CS140: Algorithms
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NP-completeness

Problem A isNP-Complete if
e AlisinNP
e A isNP-hard
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Reduction Map |1

Hamiltonian Cycle
0

Hamiltonian Path
L trivial

Longest Path
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Exercise: HPp, HC

Algorithm for HP

Algorithm Y

for HC

transform
192
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Transform

Add new X
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connected
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Claim

* G hasaHamiltonian Path iff G’ hasa
Hamiltonian Cycle.
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Exercise: Reduction Map |11

smple

3-Coloring —— 4-Coloring

trivia\ Aim

K-Coloring
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3 Col u, K Col

Algorithm for 3 Col

Exercise: 3 Col ., 4 Col

Algorithm for 3 Col

£
G 5G,3 Algorithm | Y
B for K Col
s
N
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Reduction

Construct G’ based on G so that
G’ is4 colorableiff Gis 3 colorable
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G g G Algorithm Y
- % — ] for4col
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Some Basics
e 3SAT * VC
« 3DM * Clique
¢ X3C * Independent Set
¢ Partition » 3 Colorability
« HC * 4 Colorability
* HP » K Colorahility
* Longest Path
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3SAT

* Input: Booleanformulain conjunctive
normal form inwhich each clausehas 3
literals

* Question: Isthere atruth assignment to the
variables under which the formulaeva uates
totrue?
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X3C: Exact Cover by 3-Sets

* Input: A collection of triplesover an
underlying set U.

* Question: Isthereasubset of thetriples
such that every element in U occursin
exactly onetriple of the subset?
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Partition
* Input: Set of integers S

* Question: Can Sbe partitioned into two
setsA andB sothat S, aX = S, X ?
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Reduction Techniques

* Restriction (easy)
* Local Replacement (medium)
» Component Design (hard)
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Restriction

¢ Problem A isaspecial case of Problem B

A |, B by restriction
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Examples of Restriction

* HPH, Longest Peth
+ 3-Colorability A D K-Colorahility
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New Problems

e Minimum Cover

* Hitting Set

Subgraph Isomorphism
Bounded Degree Spanning Tree
» Knapsack

» Multiprocessor Scheduling
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Minimum Cover

* Input: Collection C of subsetsof theset S
and aninteger K

* Question: DoesC contain K or fewer sets
whoseunionisS?
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Hitting Set

* Input: Collection C of subsetsof aset S
and aninteger K

* Question: Isthereasubset Wi S containing
K or fewer elements such that every setin C
hasan elementin W?
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Subgraph Isomorphism
 Input: GraphsGandH

* Question: Does G contain asubgraph
isomorphic to H?
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Bounded Degree Spanning Tree

¢ Input: Graph G and integer K

* Question: Does G have aspanning treein
which each vertex isincident to K or fewer
edges.
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K napsack

* Input: A set of “items’ each having an
integer “weight” w and an integer “valug’
v, plusintegers B and K

* Question: Isthere asubset of itemsthat
weighsat most B and hasvalue at least K?
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Multiprocessor Scheduling

e Input: A set of computational tasks wheretask i
requires t; seconds to process, an integer K
representing the number of processors available,
and an integer D representing the amount of
seconds available for processing.

* Question: Can the tasks be scheduled on the
processors o that al finish in D seconds?

(A task must be completed on a single processor without
interruption. You can assumet; isan integer.)
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Set Packing

* Input: Collection C of setsand aninteger K

* Question: DoesC containat K or more
digoint sets?
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