CS140: Algorithms
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NP-completeness
Problem A isNP-Complete if

« AisinNP
¢ A isNP-hard
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A eNP

A isadecision problem and its yes-instances can
be described as

{x | $y such that P(x,y)}
for apolynomial-time checkable predicate P.
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Clique

 Input: A graph G and aninteger K

* Question: Does G contain afully-
connected subgraph with K or more
vertices?
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Cliqueisin NP

Proof: Show how to expressthe yesinstances
of Clique as{x |9y such that P(x,y)}.

* x: GK

* y: A subset W of the verticesof G

* POy)=PGW):
- [WIFK
— Each pair of vertices of W is connected by an

edgein G
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Independent Set
* Input: A graph G and aninteger K

¢ Question: Does G have K or more vertices
that mutually non-adjacent?
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Independent isin NP

Proof: Show how to express the yes-instances of
Independent Set as {x | $y such that P(x,y)}.

* X2 GK

e y: A subset W of the vertices of G

* P(x.y)=P(GW):
- IWIFK
— No pair of verticesin W is connected by an edgein G

11/14/01 CS140Lec17 7

Vertex Cover
* Input: A graph G and aninteger K

¢ Question: DoesG haveK or fewer vertices
that touch every edge of G?
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Vertex Coverisin NP

Proof: Show how to express the yesinstances of
Vertex Cover as{x | $y such that P(x,y)}.

« x: GK

e y: A subset W of the vertices of G

¢ P(x.y)=P(G,W):
- WIFK
— Every edge of Gisincident to somevertex in W
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NP-compl eteness

Problem A isNP-Complete if
« AisinNP
e A isNP-hard
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A isNP-hard

For any problenBeNP, B p,A.

Algorithmfor B

Inputg Input,|  Algorithm for A Y/N
—

transform

Note: If A can be solved in polynomial time, then so can every other problem in NP.
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To prove A isNP-hard

Find some NP-hard problem B ¢and show that
Beu,A. Thenforany BeNP, B A.

Algorithm for B

Algorithm for B¢

Inputg
Inputg, Input, [ Algorithm [N
—_— — for A
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Reduction Map

Clique

|

Independent Set

|

Vertex Cover

Dominating Set
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Reduction Map
Legend

Vertex Cover vCy, DS
1. If VCisNP-hard thensois
DS
Dominating Set 2. If DS can be solved

efficiently then so can VC.
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NP-Completeness Map

Clique
[ trivial
Independent Set
[ smple
Vertex Cover

easy
Dominating Set
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Cligue « Independent Set

For G = (V,E) the complement of G is
G =(V,V'V-B

R
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Clique « Independent Set

A cliquein G isan independent set in G¢.

A cliquein G®isanindependent setin G.
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Clique p, Independent Set

Algorithm for Clique

)
Gk | 8 &k | Algoritm LY
g for Ind. Set
(6]
N
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Independent Set p, Clique

Algorithm for

Independent Set
o}
Gk | § &k | Algoritm Y
% for Clique
O
N
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Tclique (n:m)

Tclique (n1m): n?+ Tind-set(nanz'm)

If Tipq.cet 1S pOlynomially-bounded then so is

Tcl ique
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NP-Completeness Map

Clique
[ trivial
Independent Set
t smple
Vertex Cover

easy
Dominating Set
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Vertex Cover « Independent Set

Vertex Cover « Independent Set

Wi V isaVertex Cover of G iff V-W isan
Independent Set of G.

Every edge of Gisincident to avertex in W
iff no edge of G has both endpointsin V-W.
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For G=(V,E):
Wi V isaVertex Cover of G iff V-W isan
Independent Set of G
~A U
Vertex Cover |, Independent Set

Algorithm for Vertex Cover

Gk Gn-k Algorithm Y
for Ind. Set

Note: G has n vertices.
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Independent Set |1, Vertex Cover

Algorithm for

Independent Set
Gk Gn-k| Algorithm Y
for Clique

Note: G hasn vertices.
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Reduction Map

Clique

[

Independent Set

[

Vertex Cover

Vertex Cover p, Dominating Set

Dominating Set
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Transform
Add new Xuy
vertex for
each edge
GK G K'=K+I,
| isthe number of
isolated vertices of G
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Algorithm for Vertex Cover
€ :
G.K 5 GGK ¢| Algorithm for| Y
2 Dom. Set
g
N
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Claim

» Ghasavertex cover of sizeK or lessiff G¢
has adominating set of size K+l or |ess.

11/14/01 CS140Lec17 29

Proof b

Let W be avertex cover of G containing K or fewer vertices.
Let Webe the isolated vertices of G. Claim: WE W¢isa
dominating set of G¢containing K+l or fewer vertices.

— Let v beavertex of Gt We must show that either vi
W E Weor v is adjacent to avertex in WE W¢

— If visanisolated vertex then vi W¢and we are done.

— Suppose Vv is not an isolated vertex. Then we may
assume that (u,v) isan edge of G. Since W isavertex
cover of G either vi W or ul W. Ineither casewe are
done.
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Proof U

Let W be adominating set of G¢containing K+l or
fewer vertices.

Then there exists adominating set of G¢containing K+ or
fewer vertices all of which are vertices of G.
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Claim

 Thereduction can be donein polynomial
time.
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Proof U

Let W be adominating set of G¢containing K+ or fewer
vertices. WLOG assume W only contains vertices of G.

Let Webe the isolated vertices of G. Then W-W¢is a vertex
cover of G containing K or fewer vertices

Let e=(u,v) bean edge of G. Wemust show that either uor vis
inW-w¢

By our reductions, X, , isavertex of G¢ By our previous
argument, X,,,, isnotin W. Since W isadominating set of G¢

either uor visin W. Neither unor v isisolated so either uorv
isinw-w¢
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Cook’s Theorem

Cook’s Theorem: SAT isNP-hard.

o SAT:

— Input: A boolean expression E in conjuctive
normal form.

— Question: DoesE have a satisfying truth

assignment; i.e. atruth assignment under
which E evaluates to true?
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NP-compl eteness
Problem A isNP-Complete if
« AisinNP
e AisNP-hard
Show Bu A, where B is NP-hard.

Wheredidit all begin?
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Levin's Theorem

e Levin'sTheorem: Tiling is NP-hard.
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Reduction Map |1

Hamiltonian Cycle
0 T
Hamiltonian Path
L trivial
Longest Path
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HPp, LP

Algorithm for HP

Algorithm Y
for LP

&

transform
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Transform

By definition, G has aHamiltonian Path iff
it hasasimplepath of lengthn-1.
(n=#vertices)

» Solet G=Gand K=n-1
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Reduction Map |1

Hamiltonian Cycle
by
Hamiltonian Path
L trivial

Longest Path
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HCu, HP

Algorithm for HP

(9]
&

Algorithm Y
for HC

transform
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Transform — Step 1

Add new vertex
X attached to
some vertex u
inG

-
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Transform — Step 2

Add short path X
Y,Z attached
to each
neighbor of u -( Y
Gt
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Clam

¢ GhasaHamiltonian Cycleiff G’ hasa
Hamiltonian Path

 Thereduction can be donein polynomial
time
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Exercise: HPp, HC

Algorithm for HC
€ .
g Gt Algorithm Y
§ for HP
N
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Exercise: Reduction Map |11

smple

3-Coloring —— 4-Coloring

trivia\ Aial

K-Coloring
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