavertexw eV
F={w}
WhileV-Fz f

L et e be aminimum weight edge that
emergesfrom F

F=F+{e} .
[

Naive approach O(m)
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What to do?

Data :tuprfeé)\
S
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Fringe vertex

visafringevertexifitisinV-Fanditis
connected by an edgeto avertexuin F
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A less naive approach ...

List of fringe vertices and for each its
minimum weight edgeto F

[b2], [d,3], [a5],[c,10]
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And even better...

« Keepthefringeverticesina JEAPII
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Prim’s Algorithm
A Better Implementation

Chooseavertex xeV
F={x}, H=f
For each e=(u,x): Add record [u,€] to heap H

keyed onw(e)
WhileH £

[u,e]=Find-min(H)

AdduandetoF

For each edge incident to u: Update heap
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Update heap:
[b,2],[d,3].[a,5],[c,10]

* [b,2]: remove[b,2] fromheap [d,3],[a5],[c,10]
« Add new fringevertices: [d,3],[a,5].[c,10],[e,12]
« Update edge weights: [d,3],[a,5],[c,9],[e,12]
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Arethese standard operations?

¢ Extract-min
¢ Add element to heap
¢ Reduce key of element in heap 21?
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Decrease key

» Next homework assignment: Design

decrease key algorithm for heapsthat runs
intime O(lg(n)).

3/8/01 Cs140Lec 1l

Prim’s Algorithm
Running Time

Choose avertex xe V

F={x}, H=f

For each e=(ux): I Nnsert

WhileH # ¢
[ug=Extract-ming)
AdduandetoF

For each edgeincident tou: | nsert or Decr ease-
key ordonothing
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Prim’s Algorithm
Running Time

« Heap operations across agorithm:
—n Extract-mins O(Ig(n)) each

—nInserts O(Ig(n)) each
—m-n Decrease-keys  O(Ig(n)) each
— m Do nothings O(1) each

* Total timeisO(mlg(n))
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But wait ...suppose we could
decrease-key in time O(1)
* Heap operations across algorithm:

—n Extract-mins O(Ig(n)) each

—n Inserts O(Ig(n)) each
—m-n Decrease-keys  Qfgn)) O(1) each
— m Do nothings O(1) each

* Thentota timeisO(m+nlg(n))
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Bravo, bravo ...

“\ N
2 4
p— A —
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Do It With Fibonacci Heaps

Huh? /’ ?.
/

Kruskal’s (Greedy) Algorithm

Lete, e, ..., e,betheedgesof G sorted by
increasing weight.

F=V  (Fisaforest of isolated vertices)

Fori=1tom
If F+{e} isacyclic then F=F+{e}.
Return(F)

=4
Don't worry— it works!
Kruskal’s Algorithm

 Order theedgeweights. (Inthisgraphthe
weightsareunique.)

* 1,23456,7,8910,11,12,13
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Kruskal’s Algorithm-cont.

* 1,2,3456,7,8910,11,12,13
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Kruskal’s Algorithm-cont.

* 123,456,78910,11,12,13
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Kruskal’s Algorithm-cont.

* 1,234,56,78910,11,12,13
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Kruskal’s Algorithm-cont.

* 1,2,345,6,78910,11,12,13
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Kruskal’s Algorithm-cont.

* 1,23456,78910,11,12,13

3/8/01 Cs140Lec 1l

Kruskal’s Algorithm-cont.

« 1,2,3,4,5,67,8910,11,12,13
» Canwe add the edge with weight 7?
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Kruskal’s Algorithm-cont.

* 1,2,34,5,6/,8910,11,12,13
« Canwe add the edge with weight 8?
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Kruskal’s Algorithm-cont.

* 1,2,345,6/,89,10,11,12,13

3/8/01 CS140Lec1l

Kruskal’s Algorithm-cont.

MST of G with cost
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Kruskal’s Algorithm

» Doesit work in general?

* Proveit.
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Kruskal’s Algorithm
Proof of Correctness
Claim:

At each stage of theagorithm Fisa
subgraph of some M ST of G.
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Kruskal’s Algorithm

Lete, e, ..., e, betheedges of G sorted by
increasing weight.
F=V  (Fisaforest of isolated vertices)
Claimistrue here
Fori=1tom
If F+{e} isacyclicthen F=F+{g}.
Return(F)
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Loop Invariant

Lete, e, ..., &, bethe edges of G sorted by
increasing weight.
F=V  (Fisaforest of isolated vertices) Claim istrue here
If Claimistrue here

hForizl tom

If F+{e} isacyclic then F=F+{e}

Then Claimistrue here

Return(F)
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Kruskal’s Algorithm
Proof of Correctness

Loop Invariant:
Fisasubgraph of someMST of G.
Proof:

Consider thekt execution of the loop. Let T bea
MST of G containing F. What can happen
during the loop?

1. giisnotaddedtoF
2. g isaddedtoF
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Kruskal’s Algorithm
Proof of Correctness

Loop Invariant:
Fisasubgraph of some MST of G.

Pr oof:

1. gdisnotaddedtoF
In this case F does not change so the claim holds when
execution of loop concludes
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Kruskal’s Algorithm
Proof of Correctness

Loop Invariant:
Fisasubgraph of someMST of G.

Pr oof:

2. gisaddedtoF
Weknow that T isaMST of G and T contains F.
Need to show thereisaMST of G that contains F+{ g}
If g isanedgeof T wearedone. So assumenot.
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What do we know?

Assume g=(u,v). Theverticesuandv arein
separate connected components. Let Sbethe
vertices of F,.

NSO
)
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What do we know?

e, isaminimum weight edge spanning (S,V-
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Using our tree facts

» Thegraph T+{e} contains exactly onecycle.

» Thiscycle contains e, and at least one additional
edge e that spans (S,V-9).

* THe}-{€} isan MST of G.

e

N}
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Moreover

o T+{g}-{€} isan MST of G that containsthe
edges of F+{e,}.

7
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Running Time

* WEe'll savethat for later...
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