CS140: Algorithms

Z Sweedyk
Lecture 10
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Algorithm Design Techniques

e Induction
« Reduction
« Divide and Conquer
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Induction: Algorithm,

Algorithm,
Input, | £ Inputy, Output,., | Output,
— % —1 Algorithm,, — s
g g
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Induction: Algorithm,

Divide and Conquer:

Algorithm,
Algorithm,
Input, E Inputs,, Outputs,, Output,,
— % — Algorithm,, [— %—-
8 L . B
s T 8
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Algorithm,
Input, E Inputs,, ; Outputs, 4 Output,
— % — Algorithm,, |— g—-
E — " %
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Sorting

e Insertion Sort: 1(n)=T(n-1)+cn=0(n?)
- Sort first n-1 elements
- Insert element n into sorted list
e Merge Sort:  T(n=2T(n/b)+cn=0(n Ig(n))
- Sort first n/2 elements
- Sort last n/2 elements
- Merge sorted lists into one sorted list
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Matrix Multiplication

e Input: Two n x n matrices A, B
e Output: The product AB

Reminder
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Example
1 3 2 3
e Input:
2 4 2 1

« Output] * 6
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Algorithm

Fori=1ton
Forj=1ton
C[i,j]1=0
Fork=1ton
Clij1=C[i.j1 + Ali.KIB[K,j]
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Operation Count

Fori=1ton
Forj=1ton
C[ijl=0
Fork=1ton
C[i.j1=C[i.j]+ AfiKIB[k,j]

Requires n3 multiplications and n?(n-1)
additions.
(Note the input size is 2n2.)
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Divide and Conquer: n=2m

° I nput- All A12 Bll BlZ

A21 A22 BZl B22

* Outputj c, ¢y, Cy=AuBy +A By

T(2n?)=8T(2(n/2)?) + cn? =O(n%)
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Can we do better?

e T(2n?)=aT(2(n/2)?»+cn? = o(n®) if a<8
« Strassen’s algorithm:
a=7 and T(n)=0(n'>%,")
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Strassen’s Algorithm
Base Case: 2x2

a b e g ae+bf ay+bh
c d X f h = ce+df og+dh
Isthere hope?
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A little magic ...

We can compute Av with 7 scalar
multiplications!
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Rephrase
Call thismatrix A Call thisvector v
4 '
a b 0 0 e aetbf
c d 0 0 f cetdf
0 0 a b g - ag+bh
c d h cg+dn
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BandC
B C B+C
b |b|O (O 00|00 |0
b |b|O (O 00|00 |0
0(0]|0]0 0|0 |c |c
0(0]|0]0 0|0 |c |c
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B and C
B C B+C
b (b]O [0 0|0]|0O |0 b |b |00
b (b]O [0 0|0]|0O |0 b |b |00
0|0]|0 |0 010 |c |c 0|0 |c|c
0|0]|0 |0 010 |c |c 0|0 |c|c
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B, Cand D

B+C D B+C+D

c-b c-b

b-c

o|o|o|Oo
o|o|o|o

o|Oo|Oo|Oo
o|Oo|0O|Oo

b
b-c b-c |0
0

o|o|T|T
o|Oo|T|T
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B,C,DandE

B+C+D E B+C+D+E

b |00

c-b

b

o|lolo |
o|o|T

O|0 |0
o

Q

o
olo[ofo
Q

1

o
olo[ofo

ol |O

Cc
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B+C D B+C+D
blb|0OfO]| |O 0 (0|0
b|b |0 (0] [c-b [0 |O [c-b
010 [c |c b-c |0 [0 |b-c
00 |c |c 0 0 (0|0
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B,C,Dand E
B+C+D E B+C+D+E
b b |0]|O a-b |0|0 |O
[ b |0 [c-b 0 0|0 |0
b-c |0 |c |b c-b [0la-c |0
0 0fc|c 0 |oj0 |O
10/17/01 CS140 Lec 10 21
B,C,D,Eand F
B+C+D+E F B+C+D+E+F
alb|O|O 0|0 |O|O
cl|b|O]|c-b 0 |d-b |0 [b-c
0l|0la|b 0|0 |O|O
0|0|c |c 0|0 |O |d-c
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B,C,D,Eand F

B+C+D+E F B+C+D+E+F
b|of0
O|c-b
alb
clc

b-c

o|o|o| o
(o] fo) No) o]

o|o|o |
o|o|T
o
o|Oo|0 |
o|o|a
ol |O
o|T|O

d-c
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A=B+C+D+E+F

a b 0 0 e aetbf
c d 0 0 f ce+df

a b ag+bh
0 0 c d cg+dh
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A little magic...

Claim: We can compute the products
Bv, Cv, Dv, Ev, and Fv with 7 scalar
multiplications

So we can compute Av with 7 scalar
multiplications
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Bv: 1 multiplication

B Y,
beO
blbfofo] [f | -
oooo
oooo
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Bv: 1 multiplication

B Y
blofoo]| [e | b(e+f)
b{blo[o = b(e+f)
olo]o|o m 0
olo]o|o 0
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Cv: 1 multiplication

C v
ofofo]o E
ofofo]o -
olo]c|c m
olo]c|c
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Cv: 1 multiplication

C v
ofofofo]| [e | 0
ofofofo - 0
ofofcfc| |9 | c(g+h)
o[o]c|c c(g+h)
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Dv: 1 multiplication

o

Ev: 2 multiplication

o|lo|o|o] m
o|lv|o|o
=]l i=] k=] k=]

HEREE
1"
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Fv: 2 multiplication

o[o[o]o
&
o
olololo
i
(¢]
PR <
I
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\"
o [olofo e | 0
c-b [0]0]c-b e (c-b)(e+h)
b-c [0]o[b-c | 9| (b-c)(eth)
o |o]ofo h | 0
Ev: 2 multiplication
E v
a-b |0]0 |[O (a-b)e
ofo [o| [f |= 0
c-b [0fa-c [0 | |g | (c-b)et(a—c)g
0 ofo [o]| || 0
Note: (c-b)e+(a-c)g =(a-c)(g-e)+(a-b)e
Fv: 2 multiplication
F v
ofo TJoJo 0
0[d-b [0fb-c| [f |= (d-b)F+(b-c)h
olo oo 9 | 0
oo [ofdc (d-c)h
Note: (d-b)(f-h)=(d-b)f+(b-c)h-(d-c)h

Strassen’s Divide and

Con uer
All A12 Bll BlZ

e Input:
A21 A22 BZl BZZ

* Outputj c, ¢y, Cy=AuBy +A By

T(2M)=7T(2(n/2)?) + cn? =O(nlo%s7 )
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Closest Pair

* Input: Set of points 2 on the plane
{&iy) 1 1<i<n}
e Output: Pair of closest points (under
Euclidian distance)
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Closest Pair
Example
 Input: {(1,1),(2,2),(10,1),(10,2)}
e Output: (10,1) and (10,2)
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Closest Pair — Algorithm
Naive Approach

e Compute pair-wise distances
» Choose smallest

Requires O(n?) time
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Simple Inductive Approach
Find Closest Pair in

{P1,Ps, ..., Py}
& :
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Simple Inductive Approach
cont.
Find Closest point to p,

ap
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Simple Inductive Approach
cont.
Choose best of best
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Simple Inductive Approach

e T(n) =T(n-1) + O(n) = O(n?)
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Divide and Conquer
Partition by x-coordinate
L s R
[ ]

o~
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Divide and Conquer cont.
Solve sub-problems

o|® 0
Q.
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Divide and Conquer cont.
Choose best of best

'
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What have we missed?
Suppose p and g are closer than
d.

L R 1. ThenpeLandge
R
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What have we missed?
Suppose p and g are closer than
d.

L R 1. ThenpeLandqge
; R

2. Each is within d of
the L-R boundary
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What have we missed?
Suppose p and q are closer than
d.

R 1. ThenpeLandqge
R
2. They are withind
of the L-R
boundary
. 3. Theiry-
coordinates differ
by less than d
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Objective: nlgnvs. n?

e Sort (n lg n) then search (constant)

IhN(E
71l -

———

d d
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If d(p,q)<d then
| rank(p,)-rank(q,)|<4
d
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Closest-pair(P)

Let M be the median p, for p eP

P={peP|p,<M}P={peP|p,>M}

e Let (r,s) be the closest of the pairs
Closest-pair(P1) and Closest-pair(P2)

* Let Q={p eP | d(r.s)>|p,-MI}

Sort Q by y-coordinate.

Find closest pair p; and p; e Q, where 0<[i-

il<a.

e Return best pair found
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Running time of Closest Pair

e T(n) =2T(n/2) + nlg(n) = O(n Ig(n))
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