Computer Science 131, Spring 2001
Assignment 10: Implementing Theory

Out: Wednesday, April 11, 2001
Due: Wednesday, April 18, 11:00am

To complete this assignment, retrieve the files assign10.sml from the Assignments web
page. (No special version of the compiler is required.)

Complete the functions in the assign10.sml file. As always, your file should contain no
syntax or type errors. The submission process is the same as usual; when you are ready, run
the command

csl131submit assignl0O.sml

1 Combinatory Logic (60%)

1. Translation from Lambda Terms

The assignl10.sml file contains the following code for representing A-terms and terms
in combinatory logic:

type varname = string (* variables are strings again *)
datatype lam = Var of varname
| Lam of varname * lam (* arg. variable and body *)
| App of lam * lam (* Function application *)

datatype cl CLVar of varname

(* an extra constant *)
(* an extra constant *)
(* an extra constant *)

—— — = — =
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CLApp of cl * cl

The use of these representations should be fairly obvious. For example, the A-term
Az Ay.(zy) would be represented as Lam("x",Lam("y",App(Var "x",Var "y"))) and



the CL-term SzK would be represented as CLApp (CLApp(S,CLVar "x"), K). The lan-
guage of combinatory logic has also been extended with three constants |, B, and C,
which can be ignored for the moment.

In class, you saw the following definition of bracket abstraction and the translation of
A terms into CL-terms:

2] K — KK

[x] S = KS

[z] x = SKK

2]y = Ky (if # # y)
[z] ab = S([z]a)([z] D)

CL(x) =z

CL(MN) = CL(M)CL(N)
CL(A\z.M) = [z]CL(M)

Write the functions

bracketO : varname * cl -> cl
toCLO : lam -> cl

where bracket0 ("x",a) returns the combinatory logic term representing of [x| a and
toCLO M returns the combinatory logic term corresponding to the lambda term M.

. A Better Translation Although it is possible to represent every lambda term using
only S and K, but the above translation can create extremely large combinators. We
can do much better using new constants |, B, and C with the following behavior:

lu —cL U
Buiusus —cr w (U2 U3)
Cugugus —crL  Uj ugUs

These can be added by noting the following equivalences:

SKK -
S(Kp)(Kq) = Klpg)
S(Kp)l =D
S(Kp)q = Bpg
Sp(Kq) = Cpgq

In all these cases, the left-hand-side is less efficient than the right-hand-side, but both
sides yield the same result when applied to arguments.

Implement the function bracket which handles the three new constants and emits
efficient combinatory logic terms. Then define the function toCL : lam -> ¢l which
uses this function instead of bracket0. For full credit, your code must satisfy two
constraints. First, it should apply optimizations as soon as possible, rather than gen-
erating an incredibly huge term and then running an optimizer over the whole term to
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shrink it down. (This is inefficient.) Second, the translation of the lambda terms rep-
resenting the five combinators should yield the term containing only the corresponding
combinator.

You are free to define any helper functions you find convenient. Comment your code
so that the graders can follow it!

Compare the fromLambdaO and fromLambda translations for a few lambda terms —
the difference can be impressive. The functions

pplam : lam -> string
ppcl : cl -> string

provided convert lambda terms and combinatory logic terms into a string which can
be passed to print. The assign10.sml file also contains several pre-defined lambda
terms for you to play with.

2 The Unityped \-Calculus (20%)

Although historically the untyped A-calulus was studied before the typed A-calculus, it turns
out that the untyped case can be thought of as a very special case of the typed case in which
there is exactly one type.

Making the correspondence exact would require a type D satisfying D = (D -> D). How-
ever, it suffices to find a type D such that D and D -> D are isomorphic. That is, it suffices

to find two functions
® :D-> (D ->D)
v : (D->D) —>D

such that ¥ o ® is the identity on D and ® o VU is the identity on D -> D.
Given such a type, we can then translate every untyped A-calculus term into a term of
type D. We write | M| to represent the translation of the term M.

z| = =
No.M| = U(\D.|M)|)
M N| = (®[M])|N]

We can define such a type and the required functions in SML using the following code:

datatype D = Psi of D -> D
val Phi : D->(D->D) = (fn (Psi f) => f)

Here Psi : (D->D)->D puts a tag onto a D->D function, and Phi : D->(D->D) strips
the tag off to get the underlying function.

1. Convince yourself that any closed A-term can be translated into an SML expression of
type D. For example, according to the translation above the identity function Az.x is
be represented as Psi(fn x:D => D). (Nothing need be turned in for this part.) Note
that evaluating an ML expression of type D that represents a A-term corresponds to
call-by-value evalution of that lambda term, stopping if it reduces to a function.



2. Define a term one : D which is the translation of the Church numeral one, Af.\b.(fb)
3. Complete the definition of the following function

val loop = (fn () => ...)

where the call loop() does not terminate. The catch is that you may not use any of
the following;:

e side-effects such as assignment or exceptions or continuations

e defining recursive functions using fun or val rec

e functions from the built-in basis library.

e while or other iterative constructs.

3 Curry-Howard (20%)

For each of the following propositions, give as a comment the corresponding type in SML
according to the Curry-Howard isomorphism. Give an SML value of this type (showing that
the proposition is provable). You may use the definitions

datatype void = VOID of void
fun anything (VOID v) = anything v

to define a type containing no values (which corresponds to the false proposition), and a
function whose type void -> ’a corresponds to the proposition that anything follows from
falsehood. (You may not need to use this function.)

Your definitions should not otherwise use recursion or looping in any form (or side-effects
such as exceptions) as in general these additions to the language correspond to inconsis-
tent logics. The term for part 1 (if any) should be called m1, the term for part 2 (if any)
should be called m2, and so on. You should make your terms polymorphic, with type vari-
ables (such as ’a or ’b) corresponding to the propositional variables (such as p or q). So,
for example, if the proposition were p = ——p, you would supply an SML value of type
’a => ((’a -> void) -> void) such as fn x:’a => (fn f:’a->void => f x).

1. (p=q=r)= qg= p=r. (Recall that implication associates to the right.)
2. ~(p A —p)

3. (pAg) = ~(p= —q)

4. (p=q) = (~g¢= -p)

5. [20% extra credit; pretty tough] =—(——p = p)



