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Algorithm Design Techniques
* Induction (Self-Reduction)

— Divide and Conquer
— Dynamic Programming
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Outline

e Longest Common Subsequence
— Inductive Approach
— Dynamic Programming
— Backtracking

» Matrix Chain Multiplication
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L ongest Common Subsequence

 Input: Two sequences (lists) of integers
X=X Xg, ooy Xpand Y=y yo, oY

e Output: A longest subsequence of X that is
a so asubsequence of Y
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LCS- Example

e Input: X=1,-2, 3, 4,9,18
Y=309, 1, -2 5,-22218

e Output: Z2=1,-2,18
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LCS,.; Algorithm
Finds L CS of sequenceswith n+1 or fewer
elements (total)

LCS,.; Algorithm

X LCS, Algorithm

—

transform

transform

Y —
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Easy cases:
XorY isempty

« LCSF, Y[1...m]) =

« LCSX[L...j], F) =
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Harder case
(Assume j>0, m>0)

X =Xq, Xy, ... X1 X Y=Y.Ys - Ym1 Ym

1. X,=Y,
1 .
2. Xty
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Run Time

T(@j,m) =max( T(j-1,m) + T(j,m-1)), T(m-1,n-1)) + c
>2T(-1m-1) + c
= \MZmin(j,m))
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Run Time Analysis
Many duplicated subtrees

() ®
/\ /\
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Dynamic Programming
Don't Recalculate

G (o)
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Dynamic Programming
* A(i,k) isthelength of alongest common subsequence of

X[1...i] and Y[1...K]

* A(i,00=A(0,k)=0 O£i£j and OEkEm
e A(i,k)= maximum of
A(i-1K), A(,k-1), and A(j-1,k-1)+match(x;,y,)

« A(j,m) isthelength of alongest common subsequence of
XandY
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LCS- Algorithm

LCS(X=X 3 X0 XY =Y 1Yor - Vi)
Fori=0toj: A(i,0)=0
Fori=0tom: A(0,i)=0
Fori=1toj
Fork=1tom
If x;=y\ then match=1 el se match=0
A(i,k) =max(A(i-1,k),A(i k-1),A(i-1,k-1)+match))

Run Time Analysis

¢ Number of tableentries:
« Timeto compute one entry:
¢ Runtime:
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Return A(j,m)
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Backtracking
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Outline

 Longest Common Subsequence
— Inductive Approach
— Dynamic Programming
— Backtracking

¢ Matrix Chain Multiplication
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Matrix Chain Multiplication Matrix Chain Multiplication

e Aisannx mmatrix e Alisa2 x 5matrix
* B isanmx k matrix * Bisab x 1000 matrix
» How many scalar multiplications are needed e Cisal000 x 2 matrix.
to compute AB?  How many scalar multiplications are needed
to compute ABC?
- (AB)C
- A(BC)
Matrix Chain Multiplication MCM,, Algorithm
o Input: A list of n+lintegersp,,pP,, -« s Pres
- ne1 Algorith
» Output: The minimum number of scalar MM Algoriihm
multiplications needed to compute P _, A, T —_
where A;isap; xp;,, matrix. Pre1 S o a, |mom, Algorithm num,é L um
5 5
(Assume a standard matrix multiplication procedure is used; -
i.e. no Strassen-like improvements.)
Inductive Approach Inductive Approach
» Consider aninput: p,P,P3P4PsPs * Consider aninput: p;,p,3,P4PsPs

* Imagine an optimal way of multiplying
« Imaginean optimal solution: 10773 matrices Ay Ay AgALAs!

(A(AA)) (AAs)
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Inductive Approach

» Thereissomelast multiplication
(A(AA) | (AA)
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Inductive Approach cont.

* Thereissomelast multiplication
(A(AA) | (AA)

* SOOPT(AALALAA) =
OPT(AllAZ'AS) + OP-F(A4’A5) + plp4p5
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Inductive Approach

« Wedon't know where the top split occurs ... but
clearly OPT(A,A,.AALA;) =

MiN g5 OPT(Ay,...,A) + OPT(Aysy,... Ag) + P1PyiaPs

« where OPT(A)=0
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Running Time

* T(N) = Soan T(K) + T(-K) + €

Dynamic Programming

» Useatableto store results

* What kind of results?
— M(k,j) = Minimum number of multiplications
tocompute P, ;A
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3 2T(n-1) +c¢
=W2")
M(K,j) for K<j
1 2 3 4 5

1
2 M(3,5) needs:
3 ] M(3,3),M(4,5),
4 M(3,4),M(5,5)
5




M(k,j) needs M(i,m)
where m-i <j-k

4 o
L 4

/| /
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3/22/01

M(k,j) needs M (i,m)
where m-i <j-k

Csl140Lec12

32

Dynamic Programming
Algorithm

M (k,k)=0
Forjksuchthatj-k =1,2,...,n-1
M(kj)=min, 3 MKD+M(+1]) + pp;.p;

Return M(1,n)
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3/22/01

Input: 2,3,1,5,4,8

(A;1s2x3,A,is3x1, ...)
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MCM Algorithm

 Recursive Algorithm takes exponential
time.

 Dynamic Programming takes
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