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Why polynomial?

* Someonesaid o...
* |t makesalot of sense...
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What'sin P?

Every decision problem that hasa

polynomialtime algorithm: e.g.

— Isthelist S of integers sorted in ascending
order?

— Isthe graph G connected?

— Does graph G have aM ST with cost K or less?

— Doestree T have avertex cover of sizeK or
less?
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What about Search problems?

* We'll come back to that.
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What isnot in P?

 Recognizing true statements in Presburger
arithmetic

* Thecircularity problem for attribute
grammars

* Inequivalence for regular expressions with
squaring

» And others
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Huh?
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The world of solvable

problems...
Known Don’t know
to be
tractable
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The world of solvable
problems...asit seems

Don’t know

4/5/01 CS140Lec15 12




NP: all tractable + some don’t

IsP=NP?

N .
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Know
NP — Known to
be tractable
Dog’t know
(Known to
beinP)
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About NP
e PisinNP

Some of NPisindon’t know
» NP asaclass has some nice properties

NP isthe smallest class containing some
don’t knowsthat hasthese properties
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What isNP?

¢ NPistheclassof decision problemsthat
havepolynomial -time verifiable proofs.

« HUH?
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Formal Language Theory

* A language over an aphabet S isasubset of
S
» Examplesfor S={0,1}
—{01,0101,010101,...}
-{0,11, 110, 1001, ...}
—f
S
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Some classes of languages

* Regular
 Context-free

* Recursive

» Recursive-enumerable
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Language classes

* Language classes are typicaly defined by
the computational power needed to answer
membership queries.

IsxinL?
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Some classes of languages

* Regular — Finite Automata
* Context-free— Pushdown Automata
» Recursive— Turing machine

¢ Recursive-enumerable— Turing machines
can answer yes but not necessarily no.
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Turing machine

» A simplemode of acomputer:
— Finite state machine
— R/W tape
— Can be programmed to follow simplerules
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Church-Turing thesis

¢ Any physicdly-realizable computing device
can be modeled with a most polynomial-
time blowup by arandomized Turing
machine.
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Note

* Church-Turing thesismay bedisproved by
quantum computersif they arefound to be
— Physically realizable

— Provably more powerful than traditional Turing
machines

4/5/01 CS140Lec15 23

More classes

» Membership questions can be answered by
resource-bounded Turing machines
— Limit time
— Limit space
— Limit randomness
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P

» Membership questions can be answered by
resource-bounded Turing machines
— Limit time— polynomia
— Limit space
— Limit randomness — none
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More classes

» Membership questions can be answered by
resource-bounded non-deter ministic
Turing machines
— Limit time
— Limit space
— Limit randomness
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NP

» Membership questions can be answered by
resource-bounded Nnon-deter ministic
Turing machines
— Limit time - polynomial
— Limit space
— Limit randomness - none
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Decision Problems

e Computational problemsinwhichthe
outputisYesor No.

* Decision problems can be posed as
membership queries.
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Vertex Cover

Yesinstances

(Gk) such that G
hasavertex cover

of sizek
Input space: G,k

No instances

(Gk) such that G
does not have a
vertex cover of
sizek
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Vertex Cover

Input space: valid
Input space: G,k

encodings

Y esinstances Y esinstances

(Gk) such that G x: such that x

has avertex cover encodes a yes-

of sizek Encode (GK) &4 instanceof V.C.
binary strings

No instances No instances
(Gk) such that G x: such that x
does not have a encodes a no-
vertex cover of instanceof V.C.
sizek
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Language over {0,1}"

Y esinstances

x: such that x
encodes a yes-
instanceof V.C. Invalid

encodings
No instances

x: such that x
encodes ano-
instance of V.C.
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Encoding Rule
* Itiseasy to determinewhether or not a
binary string isavalid encoding.
A problem of size n can be encoded in
poly(n) bits.

 Notion of tractability is preserved.
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Our outlook

» Natura problems

— Ignore coding issue unless it matters
* Decison version

— What about search?

 Objective to distinguish tractable from
intractable
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Shopping Bag Problem

nitems of weight at most B

¢ Natural problems
—Ignorecodingissueunlessit matters
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Shopping Bag Problem

nitems of weight at most B

 Natura problems
— Ignore coding issue unless it matters

—Coding clarifieswhat we mean by
“input size’

4/5/01 CS140Lec15 35

Shopping Bag Problem

nitemsof weight at most B

» Natural problems
« Input sizeisn Ig(B) bits
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Shopping Bag Problem

nitems of weight at most B

 Natura problems
* Input sizeisn Ig(B) hits
» Objective: An O(nB) agorithm does not
prove tractability
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Our outlook

¢ Decison version
— What about search?

« |f the decision problem isintractable then the search
problem isintractable. Why?
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Our outlook

» Decision version
— What about search?
« If the decision problem is intractabl e then the search
problemisintractable. Why?
» Typically, if the decision problem is tractable then
so isthe search problem. Why?
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Our outlook
* Objectiveto distinguish tractable from

intractable
— However meager thismay be
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Theworld asit seems...

4/5/01

The world aswe believeit to
be...

P: Tractable m
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NP

* Languagesthat can be posed as
{x |9y such that P(x,y)}

where P(x,y) ischeckableintime poly(|x|)
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Example

« VC:
—x=(G,k)
—y isavertex cover of G containing k or fewer
vertices

* 3-coloring:
—x=G
— vy isafunction mapping V to { red,blue,green}
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NP

¢ Languagesthat can be posed as

{x |9y such that P(x,y)}
where P(x,y) ischeckablein time poly(|x|)

* yiscalled awitness (or proof) for x
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NP: Other characterizations

* Languagesdecidablein polynomial -time by
anon-deterministic Turing machine

* Languages that have probabilistically
checkable proofs using aconstant number
of queries and logarithmic randomness
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The world aswe believeit to
be...

P: Tractable

But what could be...

P=NP:
Tractable
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The world aswe believeit to
be...

NP

P: Tractable

NP-complete

« If AisNPand B is NP-completethen
Ap,B
« |f any NP-complete problemistractable
then every NP problem istractable.
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NP-Completeness Map

Clique

[

Independent Set

[

Vertex Cover

Dominating Set
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e IsitinNP?
—lIsitasoinP?
— Isit NP-Complete?
— Else?
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NP-Completeness Map
Legend
Vertex Cover vCy, DS
1. If VCisNP-hardthensois
DS.
Dominating Set 2. If DScan be solved
efficiently then so can VC.
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NP-Completeness Map

Clique

|

Independent Set

[

Vertex Cover

Dominating Set
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Cligue « Independent Set

For G = (V,E) the complement of G is
G=(V,V'V-B

D -
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Cligue « Independent Set

A cliquein G isan independent set in G°.

*A cliquein G®isanindependent setin G.

4/5/01 Csl40Lec15 56

Clique p, Independent Set

Algorithm for Clique

o)
ck | § Gk | Algorithm [ Y
2 for Ind. Set
3
N
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Independent Setp , Clique

Algorithm for

Independent Set
o]
Gk | 8 Gk | Algorithm Y
g for Clique
38
N
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Tclique (n1m)

Tclique (n,m): n2+ Tind-set(n'nz'm)

\

Reduction is poly(n,m)
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Tclique (n’m)

Tclique (n’m): nZ+ Tind-set(n’nz'm)

If Ting.cet 1S POlyNomially-bounded then so is

clique
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NP-Completeness Map

Clique
[ trivial

Independent Set
t smple
Vertex Cover

easy
Dominating Set
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NP-Completeness Map

Hamiltonian Cycle
Voo
Hamiltonian Path
l trivial

Longest Path
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NP-Completeness Map

smple

3-Col0ring ). 4-Coloring

trivia\ %vial

K-Coloring
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