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1 Mathematical Preliminaries

These notes are a brief summary of the definitions and concepts we reviewed in
class. Not all the definitions are rigorous, but they will suffice for our purposes.

1.1 Sets

We adopt an intuitive approach to sets. A set is composed of elements.

e We use the symbat to denote element-hood or membership. The notation
a € B means that is an element, or a member, of the #et

e The set without elements is the empty $ket,

e Two sets are equal if they have the same elements. Repetition and order of
the elements in the set make no difference.

e Sets may be described by listing their elements or by giving a description of
them. We use brackets to delimit sets.
— § = {red, green yellow}.
- N={0,1,2,3,...}, the set of natural numbers.
-Z={..,-10,1 2, ...}, the set of integers.
— P is the set of positive prime integers.

One must be a bit careful in describing sets. For example, we might be
tempted to add to the above list:

— U is the “set” of all sets.



But there is no such set. (If there were, we would encounter a contradiction
with the Russell Paradox.) One is safe, however, when describing a set that
is a subset of a known set. For example, the set of positive prime numbers is
a subset oN.

P ={n € N|1 < nandthe only divisors of are 1 and: } .

e Among the operations on sets aven, , P( ), and\, denoting union,
intersection, complementation, power set, and subtraction, respectively.

e The inclusion, or subset, relation is denoteddyr C. These are usually
used interchangeably. The sym@ls used to denotproperinclusion.

1.2 Tuples

An ordered n-tuple is composed ofi elements, with a specified order. Twe
tuples are equal if they have the same elements in the same order. Repetitions are
allowed. We use angle brackets (or sometimes parentheses) to exjugpbss:
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An ordered 2-tuple is pair, and an ordered 3-tuple istaple.

In formal set theory the ordered pair is defined as

{(x,y) = {{x}, {x, y}}.

This is the Banach-Kuratowski ordered pair. One can prove(that) = (x', y')
if and only if x = x” andy = y’. One then defines the triple, v, z) as({x, y), z),
continuing analogously for longer tuples.

Thecartesian productof setsSy, So, ... S, is the set of alk-tuples(ay, ay, ..., a,)
in which g; is an element of;. It is denotedS; x S, x ... x §,. An important
special case occurs wheris 2. The cartesian product dfand B is

Ax B=1{{a,b)|ace Aandb € B}.

1.3 Relations

An n-ary relation on the set$, Ss, .. .S, is a subset of the produ{ x S, x. .. x S,,.



Important special cases are the unary (1-ary) relations, caitgokrties, and the
binary (2-ary) relations. IfR is a binary relation on set$ and B, we often write
a R b instead of(a, b) € R. WhenA and B are the same, we say simply thais
a relation onA.

The sefE of even natural numbers is a unary relationNnn some situations, we
definethe notion of even-ness in terms of the BefThat gives rise to a an apparent
circularity, though: Which comes first, the concept or the set? We sometimes say
that the concept of even-ness is the “intension,” while théfdstthe “extension.”

We capture the intension with the formula

y y+y=ux)

where the symboH is read “there exists” and the variablesand y range over

the natural numbers. Any numberwhich satisfies the formula is even, and any
numberx which does not satisfy the formula is not even. We capture the extension
with the set or property described as follows:

xeN[Iy(Y+y=x)}.

In a similar way, we can define the extension of “less than” on natural numbers
by exhibiting a binary relation(m, n) | m € N, n € N, andm is less tham}. One
candefinethe relationsE and < without regard to the intuitive notions of even-
ness or less-than. In this course, we take the existence of both the intensions and
extensions as given.

If R is a binary relation on set$ and B, thedomain of R is the set
domainR) = {a € A | there exists & € B such that{a, b) € R}.
Therange of the relation is the set
rang€R) = {b € B | there exists @ € A such thata,b) € R}.
Suppose that we are given two binary relatioRfietweenA and B andS between

B andC. Theircomposition,denotedrR o S, is a relation betweeA andC defined
by Ro S = {{a, c) | there isb € B such thatia, b) € R and(b,c) € S }.

1.4 Special Binary Relations I: Functions

A binary relationR on setsA and B is afunctional relation if for eacha € A
there isat mostoneb € B such that: R b.



A partial function is a triple f = (A, G, B) in which A and B are sets and; is
a functional relation ot and B. Notice that any or all of the three sets B, and
G can be empty. The relatio@ is called thegraph of f. In informal usage, we
often usef andG interchangeably.

If f = (A, G, B) is a partial function and € domainG), we use the notation
f(x) to refer to the unique elememtsuch thatc G y.

The partial functionf = (A, G, B) is atotal function if A = domainG).

1.5 Special Binary Relations II: Equivalence Relations

Suppose thar is a binary relation on a set.
e The relationr is symmetricif forall x, y € A, x R y impliesy R x.
e The relationRr is reflexiveif forall x € A, x R x.

e The relationR is transitive if for all x, y,z € A, x R y andy R z implies
x R z.

e The relationR is anti-symmetric if for all x,y € A, x R yandy R x
impliesx = y.

e The relationR is anti-reflexive if for all x € A, x R/ X.

e The relationR is anti-transitive if for all x,y,z € A, x R yandy R z
impliesx R/ z.

An equivalence relationon A is a symmetric, reflexive, transitive relation dn

Let R be an equivalence relation ohh Fora € A, let[a] = {b € A | a R b},
the equivalence clas®f the element:. The setA/R of all equivalence classes is
called thequotient of A by R.

Proposition 1.1 If R is an equivalence class on a sét each element € A
belongs teexactlyone element ofi /R.

The relation{(a, [a]) | a € A} is the graph of a total function whose range is all of
A/R. Such a function is callednto or surjective.

Example 1.1 Letn be a positive integer. The binary relatier) defined by



x =, yifand only if x — y is a multiple ofn
is an equivalence relation dh The quotient sef./=, hasn elements:
Zn =2/=, ={0].[1. [2]. ..., [n —1]}.
Example 1.2 Let A be any set, and let
Iy ={(x,x)|xe€ A}.

The relation/4 is theidentity relation on A. Itis an equivalence relation for which
each equivalence class has exactly one element.

The identity relation is the “finest” equivalence relation on a 4gft makes the
most distinctions among elements Af In contrast, the “coarsest” equivalence
relation is the one that makes no distinctions at all, namely A. Under that
equivalence relation, everything is equivalent to everything else, and there is only
one equivalence class.

1.6 Special Binary Relations IlI: Orderings
The binary relationR on a setA is a partial ordering on A if R is reflexive,
transitive, and anti-symmetric. We often use a symbol fikier a partial ordering.

The relationR on A is atotal ordering if it is a partial ordering and, for alt, y
A, eitherx R yory R x.

The pair(A, <) is apartially ordered set, or poset,if < is a partial ordering on
the setA.

A chainin a binary relationR is a sequencéus, as, . . ., a,) such that the; are all
distinct anda; R a; 1 for 1 <i < n. The chain is non-trivial if 2< n. The chain
is acycleif it is non-trivial and alsaz, R a;. A binary relation isacyclic if it has
no cycles.

The facts in the following lemma are easy to prove and are useful in proving that
relations are orderings. Proofs of parts ¢c and d appear in Assignment 1.

Lemma 1.2 a. A binary relationR on a setA is reflexive if and only if, C R.
b. The binary relationR on A is anti-reflexive if and only if, U R = @.
c. The binary relatiorR is transitive if and only ifR o R C R.

d. The binary relationR is a partial ordering if and only ifR is reflexive and
transitive and has no cycles.



The relationR on A is astrict ordering if it is transitive, anti-reflexive, and anti-
symmetric. We often use a symbol likefor a strict ordering. One can, of course,
have a strict, total ordering. Parts a and b of Lemma /refLemma:ReflTransEtc
can be used to prove the following connection between partial orderings and strict
orderings.

Proposition 1.3 If R is a partial ordering, therR \ 1, is a strict ordering. IfR is
a strict ordering, thenk U 1, is a partial ordering.

1.7 Transitive Closure

Let A be any set an® be an acyclic relation oA. The relationr is not necessarily
an ordering onA because we have not insisted that it be reflexive, transitive, or
anti-symmetric. We can, however, exteRdo an orderingl’ on A.

Let To = 14, and for each natural numbgy inductively defineT; 1 = T, o R.
The next two lemmas establish properties of the relatigrthat are important for
proving properties of .

Lemma 1.4 The following are equivalent for elementgandb of A.
1. a Tj b.

2. There is a finite sequencg, cy, ..., c; of elements ofA for whichco = a,
cj = b, and for each satisfying0 <i < j, ¢; R ¢i11.

Lemma 1.5 For natural numbersj andk, T; o Ty C T} «.

Thetransitive closure of R is the relation]’ = U?Z,7;. The following theorem
justifies the name.

Theorem 1.6 The relationT is a partial ordering onA.

PROOFE By Lemma 1.2a, the relatioh is reflexive becausg, C T.
Itis a corollary of Lemma 1.5th& o 7 C 7. By Lemma 1.2c7 is transitive.

To show thatT is anti-symmetric, assume that there are elemerdsdb of A

satisfyinga T b andb T a. This means that, for somgandk, we have that
a T; bandb T, a. By Lemma 1.4, there is a sequenggcy, ..., c; of elements
of A which for whichcg = a, ¢; = b, andc; R ¢;11, for 0 < i < j. Also, there



is another sequena®), d4, ...,d; for whichdy = b, d; = a, andd; R d;,, for

0 <i < k. Appending the two sequences together gives what appears to be a cycle
in R, but R has no cycles. The only possibility is that all t+ie andd’s are equal

to a. In particularc;, which we knew to be the elemehtis equal taz. We have
established that = b, completing the proof of anti-symmetry.

Example 1.3 Let R be the successor relation on integers. That®y holds if
and only ifu + 1 = v, or equivalently, ift —u = 1. ThenT; is the set of all pairs
(u, v) such thatv — u = j, andT is the set of all pairgu, v) for whichv — u is
non-negative. The transitive closure Bftherefore, is the commog relation.

As the following theorem shows, the transitive closure is the smallest ordering
extendingR.

Theorem 1.7 Let R be an acyclic relation on a set, and let7 be the transitive
closure ofR. If U is an ordering ond andR C U, thenT C U.

1.8 Lower and Upper Bounds

Suppose thatA, <) is a poset anX C A. The elemenb € A is alower bound
for X if x € X impliesb < x. There may be no lower bound far. If there is one,
there may be several. A lower bound f&meed not be an element &f

A lower bound forX that is an element oK is called theleast elementof X.
There is at most one such element.

An element is aminimal elementof X if b € X and for allx € X, x < bimplies

x = b. The difference between a minimal element and a least element is that some
of the elements ok may be incomparable with the minimal element. In a total
ordering, the notions of least element and minimal element coincide. Minimal
elements in non-total partial orders need not be unique.

An elementb is thegreatest lower boundfor X if
1. bis alower bound foX, and
2. if ¢ is a lower bound foX, thenc < b.
The greatest lower bound, if it exits, is unique. It need not be an elemeéft of

One can define, analogously, apper bound, a least element,the least upper
bound, and amaximal elementfor the setX.



1.9 Well-Founded Sets

By now, you are comfortable with definitions and proofs by induction on the natural
numbers. You are also aware that induction does not apply when the domain is the
set of all integers or the set of natural numbers. One can ask, “What is so special
about the natural numbers?” The answer is that the natural numbers are well-
founded. A well-founded set is the most general environment where we can carry
out definitions and proofs by induction.

A poset (A, <) is well-founded if every non-empty subset o has a minimal
element.

Consider the following condition on a subséif A.
Foreachy € A, if y € X for eachy < x, thenx € X. @)

A poset(A, <) satisfies therinciple of complete induction if a subsetX of A
satisfying ) must be all ofA.

In logical notation, the principle of complete induction can be stated like this:

VxeA(VyeAD(y<x=>yeX)=>xeX)=>X=A.

@

We can rewrite it in terms of a properfy of A.

(Vx € A)((Vy € A) (v < x = P() = P(x) = (Vz € A)P(R).

@

When the principle of complete induction holds, we can use it as a technique of
proof. Let X be (the extension of) some property that we want to prove for all
elements ofA. It suffices to prove the propert):

If the property holds for all elements less thagrthen it holds forx.

The usual notion of mathematical induction is a special case of the principle, ap-
plied to the posetN, <). The induction step, assuming the result for all elements
less tharnx and proving it forx, is just the statement above. The base case, proving
the result forx = 0, is a special case of the statement.

Another way to think about well-founded sets is through infinite descending se-
guences. A sequence of elementsias just a function fronN into A. We usually
write the values of the function as instead of using the more common functional



notationa(i). An infinite descending sequencé a poset(A, <) is a sequence

{ag, a1, az, ...y such thata;;; < a; fori € N. As the next theorem shows, a
partially-ordered set is well-founded exactly when there are no infinitely descend-
ing sequences.

Theorem 1.8 The following clauses are equivalent for a po&ét <).
1. There are no infinite descending sequencesiin<).
2. The posetA, <) is well-founded.

3. The principle of complete induction holds fot, <).

PROOF. The most direct proof would have three implications=1 2, 2 = 3,
and 3= 1. Actually we prove the contrapositive of each of the threg:= —1,
-3 = -2, and—1 = —3.

First, assume that the poset is not well-founded. Then there is some slubeit
which does not have a minimal element. lsgtbe any element ok. Sinceqg is

not a minimal element, there must be some elemet lefss than it; leti; be such

an element. Nowg; is not a minimal element either, and we can find an element
ay less tharu;. Continuing in this manner, we can construct an infinite descending
sequence.

Second, assume that the poset does not satisfy the principle of complete induction.
Then there is a seX, different fromA, which satisfies the conditiorT}. LetY be

A\ X.! Clearly,Y is not empty. The séf cannot have a minimal element. If it did,
then all the predecessors of the minimal elenitewbuld be inX and, by (), the
elementh would be inX instead ofY. Therefore, the poset is not well-founded.

Finally, assume that there is an infinite descending chaim < a; < ag. Let X
be the set of all elements &f which do notappear in the sequence. (The et
may be empty.) Far € X, the statement

My [y<x=>yeX]l=>xeX

is true because the conclusion is true. k@ X, the statement is also true, because

x is one of theq; and there is an element less thar{fnamely another element
further along in the sequence) which makes the hypothesis false. Therefore, we
have a seX which satisfies conditionZ() and is not all ofA, and the poset does

not satisfy the principle of complete induction.

1Remember that \ X is the set-theoretic difference, consisting of the set of elememsadfich
arenotin X.



1.10 Strings
For eachm € N, let [n] = {k € N | k < n}. Then |] is a set withn elements.
(Notice that this definition is slightly different from the one in Josh Hodas’s notes.)

If Aisany set, &tring overA is a functions : [n] — A. The setA is thealphabet.
Thelength of the string isn. If n = 0, the string is thewull string, or theempty
string, denoted 4. Theith element of the string is(i), sometimes written;. The
string may be described a1 . .. 5,_1.

A string of length 1 is described the same way as we would write an element of
Normally this confusion is harmless; just keep in mind that strings of length 1 and
alphabet letters are distinct kinds of objects.

If s andz are strings of lengths: andn, respectively, then theoncatenationof s
andz is the strings - ¢ of lengthm + n given by

s(i) if0 <i <m,and
ti—m) tm<i<m+n.

s-t(i) = {
We sometimes drop the dot and just write especially when or ¢ is a string of
length 1.

The following proposition states some natural properties of strings. You should
verify that you can prove those results from the definitions given above.

Proposition 1.9a.s - €4 = ¢4 - s = s.

b.(s-t) - u=s-(@-u.

c. The length of - 7 is the sum of the lengths ofand:.

If s = u - v, thenu is aprefix of s andv is asuffix of s. A stringr is a substring

of s if there are (possibly empty) stringsandv such thaty = u - 7 - v. A prefix,
suffix, or substring of is proper if it is not €4 ors.

Proposition 1.10 If s is a substring of, and ifs ands have the same length, then
s =1.

The set of all strings ovet is denotedd*. The set of all non-empty strings is".

Suppose thak is a strict ordering on an alphabat The inducedexicographic
order on strings oveH is defined as follows:
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e s <t if sis a prefix oft, or

e s < tifthereis an integey, less than the length efand less than the length
of z, such that; =1 for0 <i < j ands; <t;.

Lexicographic order is the “dictionary order.” Words in a dictionary are arranged
in the lexicographic order induced on the underlying order of the alphabet letters.
There is also a lexicographic order that can be induced on ordered pairs (and other
tuples) from A; see Assignment 1.

1.11 Trees

A tree domain D is a nonempty subset 6f satisfying the following conditions.
1. If u € D, then every prefix of is also inD.
2. fue Dandu-i € D,thenu - j € D for all j less than.

A tree over X is a functions : D — X, whereD is a tree domain. Ift € D, the
elementr (1) is thelabel atnodeu. Theroot of the tree is the nodey.

If there is a longest string i®, the height of the tree is the length of that longest
string. If there is no longest string iR, the tree is said to havafinite height.

If u-iisanode inatree, than-i is achild of u, andu is theparent of u - i. A
leafis a node with no children.

A partial ordering on a tree domain is
<={{u,v) € Dx D |uisaprefixofv}.

The poset( D, <) is well-founded. Ifu, v € D andu < v, thenv is adescendent
of u, andu is anancestorof v.

If, further, lengthiu) = m and lengtliu) = n, then there is @ath from u to v of
lengthn — m which is given by

U, UV, UV V1, UV Uy Uiyt 2 oo o s UV U1 .2 - U1
A branch through the tree is a path from the root to a leaf.

Given atree : D — ¥ and an element of D, thesubtreerooted atu is the tree
t/u whose domain i$v | u - v € D} and which is defined by

t/u(v) =t(u - v).

11



2 Propositional Logic
2.1 Syntax

Consider the alphabé&t which is the union of the following four sets:
1. P = {po, p1, P2, - ..} is a set ofproposition symbols.

2. C = C1 U Cy is the set otonnectiveswhereC, = {—} is the set olunary
connectives and; = {A, v, =, &, =}, the set obinary connectives.

3. V ={T, L} is the set otonstants.
4. A ={), (} is the set ofauxiliary symbols.

The propositional languageover P is the smallest subs@&rop of X* satisfying
the three conditions below. See the end of this section for a digression on “the
smallest set.”

1. PUV C Prop;
2. if ® € Prop, then(—®) € Prop; and
3. if ®, ¥ € Prop and¢ € Cy, then(® o W) € Prop.

The setP U V is the set ofatoms (Strictly speaking, in the first condition the
elements ofP U V are alphabet symbols, while the element$ofp are strings.
Fortunately, the confusion between symbols and strings of length one is not harm-
ful here.) The elements of the detop areformulas.

The reason for all the parentheses in formulas is so that there is no ambiguity in
reading them. Without parentheses, a string dike b A ¢ has two interpretations,
((a=b) Ac) or (a=(b A ¢)). Itis sometimes useful to think of formulas as
being presented unambiguously as trees, without parentheses. Such a tree is called
aformulation tree. Each node is labeled with a connective or an atom, and the
atoms appear at the leaves. An example is in Figure 1.

To avoid writing so many parentheses, we adopt conventions that allow us to re-
construct the full formula from a string which has some of the parentheses omitted.
The connectives are assigned an order of precedence, from left to right.

= AV = & =
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v/i\ﬁ
a/ \b

Figure 1: The formulation tree for the formuléz v b) = (—c¢)).

C

That is,— is applied first, and then, and so forth. Hence;, = b A ¢ is an abbre-
viation for the formulala = (b A ¢)). The binary connectives associate from left to
right, soa <= b < ¢ is an abbreviation fo(a < b) < c¢).

Digression on “smallest sets” Earlier in the section, we stated th@top is

the smallest set that satisfied three properties. We can define it more formally as
follows. Let) be the set of all subsets &f* that satisfy the three properties on the
first page.

Y ={X e P(E") | X satisfies properties 1 through 3
The set) is not empty becausg* is in it. One can defin®rop, as
Prop, = () X
Xe)y

and prove thaProp, € ). The hardest part is keeping the “types” straightis a

set of subsets of£*, andProp,, is a subset ok*. Clearly,Prop,, is the “smallest
subset” of2* satisfying the three properties, because it is contained in any subset
of X* satisfying the properties.

Alternatively, the set of propositions is the union of the $&tsp; defined as fol-
lows:

e Prop,., is the set that includes all the elementsPsbp; together with all
the formulas that can be constructed using elemenBrapb; and the con-
nectives fromC.

Let Prop, = U2, Prop;.

The two definitions define the same set. One can prove by inductightbat
Prop; < Prop, so thatProp,, € Propn. Also, Prop,, satisfies the conditions to
be an element @@, soProp, € ), andProp, € Prop,,.

13



2.2 Subformulas

We might be tempted to say that a formilas a subformula ofA if
1. I' is the same formula as, or
2. Ais (—=®) andTI is a subformula ofb, or

3. Alis (® ¢ W) for someo € C, andI is a subformula ofb or a subformula
of v,

This looks like a typical definition by induction. Unfortunately, we do not yet know
that we can carry out induction on the $&op. The attempted definition is not
acceptable, so we proceed by defining a relaftoon Prop. The relationl” R A
holds if one of the following conditions are met.

1. A= (=I),or
2. A = (I' o W) for someo € C, and some formula, or
3. A= (V¢TI for someo € C, and some formulab.

Notice thatl’ R A implies thatl" is a substring ofA. It follows that there can be
no cycles inR. Let < be the transitive closure &. If ' < A, we say thal" is a
subformula of A. You should verify that this definition matches your intuition of
what a subformula should be.

Theorem 2.1 The relation=< makesProp, <) a well-founded poset.

PROOF. By the theorem on transitive closure in the previous set of netds,a
partial ordering. To show that is well-founded, letX be a non-empty subset of
Prop, and let® be a string fromX of shortest length. We claim thétis a minimal
element ofX. Suppose thav is another element of and¥ < ®. Then¥ would
be an element ok which is substring ofb. Since no string inX can be shorter
than®, we must havel = ®.

Theorem 2.1 allows us to carry out proofs by complete induction on the subformula
relation.

2.3 Semantics

A functionv : P — {True Falsé is called avaluation or truth assignment. It
can be extended to a functieh: Prop — {True Falsé as follows:

14



e V/(T) = True andv’(L) = False;
e V'(p) = v(p), foreachp € P;

e V' ((—®)) = True if v'(®) = False, and
V' ((—®)) = False ifv/(®) = True;

o V((® AW)) = True ifv'(®) = v'(¥) = True, and
V' ((® A W)) = False otherwise;

o V((® Vv W) = False ifv(®) = v'(¥) = False, and
V' ((® v ¥)) = True otherwise;

e V((®=WV)) = False ifv/(®) = True andv’ (V) = False, and
V' ((® = ¥)) = True otherwise;

o V((® <)) = v (V= d)); and

o V((®=W)) = True ifv/(d) = v'(¥), and
V' ((d = W)) = False ifv'(d) # v/ (W).

One can prove, by complete induction on the subformula relation, that every ele-
ment of Prop is assigned a value by the clauses above. It is a bit more difficult
to prove that a formula getsnly onevalue. To do that, we need to know that a
formula arises in only one way. This property is callanique readability. The

key step is to show that no formula can be the proper prefix of another fofmula.
(See Assignment 2.)

It is easier to understand the extension'tyy looking at thetruth tables for the
connectives.

A (—=A)
True || False
False|| True

A | B |(AAB)|(AVB)|(A=B)|(A<B)|(A=B)

True | True True True True True True
True | False|| False True False True False
False| True || False True True False False
False| False|| False False True True True

2Hodas's notes speak Bfop as being “freely generated,” but we avoid the term here. Proofs like
the one showing that’ is well-defined are common, and even logicians get tired after repeating the
same proof. Freely generated sets provide the most general framework in which to carry out these
proofs. The general case is not really harder than the special case given here; it is just more difficult
to understand because of the added abstraction.
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2.4 Satisfiability and Validity

A valuationv is asatisfying interpretation for a propositional formulab if v'(®)
is True. We say that the satisfying valuatioris a model of ®, and we write

v E .
The formula® is satisfiableif there issomesatisfying interpretation fodb.
The formula® is valid if all valuations are satisfying interpretations fbr

A formula iscontradictory if it is not satisfiable. It ifalsifiable if it is not valid.

Example 2.1 The formulasa = a anda v —a are valid. The formula: = b is
satisfiable and falsifiable, while A —a is contradictory.

Lemma 2.2 A formula® is valid if and only if(—=®) is contradictory.
A setU of formulas is(mutually) satisfiable if there is a valuatiorv which is a
model for each element @f. The valuation is anodel of U.

The setU is (mutually) contradictory if there is no valuation which is a model
for every element ot/ .

Example 2.2 The set{a = b, a, —b} is contradictory, even though no proper sub-
set is contradictory.

Lemma 2.3 a. If U is satisfiable and/ c U, thenV is satisfiable.
b. If U is satisfiable andb is valid, thenU U {®} is satisfiable.

c. If U is contradictory andJ C V, thenV is contradictory.

d. If U is contradictory andd is valid, thenU \ {®} is contradictory.

A formula W is alogical consequencef a setU of formulas, writtenU &= W, if
W is true in all models ot/.

Lemma 2.4 a. Every valid formula is a logical consequence of the empty set.

b. If U is contradictory, therany formula is a logical consequence 6f. In
particular, any formula is a logical consequence{af}.

c.IfU c VandU = V¥, thenV = V.
d. If ®isvalid andU = ¥, thenU \ {®} &= V.
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When the sel is finite, we abuse notation and wride,, ..., &, = ¥ instead of
the more cumbersomigb,, ..., ®,} &= W. A quick way of writing “® is valid”

is = ®. When applied with a single formula on the left we hawg= W. In this
form, = is a relation orProp that is reflexive and transitive but not anti-symmetric.

Theorem 2.5 ®q, ®,, ..., ®, =y ifandonlyif £ (P1 AP A ... A D)) = W,

Two formulas® andW¥ areequivalent, written ® < W, if any model of® is also

a model of¥ andvice versa.Another way to state the definition is to say thiat
andW are equivalent ifb = ¥ andW¥ = ®. By Theorem 2.5¢ <> W if and only

if ® = W is a valid formula. The relatior> is an equivalence relation derop.
Page 7 from Lecture 10 of Hodas’s notes and Figure 2.9 of Ben-Ari's book give
lists of common equivalences. Among them is

(~A=BA—B) < A

which justifies proof by contradiction. When we write equivalences, we use upper-
case Roman letters to represent arbitrary formulas. The expression above is really
aschemawhich represents an infinite number of equivalences of the same form.

2.5 Substitution

The notion of subset is surprisingly delicate; many incorrect definitions have been
proposed over the last century. Fortunately for us right now, substitution is rela-
tively uncomplicated for propositional logic.

We want to define the result of “substitutiag for all occurrences the subformula
" in the formula®.” This is simple if[" does not occur at all i®; the formulad
remains unchanged.

It is also straightforward in other cases. For example, consider replacing every
occurrence op with ¢ = r in p =(¢ = p). There are two occurrences pf The

result is(¢ = r) = (¢ =(q = r)). Notice that we introduce extra parentheses so
that there is no ambiguity. Formally, substitution is defined on the full formulas
with all the parentheses, so there is never any question about which parentheses to
add.

The only possible problem arises when there are several occurrerices of we
must replace them all at once. If we try to do it sequentially, the process may never
end, becausf may appear as a subformulaAf If we replace every occurrence
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of p with p= p in p=(g = p), we obtain(p = p) =(g =(p = p)), and the
process ends there.

The notation®[T" := A] stands for the result of replacing i all occurrences of
I" with A. It is defined by induction on subformulas:

1. If ® =T and® is anyformula, then®[I" := A]is A.

2. If ® £ T and® is atomic, ther®[I" := A]is ©.

3. If® #T and® = (=), thend®[I" := A]is (—=¥[I = A]).
4

. f® #£T and® = (¥ ¢ A) for some binary connective, then®[I" := A]
is (W[I := Al o AT := A]).

Note that this definition is complete; the first two cases cover all the atomic formu-
las. Consider the formal version of the substitution mentioned above.

(p=(@=p)lp:=p=p]

=plp:=p=pl=G=plp:=p=r] by clause 4
=(p=>p)=>@=plp:=p=7p] by clause 1
=(p=p)=@lp:=p=pl=plp:=p=p]) byclause 4
=(p=p) =@=plp:=p=rp) by clause 2
=(p=p =>@={pP=Dp) by clause 1

Lemma 2.6 If I" does not appear as a subformula®fthen®[I" := A] is ®.

Theorem 2.7 (Substitution Theorem) If I < A, then® <« ®[I" ;= A].

Both the lemma and theorem are proved by induction on the subformula relation.
They are good places to practice writing proofs by induction.

Here are a few common equivalent forms, which we will use below in a sample
calculation using the Substitution Theorem.

A= B <~ -AVB
AV B < BVA
AV(BVC)< (AvB)vC
—AV A < T

TVA < T
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See if you can determine which substitution is being done at each step.

U=V=U)«-UVv((V=U)
<~ U Vv ((=VvU)
< =U Vv (U v-—=YV)
<~ (U vVvU)V =V
<~ Tv~-V
<~ T

2.6 Complete Sets of Connectives

Among the equivalences are

A<B < B=A

A=B < (A=>B)A(B=A)
A=B < —-AV B

AV B < —=(—AA—B)

Starting with a formulad, one can make substitutions to eliminate all instances of
the connectives=, =, =, andv and obtain an equivalent formula that contains
only the connectives and—. We say that the s¢i, —} is complete because any
formula is equivalent to one using only the connectives in the set.

The setq v, —} and{=, —} are also complete.

There are two logical operations, which do not appear as connectives in our lan-
guage, which are complete by themselves. They ard, which are sometimes
callednor andnand. They satisfy the following equivalences.

Al B < —(AV B)
A4 B < —(AAB)

One can see thatA < (A | A), andA A B < (—=A | —B), so all the other
connectives can be defined in terms|ofSimilarly, 4 is by itself complete. These

are the only two connectives with that property. The existence of small sets of
complete connectives is important in analyzing digital circuits.

2.7 Hilbert Systems

The idea in any system of proof is to start with soax@domsand construct proofs
of other formulas using someiles of inference. A formula that has a proof is
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called atheorem. For the present, we seek systems that will prove all the valid
formulas.

There are several systems of proof which yield all of the valid formulas of propo-
sitional logic. One such system is the Hilbert system, which (among other things)
is used to study mathematical deductions.

Notice the connection between the syntactic notioprobf and the semantic no-
tion of truth. A system issoundif every theorem is valid. A system esompleteif
every valid formula is a theorem.

The Hilbert system begins with the connectiveand=>. All of the other connec-
tives are considered to be abbreviations.

AV B means—A= B

A AN B means—(A = —B)

A< B meansB = A

A =B meanSA= B) A(B=A)

There are three axiom schema: Each scheme represents an infinite number of ax-
ioms of the same form.

1. A=(B= A)
2. (A=(B=C))=((A= B)=(A= ()
3. (-B=—A)=>(A= B)

There is one rule of inferencenodus ponenslt says that fromA and A = B
we may deduceB. We write rules of inference using a horizontal bar, with the
premises above the bar and the conclusion below.

AAT:B Modus ponens
A deduction or proof in the Hilbert system is a sequendg, ®,, ..., &, of

formulas, each of which is either an instance of an axiom or follows from earlier
formulas bymodus ponensThe last formulad, is thetheorem. Here is a sample
deduction of the theorem = A.

1 A=(B=A) Axiom 1
2. A=(B=A)=A) Axiom 1
3 A=((B=A)=A)=>
(A=(B= A)=(A=A)) Axiom 2
4. (A=>(B=>A)=(A=A) 2, 3, andmodus ponens
5, A=A 1, 4, andmodus ponens
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Example 2.3 Deductions using onlynodus ponenare intricate and difficult to
find. We introducederived rules of inferenceto make it easier to construct proofs.
A derived rule of inference is written

A1, Az, ... Ay

5 Derived Rule

meaning that if we have proofs of the hypothegeshroughA,,, then we also have

a proof of B. We justify a derived rule of inference by showing how to construct
the proof of B from the proofs of the hypotheses. One example of a derived rule is
the transitivity rule, which you will verify in Assignment 3.

A=B B=C
A=C

Transitivity Rule

Example 2.4 Another derived rule of inference is the exchange of hypotheses.

A=(B=0C)

B=A=C0) Exchange of Hypotheses

If one has ak-step proof ofA = (B = C), then it can be extended to a proof of
B = (A= C), as shown below.

k. A=(B=C)
k+1 (A=(B=0)=
(A= B)=(A=C)) Axiom 2

k+2 (A=B)=(A=C) k, k + 1, andmodus ponens
k+3. B=(A= B) Axiom 1
k+4 B=(A=0C) k 4+ 2,k + 3, and Transitivity

Here is an example of a proof that uses Transitivity and Exchange of Hypothesis.
The theorem is—A = A) = A, which can be considered as justifying one form of
proof by contradiction. (“Assume that is false and prove that is true, thereby
deriving a contradiction. Conclude that the original assumption must have been
wrong, and thereford is true.”)

Theorem 2.8 The formula(—A = A) = A is a theorem in the Hilbert system.

PROOF. Let7 be any axiom.
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1. 7 Axiom

2. mA=(——T = —A) Axiom 1

3 (T=-A)=A=-T) Axiom 3

4, -A=>(A=-T) 2, 3, and Transitivity

5, (mA=(A=—-T))=

(mFA= A)=>(—A=-T)) Axiom?2

6. A= A)=>(—A=T) 4, 5, andmodus ponens

7. (A= -T)=(T = A) Axiom 3

8 (A= A)=(T = A 6, 7, and Transitivity

9. T=(—A=A) = A) 8 and Exchange of Hypothesis
10 (FA=A)= A 1, 9, andmnodus ponens

The use of the irrelevant axiofh is strikingly odd. Can you find a proof that does
not use it?

Example 2.5 Still another derived rule of inference is another form of proof by
contradiction.

—A=B —-A=-B
A

Proof by Contradiction

We give an informal justification. See if you can reconstruct the formal version.
Using Axiom 3 and the right-hand premise, obt@in> A. Then, by Transitivity
with the left-hand premise, getA = A. Finally, invoke Theorem 2.8 to conclude
A.

Example 2.6 The elimination of double negation is an often-used derived rule of

inference.
_|_|A

A

Suppose that we havekastep derivation of=—A. We extend the derivation as
follows:

Double Negation

k. ——A

k+1 —-—A=(—A=—-—A) Axiom 1

k+2 —-A=-—A k, k + 1, andmodus ponens
k+3 (—A=>-—A)=(—A=A) Axiom3

k+4 —-A=A k + 2,k + 3, andmodus ponens
k+5 (A=A =A Theorem 2.8

k+6. A k + 4,k + 5, andmodus ponens

Notice that the extension could be adapted to a direct proef-eA = A. There
is very little operationaldifference between Double Negation as a derived rule and
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the use of the theorem—A = A. The Deduction Theorem, below, makes the
connection clear.

We extend the bar notation for rules of inference to cover proofs with hypotheses.
A1, Aa, .. A,
B
line is either an axiom or one of the's, or follows from preceding lines byodus

ponens

The expressior

means that there is a proof &f in which each

One really important result is called the Deduction Rule, or Deduction Theorem.
It justifies our usual method of proving the implicatidn= B, namely “assumei
and proveB.”

Dy, Dy, ...D;, A

Theorem 2.9 (Deduction Theorem)If then

D1, Dy, ... Dy
A=1B '

PROOFE Suppose tha®,, ®,, ..., d, is a derivation ofB from Dy, D,, ..., Dy,
andA. We construct a longer derivation in which the formukass> ®,, A = &,
..., A= ®, appear, in order.

The construction is by induction oan Suppose that we have a derivation in which
A= 0, A= Dy, ..., A= &, 1 appear in order. There are four cases.

1. &, is an instance of an axiom. Then add the following lines to the new

derivation.
@, Axiom
b, =(A=>d,) Axiom 1
A= o, modus ponens

2. &, is A. Then add to the new derivation the five lines of the derivation
(above) ofA = A.

3. &, is D;. As in the case of an axiom, add the following lines to the new

derivation.
D; Hypothesis
D;=(A= D)) Axiom 1
A= D; modus ponens
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4. @, inthe original derivation is the result of applyimgodus ponent® earlier
formulas, sayp,, and®,, = ®,.. Then the new derivation contaids= ®,,
andA =(®,, = ®,). Add the following lines to the new derivation.

A=P,)=

((A :>(cbm = ch)) i(A = CDn)) Axiom 2
(A=(P, = D)) = (A= D)) modus ponens
A=, modus ponens

Notice that theD; may appear as hypotheses in the new demonstratiori does
not. The longest addition, in case 2, is five lines, so the new demonstration is at
most five times as long as the original one.

This completes the proof of the Deduction Theorem. Notice that Axioms 1 and 2
were chosen expressly for the proof of the Deduction Theorem.

Table 1 presents a list of commonly-used (derived) rules of inference, many of
which correspond to standard mathematical arguments. You may want to see if
you can justify them.

2.8 Soundness and Completeness

We listed many of the rules of inference to show that ordinary mathematical argu-
ment forms can be expressed in the Hilbert system. Another goal is to develop a
proof system which proves all—and only—the valid formulas. Recall that a system
is soundif all its theorems are valid, and it isompleteif all valid formulas are
theorems. The Hilbert system is both sound and complete.

Theorem 2.10 (Soundness Theoremlf a formula ® is provable in the Hilbert
system, thew is valid.

Theorem 2.11 (Completeness Theoremlf a formula® is valid, then® is prov-
able in the Hilbert system.

The proof of soundness is easy. One just verifies that all the axioms are valid and
thatmodus ponengreserves validity. The proof is usually cast as an induction on
the length of a demonstration, showing that every demonstration ends in a valid
formula.

Completeness says that every valid formula has a proof. One strategy to prove
completeness is to start with a formula and try to find a proof. Under ideal condi-
tions, one would either find a proof or discover a valuation that made the formula

24



Modus ponens
Deduction Theorem
Contrapositive Rule
Transitivity Rule
Exchange of Hypothesis
Double Negation

Inverse Contrapositive Rule
Inverse Double Negation
And-Introduction
Or-Introduction
And-Elimination
Commutativity Rules

Associativity Rules

Distributivity Rules
DeMorgan Laws

Law of the Excluded Middle
Law of the Excluded Miracle
Proof by cases

Proof by contradiction

A A=B
B

!fDl’

-B=-A
A= B
A=B B=C
A=C
A=(B=C0C)
B=(A=C)
——A
A
A= B
—B=—-A
A
——A
A B
ANB

_B
AV B

ANB
A

AAB
BAA
AAN(BAC)
(AANB)AC
AV (BVC(C)
(AvVB)vC

AANB
B

AV B
BV A
(AANB)AC
AAN(BAC)
(AVB)vC
AV (BVC(C)
AN(BVCO) AV (BAC)
(AANB)V((AANC) (AVB)YA(AV )
—(AV B) —(A A B)
—AA-B —AV —B

AV —A

—(AA=A)

A=B —-A=B
B

—-A=B

A

Table 1: Common derived rules of inference in the Hilbert system.
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false. That would give us a proof of the assertion,®lis not provable, then there
is some valuation that makes false.” Equivalently it is, “If ® is not provable,
then® is not valid,” which is the contrapositive of the completeness property.

The difficulty with this approach is that there is no apparent strategy for searching
through all possible proofs. As we have seen, proofs in the Hilbert system are
not easy to motivate, and one cannot systematically “find” a proof. We do not
attempt to prove a completeness theorem for the Hilbert system here. Instead, we
investigate other proof systems in which the proofs are more “natural” and more
amenable to algorithmic construction.

3 Natural Deduction and Sequent Calculi

In this set of notes, we investigate some alternatives to the Hilbert system of proof
for the propositional calculus.

3.1 The Natural Deduction System
Gentzen’s system of Natural Deduction has several rules of inference but no ax-
ioms. The rules are listed in Table 2, and most of them are self explanatory.

There is only one notational convention that we have not yet discussed. If we
assumel and deduce&b we could write out the steps.

v
O

The rule=; is equivalent to the Deduction Theorem for the Hilbert system; it tells
us that we can then infep = .

!

D

Voo !

During the proof of®, the formulaw is an unproved assumption. When we fi-
nally conclude¥ = @, the formula¥ is no longer an assumption, and it is shown
crossed out in the rule. We call that process “discharging the assumption.”
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Introduction Rules

Elimination Rules

: uﬁ,
® @ k
Voo !
o v PAY BAY
oAw ) E v E
d V] y I
ovwe I Tovw ! dVVY A A
A E
\IJEQD_ b \IJEd>_
v=0op !
: d® —o
1 1 E
—p !
1
— 1
(D E
_|_|®
¢ _|_|E

Table 2: Rules of inference in the Natural Deduction system of proof. hg
rule is present only in the classical system, not in the intuitionistic system.
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Example 3.1 The simplest example of a proof in the Natural Deduction system is
the proof ofA = A. The formulaA is a one-line proof of itself, so we certainly
can deducet from A. Then we invoke the rules;.

A

A

AsA !

Example 3.2 One of our first exercises with the Hilbert system was to prove the
transitivity of =. Here is a proof of that fact in the Natural Deduction system.

A A=B
B “E B
C
A=C

=E

=1

After the hypothesist is discharged, we have a derivation4of C from the two
remaining hypothesesi = B andB = C.

Notice that the notation is a bit ambiguous. It is not clear from the formula above
exactlywhenin the deduction that the hypothesisis discharged. The discharge
in this case happens, of course, in the last step.

Example 3.3 Another simple deduction proves the theorenv B) = (B Vv A).

£ #
AvB BvA !l Bva !
BV A

(AV B)=(BV A)

VE

=7

The discharge of the hypothesésand B occurs when the/ ¢ rule is applied, and
the hypothesisi v B is discharged with thes; rule. It is usually easy to sort out
how to attribute the discharges, especially in proofs this short.

Example 3.4 Here is a deduction showing thAtfollows from A v B and—A.
oA £
L ¢
AV B B Lz B
B VE

The hypothesegt and B have been discharged—by tke; rule—and the only
remaining hypotheses are the desired odeg,B and—A.
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Example 3.5 The DeMorgan laws are frequently used to “push” negation through
conjunction or disjunction. We present here a proof of one direction of one of the

laws: M. We first show tha{M.
—-d A -V -®

T XVAVEREAE SV
1 E
—

L. —(O Vv Y .

One can similarly show tha{%. From these two, we obtain
—(® v V)

-d P

—d AP

above

NI

An often-effective strategy for constructing Natural Deduction proofs is to start at
the bottom. In the case of the DeMorgan law, the obvious way (but natritye
way) to conclude-® A =W is to useA;. The next step is to obtaind and—Wv
independently. Even though one caonstructa proof from the bottom up, it is
clearer topresentit deductively, from the top down.

3.2 Intuitionist Proofs

The mathematics that you have learned so fatdssicalmathematics. It is con-
cerned with theruth of propositions according to the notion of truth on which we
base our semantics. A competing philosophy of mathematics, ¢atlgtionism,

is concerned with the more stringent criterionppbvability. An intuitionist does
not accept all the proofs that a classical mathematician would.

For example, in order to conclude that an equation has a solution, the intuitionist
must construct an explicit solution. It is not enough to simply prove that a solution
exists. In Assignment 3, you saw an argument that there are irrational numbers
andb for which a” is rational. There were two possible assignments emdb,

and the argument established tbhakof the assignments was an pair of irrational
numbers whose power was rational. The argument is not intuitionistically correct,
because it did not tell ughichof the assignments was the correct one.

Intuitionist logic arises frequently in computer science. One reason is that compu-
tation is inherently “constructive.” We do not want to know simply that some fact
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appears in a database; we want to know what the fact is. Further, just because a
computation does not yield a particular result is ngiuaranteethat the result is
false.

In the propositional logic, the law of the excluded middle is the assertion that a
statement is either false or true. For any form@lathe formula® v —® is valid.

But it is not an intuitionistic theorem, because for an arbitrarywe have no way

of identifying which of the two disjuncts is true.

Pierce’s formula((p = ¢) = p) = p, is another an example of a classical, but not
intuitionistic, theorem. Because Pierce’s formula is difficult to justify in “common
sense terms,” it is sometimes cited as evidence for the intuitionist’s point of view.
You will encounter Pierce’s formula in the assignments.

One of the advantages of the Natural Deduction system is that it is easy to differ-
entiate between classical and intuionistic logic. As presented in Table 2, the rule
for the elimination of double negation is present in the classical system but not in
the intuitionistic system. From the intuitionist’s point of view, a proof-ef®
establishes only that® is false. Something stronger is required to claim thas

true.

Since the classical system has all the rules of the intuitionistic system, any intu-
itionistic proof is also a classical proof. All of the proofs we have seen so far do
not invoke the—— rule, so they are valid in both the intuitionistic and classical
systems.

Example 3.6 The “rule” for theintroductionif the double negation is a theorem
in the intuitionistic system (and hence in the classical system).

The classical-— rule is equivalent to several other, familiar rules of classical
logic. One is the law of the excluded middle, which in Natural Deduction could be
written as an inference:

IV Excluded Middle

Another equivalent to the~—p rule is the ruleReductio ad absurdum.
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I

L
v RAA

Once again, we see that the intuitionistic system allows one kind of deduetion,
but not the seemingly similar RAA rule. How are they different?

Example 3.7 Although the law of the excluded middle is not a theorem of the
intuitionistic system, its double negation is.

(P =D)
T s

DeMorgan, above

NE

I

In the classical system, we can extend the proof one step further by applying the
—— rule to conclude the law of the excluded middle.

3.3 Connections with the Hilbert System

All of the rules of the Natural Deduction system are derived rules in the Hilbert
system. Therefore, any Natural Deduction proof is also a Hilbert proof.

Converselymodus ponengs just the Natural Deduction rules . If one could

prove the three Hilbert axiom schema are theorems of Natural Deduction, then one
would have verified that any Hilbert proof is also a Natural Deduction proof. The
proof that the axioms are Natural Deduction theorems is left as an exércise.

The conclusion is that the Natural Deduction system has exactly the same theorems
as the Hilbert system. Any result (like soundness, completeness, or decidability)
for one system will also apply to the other.

In class, we sketched a proof of the Soundness Theorem for the Hilbert System, but
we deferred a proof of the Completeness Theorem. The Natural Deduction system
is still not an easy context for a proof of the Completeness Theorem, but it is one
step closer.

3The Hilbert system is a classical one, so the proof of at least one of the Hilbert axioms will
require the rule-—g. Which one?
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3.4 Sequent Calculus

A sequent calculus is yet another way to deduce formulasegentis an expres-
sion of the form
r— A

in which T" and A are finite sequences of formulas. Only the formulas, and not
the order in which they are listed, in and A matter. The sequent can be read as
follows:

If all the formulas inI" are true, then one (or more) of the formulas in
A are true.

Notice that the sentence says “true,” not “valid.” A more precise rendering would
be this:

For each valuation, if v makes all the formulas i true, thenv
makessomeformula in A true.

The sequent carries along both premises (to the left of the arrow) and conclusions
(to the right). We can derive one sequent from another according to the rules like
those Table 3. A formula is a theorem if there is some sequence of applications
of the rules that ends in—~ ®. One can verify (do so!) that each rule is sound
according to the above interpretation.

The rules in Table 3 are presented in the same style as rules of inference and can
be read top-to-bottom or bottom-to-top. The first reading, from top to bottom,
corresponds to the construction of a deduction, starting with the premises. The
second reading, from bottom to top, is useful when searching for a proof of a
particular formula.

The system in Table 3 is thetuitionistic sequent calculus. It is sometimes called
LJ. All the rules have the property that there is only one formula on the right side
of each sequent.

Example 3.8 Our standard first theorem = A. It is easy in the intuitionistic
sequent calculus.

A5 a4 d

S A A R

Example 3.9 The transitivity of= is a theorem of Natural Deduction. Itis even
easier in the intuitionistic sequent calculus.
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rAa— A
F—)TT F,J.—)AJ_
I'A,B—C A r - A F—)B/\
ILAAB—C 't I > AAB R
r— A

N'A—-C I''B—C

L

F > AvB 'R

I'AvB — C - B y
r ~>AvB 'R
r-A I''B—~>C I'A— B
rAsB—>C 't > AsB R
r— A NA— L

r.-A—cC *

r > —A X

Table 3: The rules of inference for LJ, the intuitionistic sequent calculus. The right
hand side of each sequent is a single formula.
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g _AB—B d S 3ec5c

B=C,A—> A B=C,A,B—>C

A=B,B=C,A—C

A=B,B=C > A=C

A=B— (B=>C)=(A=0)

- (A=B)=(B=0(C)=(A=0())

The deduction may appear complicated when reading from top to bottom, but there
are very few choices. Reading the other way, from bottom to top, we see that there
are only one or two connectives—hence one or two rules—that may be used in the
next step upward.

The number of possibilities for one step in a deductiomof> A is limited. For

each formula inC" and A, there is at most two rules that can be applied. One is
the identity rule, and the other is a rule for a connective. A sequent calculus is
therefore a good candidate for computer implementation of deduction.

Example 3.10 Another theorem we saw in Natural Deduction was the prods of
from A v B and—A. Here we present a proof 6 v B) A —A = B as a theorem
of the intuitionistic sequent calculus.

A5 a4

—A,A>B * A B> B
AVB,—A—> B
(AVB)A—A— B
S (AVB)A—A—>B

id

\23

AL

=R

Reading from bottom to top, the only choice that has to be made is to choose
between—; andv; in the middle lineA v B, —-A — B.

A feature of a sequent calculus is that every formula that appears in a derivation
of @ is either a subformula ob or the negation of a subformula @f. In con-

trast, derivations ofd in the Hilbert system might contain long formulas whose
connection tod is not at all clear. The proof of the fact about a sequent calculus
is known as the Cut-Elimination Theorem and is an important result in the field of
proof theory. It was proved in the 1930's by Gerhard Gentzen, who invented the
sequent calculus as a way of studying the nature of deductions.

Theclassical sequent calculug easy to construct from the intuitionistic version.
The rules for the classical calculus, called LK, appear in Table 4. For most of the
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rAsaaAd
- A, T T r.L— A L
IA,B — A ' sA,A I' > A,B
AL AR
I AAB —> A I > A,AAB
NA—- A I'B—> A I'—-> A,A,B
Vi VR
I AVB > A I >A,AVB
I'—=AA I''B— A I'A— A,B
FAsB— A L F > A A=SB R
' - A,A I'A— A
rL-A—>A © I > A,—A F
I'—- A A,B T'A,B—> A NA—A,B I''B—AA _
IA=B—> A —L I >A,A=B —L

Table 4: The rules of inference for LK, the classical sequent calculus. The right
hand side of each sequent can have more than a single formula.
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rules of inference, we simply allow more than one formula on the right side of each
sequent. A more significant change is the rulex@r To concludel® — A v B in

the intuitionistic version, we must prove — A orI' — B, while in the classical
version we have to prove only — A, B. All the intuitionistic rules are special
cases of the classical rules, so an intuitionistic proof is classically correct.

Example 3.11 The law of the excluded middle is one result that we expect to be
provable in a classical system but not an intuitionistic one.

A5 a4
— A, —-A R
— AV —A

VR

Where is a non-intuitionistic, classical rule used in the derivation? What goes
wrong when you try to construct an intuitionistic derivation?

Example 3.12 One direction of the equivalence of contrapositives is intuitionisti-
cally provable. Carefully study the derivation, especially the application ofthe
rule.

isad aposp
A=B,A— B
A= B,—B,A—> | L
A=B,—B > —A R
A= B — —-B=—-A
— (A= B)=>(—B=—-A)

The other direction of the contrapositive is classically, but not intuitionistically,
provable.

=L

=R

=R

B A A d B -a B
—B—>A,—-A ® "B -B—>-A *
—-B, A= B — —A
A= B — —-B=—-A

— (A= B)=(—B= —A)

Another contrasting pair of formulas are the introduction and elimination of double
negation. The introduction of double negation is acceptable in the intuitionistic
system. In other wordsy = ——A is an intuitionistic theorem. But the elimination

of double negation;-—A = A, has only a classical proof.
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3.5 Satisfaction for Sequents

Recall that a valuation is a functian: Prop — {False Trueg}. In the last set of
notes, we defined what it means for a valuatioto satisfy a single formula. We
extend that definition to sequents by saying thattisfiesthe sequenl” — A if

v makes either one of the formulaslinfalse or one of the formulas in true.

The sequenl’ — A is satisfiableif somevaluation satisfies it. It isalid if every
valuation satisfies it.

The sequeni” — A is falsifiable if it is not valid, or equivalently, if some valu-
ation makes every formula iR true and every formula im\ false. A sequent is
valid if and only if it is not falsifiable.

3.6 Soundness

A typical rule of inference in a sequent calculus has zero or more premises and a

conclusion. _
Premises

Conclusion

One desirable property for a rule of inference is the following:

Any valuation that satisfies all of the premises of a rule of inference
also satisfies the conclusion.

One can verify directly (do it!) that the property holds for all the rules of inference
in the intuitionistic and classical propositional sequent calculi. Some rules, like the
id-rule, have no premises, and the conclusions of those rules are always valid.

Working from top to bottom in a correct proof, we see that each sequent in the
proof is valid. It follows that the final conclusion of the proof is valid.

Theorem 3.1 (Soundness Theoremlvery theorem of the intuitionistic or classi-
cal sequent calculus is a valid sequent.

3.7 Completeness

The converse of the property in the previous section can be stated like this:

Any valuation that satisfies the conclusion of a rule of inference also
satisfies all of the premises.
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Another way to put it is as a statement about falsifiability:

Any valuation that falsifies one of the premises of a rule of inference
also falsifies the conclusion.

You should be sure that you understand why the two statements are equivalent. The
property does not hold for all the rules in the intuitionistic sequent calculus.

T r - A o .
) e—F ———
Example 3.13 For the intuitionistic rul S AVE Vg it is possible for the

premise to be false while the conclusion is true. An extreme example is wigen
landBisT.

r— A
Ir',—-A—C
stated property. There may be a valuation that makdalse andC true. Such

a valuation will falsify the premise but satisfy the conclusion.

Example 3.14 The intuitionistic rule —; also does not have the

Onecanverify the property (again, do it!) for all the rules of the classical sequent
calculus. From this observation, we see that if a conclusion in a classical proof
is valid, then all the premises of the proof are also valid. This holds for entire
deductions, not just single steps.

The classical, propositional sequent calculus is a very special system. It has three
important properties. First, as was just stated, if the conclusion of a proof is valid,
then so are the premises.

Second, if a sequerit — A contains a formula with a connective, then there is
an application of one of the rules of inference which Ras> A as its conclusion.
Moreover, every premise of the rule will have one fewer connective than A.

One can verify that by looking at the list of rules. There are rules to eliminate each
kind of connective, on the left or the right of the arrow. The premises of such rules
have do not contain the corresponding connective, and they do not introduce new
ones.

Third, if a sequent contains no connectives, then either it is a consequence of the
id, L, and T rules, or else it is (obviously) falsifiable. A sequent that contains
no connectives has atomic formulas on either side of the arrow. If the same letter
appears on the left and the right, then the sequent is provable by the id-rule. If
appears on the left of on the right, then the sequent is provable by ther T

rules. Otherwise, no letter appears on both left and right, and we can read off a
valuation making all the letters on the left true and all those on the right false.
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We can use these three properties to try to construct (from bottom to top) a deriva-
tion of a given sequerit — A. Aslong as there are premises with connectives, we
can continue applying rules. Since each step eliminates one connective, no branch
in the proof tree will be longer than the number of connectives in A, and the
process will end after a finite number of steps. At that point, the only premises left
will be those without connectives. There are two possibilities:

e All these premises are derivable from the id, and T rules, and we have
constructed a correct derivation Bf— A.

e One (or more) of the premises is falsifiable, and therefore the conclusion is
falsifiable.

We have either a correct derivation Bf — A or a valuation that falsifies it. If
the sequent is valid, then we must have constructed a derivation. This observation
gives us the completeness theorem for the classical sequent calculus.

Theorem 3.2 (Completeness TheoremA valid sequent is a theorem of the clas-
sical sequent calculus.

A consequence of the completeness theorem is the fact that every intuitionistically
provable sequent is also classically provable. That fact is not obvious because
the intuitionistic rules are not, in general, special cases of the classical rules. To
demonstrate that fact, suppose that> A is an intuitionistic theorem. Then by

the soundness theoreiin,— A is valid. By the completeness theorefh— A is

a theorem of the classical system.

3.8 Completeness for the Hilbert System

There is a mismatch between the theorems of the classical sequent calculus and the
theorems of the Hilbert system. The former are sequents, while the latter are single
formulas. However, it is still possible to translate a sequent proof to a Hilbert-style
proof.

Let us define a sequedig, ®4,...,P,,_1 — Yo, ¥y,..., ¥,_; to beHilbert-
provable if there is a proof in the Hilbert system @fy v ¥, v... v ¥, ; from the
hypothesesb, through®,,_;. Implicitly, we are assuming that the formulas are
translated into equivalent forms using only the connectivesd=>. Further, the
constantsL and T, which do not appear in Hilbert formulas, must be replaced by
p A —pandp v —p, respectively.
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Lemma 3.3 | If, in an instance of a rule of inference in the classical sequent cal-
culus, the premises are Hilbert-provable, then the conclusion is Hilbert-provable.

Using Lemma 3.3 inductively yields a theorem about the Hilbert-provability of
sequents.

Theorem 3.4 If the sequeni” — A is provable in the classical sequent calculus,
thenl” — A is Hilbert-provable.

Corollary 3.5 If ® is a valid formula, therd is a theorem of the Hilbert system.

PROOF If ® is a valid formula, then— @ is a valid sequent and is a theorem
of the classical sequent calculus, by Theorem 3.2. The sequend is Hilbert-
provable, which for this simple sequent simply means thas a theorem of the
Hilbert system.

In section 3.3, we observed that the theorems of the Natural Deduction system are
exactly the same as the theorems of the Hilbert System. Consequently, we have
established the Completeness Theorem for the Natural Deduction system as well.

3.9 Decidability

The completeness theorem gives us a decision procedure for validity. Starting with
a sequeni” — A, one can apply the classical rules and either end up with a proof
of ' — A or a valuation that makes — A false. Viewed in this way, working
from the bottom up, building a proof in the classical sequent calculus is a search
for a falsifying valuation. The surprising fact is that if we fail to find a falsifying
valuation, we have constructed a proof that there is no such falsifying valuation.

Unfortunately, this new decision algorithm for validity may not be much more
efficient than looking at truth tables. The reason is that the number of premises can
double as we go up one level in the proof.

One consequence of our observations is that it makes no difference in which order
we apply the rules. If a sequent is classically provable, any choices we make will
result in a proof.

Example 3.15 The order in which we apply rules in the intuitionistic sequent cal-
culusdoesmatter. Consider the intuitionistic theoresnv B — B Vv A. If, son-
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structing from the bottom up, we choose first to apply, we are stuck.

5589 4.3
AvVvB— B

AVB— BVA

2

VR

There is nothing that can be done with the remaining premdise B. A similar
problem arises if at the first step we choose the other alternative’ for The
theoremis provable, however, if we chooseg as the bottom step.

4 Resolution
4.1 Conjunctive Normal Form

A formula @ is in conjunctive normal form, abbreviated CNF, i is of the form
CinCon...NC,
where eaclt; is of the form
GV YV,
and Zé. is either a proposition letter or the negation of a proposition letter. The
subformulasC; are callecclausesand the subformula@ are callediterals.

Every formula is equivalent to a CNF formula. The steps in reducing a formula to
CNF are as follows:

1. Eliminate all occurrences e$, «, and= by replacing them with equivalent
constructions using only, v, and—. For this, we use the equivalences

A= B < —AV B,
A<=B < AV —-B,and
A=B < (AANB)V (—AA—B).

2. Push all the negation symbols through the conjunctions and disjunctions,
using the DeMorgan laws. Eliminate double negations.

3. Use the distributive laws fok andv to push thev connectives deeper into
the formula.
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Along the way, one can eliminated repeated clauses and carry out other simplifi-
cations. In general, the resulting CNF formula is much longer than the original
formula.

Example 4.1 Consider the negation of an instance of Axiom 2 of the Hilbert sys-
tem: = ((p=>(@=r))=(p=q9)=(p=r))). We can compute equivalent for-
mulas as follows.

(p=@=r)A—~(p=>q9)=(p=r))
—pV@=mA(p=>9 N—(p=r))
(=pV=gVr)AN(=pVaqg) N(p)A(=r)

The last line is a CNF formula with four clauses.

The connectives in a CNF formula appear in a regular pattern, and it is not nec-
essary to write them. We think of a clause as a set of literals, impligitlyd
together, and a CNF formula as a set of clauses, impligitgd together. Thus the
CNF formula

IV NV LIANEEVEEY VA AW L)

mq

could also be written

RS T Gl T U S ot SN (510 4 NN L Y

s “mo

We will use the language of formulas and sets interchangeably, speaking of a CNF
formula as a set of clauses and a clause as a set of literals.

Recall that the Iiteralﬁg are either proposition letters or the negations or proposi-
tion letters. If¢ is a literal, then its negation is also a literal and can be obtained by
either appending or deleting the negation connectivd he negation of the literal

¢ is written £€.

A clause is a disjunction of literals. A clauggis satisfiable if there is a valuation
that makes one (or more) of the literalsdrirue. A clause is falsified by a valuation
that makesall the clause’s literals false. Thempty clause denoted, has no
literals and is not satisfiable.

A formula, viewed here as a set of clauses, is satisfiable if there is a valuation that
(mutually) satisfies all the clauses in the set.
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4.2 Resolution Rule

Two clausesC, and C, clashon the literal? if ¢ is in C, and¢€ is in C,. The
resolventof clausesC, andC; which clash or? is the clause

(Ca\ {E) U (Cp\ {€°Y).

The resolution rule is a way of deriving one set of clauses from another. Suppose
thatS is a set of clauses and th@t andC, are clauses i§ that clash orf. Let C,

be the resolvent of , andC,. Theresolution rule tells us that we may add, to

the setS, obtaining a new sef’,

S =SU{C,}.

Often, there are many possible applications of the resolution rule. There may be
several pairs of clashing clauses, and a pair of clashing clauses may clash on several
different literals.

The important fact about the resolution rule is that it preserves satisfiability.

Lemma 4.1 Suppose thaf is a set of clauses and th& arises fromS by an
application of the resolution rule. A valuatiansatisfies all the clauses iiif and
only if v satisfies all the clauses ifi.

PrOOFE Notice thatS is a subset of’. If v satisfies all the clauses i§i, thenv
automatically satisfies all the clausesSin

Conversely, suppose thatsatisfies all the clauses 1 Suppose further that the
resolution rule was applied to clashing clau€ggndC, of S and that the resolvent
wasC,. Let? be the literal on whiclkC, andC, clash. The only clause iff that is
not in S is the resolvenc,..

If v makest true ande€ false, then there must be some literal, different frefm
in C,, that is made true by. Call it ¢’. Then¢’ is an element o', \ {£€} and hence
is an element of,. Therefore,C, is satisfied by, andv satisfies every clause in
S’

The other possibility, that makest false and¢¢ true, can be handled similarly to
complete the proof of the lemma.
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4.3 Resolution Procedure

The resolution procedureis a way of checking satisfiability. The process is to
apply repeatedly the resolution rule. Starting with asef clauses, we lefy =

S and letS, 1 be the result of applying the resolution rule $p. The process
terminates in one of two ways.

o If the resolvent is ever the empty clausg then declare the set to be
unsatisfiable and terminate.

e If there is no way to choose clashing clauses so $hat is different from
S, then declare the sétto be satisfiable and terminate.

At each step, a new clause is added to the set. The pradlessentually terminate,
because there is a finite number of clauses that can be constructed from the literals
in S. But that finite number is exponentially large, and the resolution procedure
could take a very long time.

Notice also that the process of searching for clashing clauses can be very ineffi-
cient. There is plenty of room for improvement of the running time, but first we
have to be concerned with the correctness of the resolution procedure.

Using Lemma 4.1 inductively, we see tifais satisfiable if and only i, is satisfi-
able. If the resolution procedure ever adds the empty clauses;, then we know
that Sx, and hences, is unsatisfiable. Put another way,dfis satisfiable, thefn]
will never emerge as a product of the resolution rule. The productianisfcalled
arefutation of the CNF formulaS. The observation that a satisfiable formula will
never be refuted is a form of soundness for the resolution procedure.

Theorem 4.2 (Soundness for Resolution)f S is a refutable set of clauses, then
S is an unsatisfiable set of clauses.

Example 4.2 Consider the CNF formula from Example 4.1, written here in set
form.

0. LetSo = {15 4.7}, (B, ). {p). (F}}.

1. The first and second clauses clashgorand give{p, r} as the resolvent.
We underline, in the formula above, our choice of clashing clauSes=

{(5.d. ). 4B, ). ). (7). (B 1} ).

2. The new resolvent clashes with} and giveqr} as the next resolvens, =
{(5.@. 71 1h @) AP). 7). (o). 113}
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3. Finally,{r} and{r} clash and yield the empty resolvdnt

From this refutation, we conclude that the original formula is unsatisfiable. It is
not surprising since we began with a formula that is equivalent to the negation of a
valid formula.

In this application of resolution, we used all the clauses of the original formula.
If any one were omitted, the formula would be satisfiable and heoteefutable.

For instance, the sétp, g, r}, {p. g}, {p}} contains the first three clauses frdiy

and is satisfied by making, ¢, andr all true. What is the result of applying the
resolution procedure to that set?

At each step in the example, we had several pairs of clashing clauses. Different
choices would have produced a different, and perhaps longer, sequence of steps.

4.4 Completeness for Resolution

The flip side to soundness is completeness. We can ask, “Will every non-satisfiable
formula be refuted?” Or even more strongly, we might wonder if we can find a
satisfying valuation: “If the resolution procedure is startedSoand terminates
without producing], do we have enough information to construct a valuation that
satisfiesS?” The answer to both questions is “yes.”

We begin our discussion with the tree of possible valuations on some finite set of
proposition lettergps, po, ..., ps}. Itis afull binary tree of height in which each

node represents a partial assignment of false or true to some of the letters. We write
partial assignments as strings over the charagteteroughp, andp; throughp;.

At the root is the empty assignment which gives truth values to none of the letters.
A child makes a truth assignment to one more letter than does its parent. The two
children of a parent represent the assignment of false and true to the new letter.
There are 2leaves, one for each possible valuation. The tree for three letters is
illustrated in Table 5.

A node in the valuation tree is a partial assignment of truth values. Such a partial
assignment may be sufficient to determine the truth values of certain formulas. We
can speak of one partial assignment “extending” another. The complete assign-
ments are at the leaves.

Let S be a set of clauses, and I&t be the last set constructed by the resolution
procedure. A claus€ coversa noden in the valuation tree if it satisfies the
following properties.
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pqr  pqr  pqr  pgr  pqr  pqr  pqr  pqr

NSNS NS N

Table 5: The tree of possible valuations on the three proposition letfersandr.

1. The clause&” is an element of;.

2. The proposition letters that appeadrare among the letters which are given
truth values byz.

3. The clause” is falsified by every assignment that extends

Some nodes may be covered by many clauses, while other nodes may be uncov-
ered. By property 2, the empty clausEs the only clause that can cover the root.

Notice that we are not describing an algorithm here, we are simply considering a
valuation tree with all the possible covering clauses.

Lemma 4.3 If a non-leaf node is covered, then both its children are covered.

PROOF Suppose that clause covers a non-leaf node. One can easily check that
C satisfies all the conditions to cover the node’s children.

Lemma 4.4 If both children of a node are covered, then the node itself is covered.

PROOFE Suppose thaB is a node with childrerBq and Bg, andCy andC; are
clauses covering the nodék; and Bg, respectively. If the proposition letter
does not appear i@y, thenCq coversB. Similarly, if ¢ does not appear i@, then

C, coversB. If g appears in both clauses, then must be inCq, andg must be in
C,, because the partial valuation maladisthe elements of covering clauses false.
Therefore, the claus&$, andC; clash ong, and the resolvent, is

(Co\ {ghH U (C1\ {g}). 1)
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We claim thatC, coversB. There are three properties to verify. For the first
property, the resolverd, is in the setS; because the resolution procedure will not
terminate until all resolvents are present.

For the second property, notice that a proposition letter appeari@g &amdC; is

eitherq or a proposition letter appearing b It is enough to show that the letter
does not appear in the resolvant We observe thaj cannot appear if \ {7}

Otherwise,Cy would contain bothy andg, and Co would be satisfiable bgpny
valuation. Such a clause can never cover any node. Simi@rigannot contairg.

Therefore, the resolvent (1) does not contain the letter

For the third property, consider any literaln Co \ {¢}. That literal is made false
by any valuation that extend®q. But since the literal is notg or its negation, its
truth assignment depends only on the partial valualioit herefore every literal in
Co\ {g} is made false by the truth assignmeéntSimilarly, every literal inCy \ {¢}
is made false by the truth assignmeént

Because it satisfies all three properties, the resol@emovers the nod&, and the
lemma is proved.

Theorem 4.5 (Completeness for Resolution)f the setS of clauses is unsatisfi-
able, thensS is a refutable set of clauses.

PROOF. Suppose thaf is an unsatisfiable set of clause,is the last step in the
resolution procedure starting fro§y and we have a valuation tree with covering
clauses fromS;. SinceS is unsatisfiable, all the leaves of the tree are covered by
elements ofS. Using Lemma 4.4 inductively, we conclude that all the nodes of
the tree are covered by elementsSf In particular, the root must be covered,
and(d is the only possible covering clause for the root. Therefareppeared in
the resolution procedure, arfdis refutable. The completeness theorem has been
proved.

There is a way in which we can construct a satisfying valuation when the resolu-

tion procedure tells us that there is one. There must be one uncovered leaf in the
valuation tree, and all the nodes on the path from the root to that leaf must also
be uncovered. There may be many satisfying valuations, and we can find one by
following uncovered vertices from the root.

The only difficulty with the preceding sketch is that we have cmtstructedthe

tree; we simply used it in our proofs. But we can imagine navigating through the
tree and do as well. As was just remarked, the root is uncovered. We start with
the empty valuation. Ip; is the first proposition letter to be considered, then we
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have to discover whether the node in directipnor the node in directiorp; is
uncovered. The only clauses available to cover nodes at that level of the tree are
the unit clauses. I§; contains the clausg,}, then the node; is covered by p,}.
The p; direction is excluded, and we make true. Otherwise, we make; false.

In general, if we have constructed an assignmént; to the lettersp; through
p:i—1, then (in our imagination) we are at the uncovered nadeg and we try to
extend our assignment td, _;p;. Considerp; together with thecomplementsf
the literals inA;_;. If some subset of these literals appearsinthen there is a
clause covering\; 1 p,. In that case, the, direction is excluded, and we make
true. Otherwise, we make, false.

Using the inductive step in the last paragraph, we may find a satisfying assignment
for S. Our process falls a little short as an algorithm, because it requires that we
look for subsetof clauses inS,—a time-consuming prospect.

4.5 Optimizations

The following lemmas can be used to reduce the number of clauses, or the size of
the individual clauses, in a set of clauses. These reductions are important, because
the resolution procedure is exponential in the number of clearsgthe number of
literals.

If SandT are sets of clauses, we wrife~ T to mean thafS is satisfiable if and
only if T is satisfiable.

Lemma 4.6 Suppose that occurs in some of the clauses$but £¢ does not. Let
T be the set of clauses iwhich donotcontainé. ThenS ~ T.

Lemma 4.7 Suppose tha$ contains a unit clausé/}. LetT be the set of clauses
in S which do not contaif. ThenS ~ T.

Notice that after applying the result of Lemma 4.7, one is in a position to apply the
result of Lemma 4.6 withi€.

Lemma 4.8 Suppose thaf$ contains a claus€ which contains both a literal and
its complement. Thefi~ S\ {C}.

Lemma 4.9 Suppose tha$ contains clause€, and C, for whichCq € C;. Then
S~ S\ {C4}.
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4.6 Resolution and Logical Consequence

If we want to see if a formula is valid, we just use resolution to check tha¥
is unsatisfiable.

Suppose that we want to seedif, ®,, ..., ®, = V. This is equivalent to show-
ing that®; A ®, A ... A &, = W is valid. That fact, in turn, is equivalent to
the unsatisfiability of-(®; A &, A ... A &, = W), which can be determined by
resolution.

One obstacle to applying resolution is that we sometimes encounter formulas that
are not CNF formulas. Assuming that ttke's are CNF, the formula at the end of
the previous paragraph is close to being CNF.

“(DPLADPIA...AND,=V)> DIADPIA...AD, AT

It remains only to put-¥ into CNF. Unfortunately, it may take a fair amount of
work to put the negation of a CNF formula into CNF.

Example 4.3 We have had several occasions to conclgd®m p v ¢ and—p. In
the context of resolution, we try to refute the claupes ¢, —p, and—gq.

0. LetSo be{{p.q}. {—p}. {—q}}.

1. The first two clauses clash gn Their resolvent idq}, so we sefS; to be
the set{{p, ¢}, {—p}, {—q}. {q}}.

2. The last two clauses iy clash ong. Their resolvent ig]. The resolution
procedure terminates with a refutation St

We can therefore conclude thatv g, —p  ¢. The same resolution also yields
pVq,—~q = pand=p,—q - =(pVq).

5 Predicate Logic

The propositional logic, which we have studied until now, is rather weak. It cannot,
for example, formalize the assertion

All one-eyed aliens have one eye.

Nor can it express the deduction

49



Sir Edmund Hillary climbed Mount Everest.
Sir Edmund Hillary is a human being.
Therefore, some human climbed Mount Everest.

Propositional logic falls short because it has no way of distinguisimdiyiduals
The examples above use the words “all” and “some” whose meaning depends on
having a collection of objects, not just propositions, under discussion.

Predicate logic fills the deficiency by introducing variables and constants into the
underlying language. We will follow a pattern similar our introduction to propo-
sitional logic. In the new case, syntax and semantics will be only a little more
complicated. When we come to proof systems, we will have to be careful to avoid
faulty reasoning.

5.1 Syntax
Consider an alphabé&t which is the union of eight sets. The first three sets contain
the non-logical symbols.

1. A= {a,ay,...}is the finite or countably infinite set @bnstant symbols.

2. F ={f1, f2, ...} is the finite or countably infinite set éfinction symbols.

3. P = {p1, p2, ...} U{=} is the finite or countably infinite set gfredicate
symbols.

There are two functions arify: 7 — N* and arity, : P — N which determine
the number of parameters taken by each function and predicate symbol. The special
symbol= is called theequality symbol and always has an arity of 2.

Note that predicate symbols can have arity zero, but function symbols cannot. The
reason is that 0-ary functions are just constants, and it is more natural to consider
constants separately from functions.

The three setgl, F, andP, together with the arity-functions, form timen-logical

part of our language. These components will vary from case to case, depending on
what the language is describing. We will use the symb@r the non-logical part

of our language.

The part of the language that is the same in all cases i®tfieal part. There are
five more sets containiniggical symbols.

4. X = {x1, xp, ...} is the (countably infinite) set ofariables.
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5. C={—, A, V, =, «, =} is the set otonnectives.
6. V ={T, L} is the set ofruth constants.
7. Q = {v, 3} is the set ofjuantifiers.
8. S =1{),,, (} is the set ofauxiliary symboals.
Instead of using subscripts we often write
a, b, ... for constant symbols,
f,g, ... for function symbols,
p.q, ... for predicate symbols, and
x,y, ... forvariables.
As is by now customary, we define a set@fms by structural induction.
1. Every constant symbol is a term.
2. Every variable is a term.

3. If £ is a function symbol with arity(f) = n andn, t, ..., t, are terms,
then f(t1,1tp, ..., 1t,) isaterm.

Examples of terms are, f (x, c), andg(h(a, (b)), g(y, 2)).
The set ofatomic formulas (or atoms) is also defined by structural induction.
1. The constantd and T are atomic formulas.

2. If p is a predicate symbol with ari(p) = n andty, t,, ...,t, are terms,
thenp(ty, 12, . .., 1,) is an atomic formula.

Observe that functions can be nested in terms, but predicates cannot be nested
in atomic formulas. Examples of atomic formulas are:), ¢(f(x, ¢), y), and
r(a, g(h(a, f()), g(y,2)), f(2)).

The set ofwell-formed formulas (or just formulas or wffs) is again defined by
structural induction.

1. Every atomic formula is a wiff.

2. If @ is a wff, then(—®) is a wff.
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3. If ® andV¥ are wffs ando is one of the binary connectives v, =, «, or
=, then(® ¢ V) is a wif.

4. If ® is a wif andx is a variable, therivx ®) and(3x ®) are wifs.

The rules for eliminating parentheses around connectives apply in predicate logic
as well as the propositional logic. We can also eliminate the parentheses associated
with quantifiers when a formula starts with a string of two or more quantifiers. An
example of a wff is

Vy3z(r(a, g(h(a, f(b)), g(y,2)), f(2)) AVx (p(x))).

5.2 Semantics
The uninterpreted formula above is not very interesting. We interpret wffs by giv-
ing meaning to the components of the language of predicate logic.

The distinction between syntax and semantics is clearer here than in the proposi-
tional logic, because the “meaning” of a wff carries some informational content. It
is not just “false” or “true” as it was in the propositional case.

Example 5.1 In everyday speech, we use predicates. The sentence
The son of Sam is a serial killer.

can be translated as
serialKiller(sonSan)).

where serialKiller is a predicate symbol, son is a function symbol, and Sam is a
constant symbol. We interpret these, respectively, as a predicate, a function, and a
constant.

It is a bit odd for “son” to be a function, because Sam (or anyone else) may have
more than one son. We can replace “son” with a binary predicate “sonOf” and use
an existential quantifier.

dk (sonOfk, Sam A serialKiller(k)).

Example 5.2 The predicate logic was developed to describe mathematical sys-
tems. For example, the axioms of linear order can be cast as wffs. Suppoge that
is a predicate symbol and arjtyp) = 2.

1. Vx p(x, x).
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2. VxVyVz (p(x,y) A p(y,2) = p(x, 2).
3. VxVy (p(x, y) A p(y, x) = x = y).
4. VxVy (p(x,y) Vv p(y, x)).
If we want to assert that there is a largest element, we can do it with the wiff
3z (Vx (p(x, 2))).

Or if we want to assert that the ordering is dense (having an element strictly be-
tween any two distinct elements), we can do it with another formula.

VxVy(p(x, ) A—x =y=3Jz(p(x, ) A—x =2 A p(z,y) A=z =Y)).
Notice that we use= as an infix operator, writing = y instead of=(x, y). One
could also replace with the more natural infix operatet.

In order to assign meanings to wifs, we must specify
e a setM of individuals (over which the quantifiers and variables will range),
e an element inV for each constant symbol in the language,
e ann-ary function onM for eachn-ary function symbol in the language, and
e ann-ary relation onM for eachn-ary predicate symbol in the language.

Proceeding formally, we define afistructure to be a painM, I) in which M is
a non-empty set called tltmmain and/ is a function on the non-logical symbols,
satisfying the following conditions.

1. If a is a constant symbol, theh(«) is an element of\1.
2. If fis a function symbol and arity( f) = n, thenI (f) : M" — M.

3. If p is a function symbol other than the equality symbol and aiip) = n,
thenl(p) : M" — {False True}.
The equality symbol is always interpreted as the identity predidate) :
M? — {False True}, where

True ifx =y, and

&&= { False ifx # y.
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The function/ maps constant symbol to constants, function symbols to functions,
and predicate symbols to predicates.

We want to assign elements of to the variables as well, but we cannot do it in
the L-structure because we must allow the variables to vary.agsignmentis

a function from the se’ of variables intoM. If s : X — M is an assignment
s[x; := a] denotes the new assignment given by

a if u=x;,and
s(u) otherwise.

s[x; == al(u) = {

The assignmeni gives a value to each variable. The “meaning” of an arbitrary
term in an/-structure depends on the assignment, so we think of the meaning
as a function from assignments into elements of the domain. Naturally, we use
structural induction, mirroring the definition of terms.

1. If a is a constant symbol, then,(s) = I(a).
2. If x is a variable, then, (s) = s(x).

3. Ifristhetermf(ty, 1o, ..., 1,), then
t(s) = I1(f) ((tD)m(s), (L2 (s), ..., t)m(s)).

Similarly, the “meaning” of a wif is a function from assignments iff@alse True}.
We begin with atomic formulas.

1. 1Ly(s) = False.
2. Tu(s) = True.

3. If Aisthe atomic formulep(ty, 2, . .., t,,), then
Ay (s) = 1(p) () u(s), (t2)m(s), ..., ) u(s)).

Once we have “meanings” for atomic formula, it is easy to extend it to formulas
with the connectives. We just use the truth-table definitions of the connectives.

4. If dy(s) = False, then—®),(s) = True.
Otherwise,(—®) (s) = False.

5. If ®y(s) = ¥y (s) = True, then(® A W), (s) = True.
Otherwise,(® A W), (s) = False.

6. If &y (s) = ¥y (s) = False, then® v W), (s) = False.
Otherwise,(® v W), (s) = True.
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7. If ®y(s) = True and¥, (s) = False, then® = W), (s) = False.
Otherwise (® = W)y, (s) = True.

8. (=) y(s) = (V= D)y(s).

9. If ®y(s) = ¥y (s), then(d = W)y, (s) = True.
Otherwise,(® = W), (s) = False.

The really new part here involves the quantifiers. The assignments were introduced
for the benefit of this definition.

10. Ifforall min M, ®(s[x := m]) = True, then(Vx (®)),, (s) = True.
Otherwise(Vx (®)),, (s) = False.

11. If for somen in M, ®y,(s[x := m]) = True, then(Vx (®)),, (s) = True.
Otherwise(Vx ()),, (s) = False.

Example 5.3 Let M be any linearly ordered set, as defined earlier in the course.
Interpret the 2-ary predicate symbplto mean<. If ® is one of the four axioms
given in Example 5.2, the,, (s) = True for all assignments

Looking explicitly at the reflexive axion¥x p(x, x), we see that the atomic for-
mula p(x, x) is true inM with assignment if

(p(x,x))y (s) = True,

or equivalently, if
I1(p)(s(x), s(x)) = True

Further, (Vx p(x, x)),, (s) = True if for eachm from M, (p(x, x)),, (s[x =
m]) = True. As we just saw, that translates top)(s[x = m](x), s[x =
m](x)) = True, or simplyl (p)(m, m) = True. Exactly as we expect,

(Vx p(x, x))  (s) = True
if and only if
for eachwn from M, I(p)(m, m) = True.

The binary predicaté (p) is a function fromM? to {False Trug}. The same in-
formation can be conveyed by specifying those pairs of element$ which are
made True by (p). We can define a binary relatia®, on the elements a¥/;

R, =1{(p,q) € M* | I(p)(p,q) = Trug.
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Then we have the connection that the relatignis a reflexive relation o if and
only if the formulavx p(x, x) is true in theL-structureM for all assignments. It
is common to identify an-ary predicate with an-ary relation.

Predicate logic is often called “first-order logic” because it permits quantification
over individuals. There are second-order and higher-order logics which permit
guantification over sets of individuals and functions on individuals. We will not
study those logics in this course.

5.3 Free and Bound Variables

Intuitively, we believe tha¥x p(x) andVvz p(z) mean the same thing, even though
p(x) without the quantifier may be different from(y). On the other hand, the
formulavx (p(x) A 3zr(x, z)) isnotequivalent tovz (p(z) A Jzr(z, 2)).

Although the formuladx (p(x) A Vx g(x)) displays a poor choice of variables,
it is well-formed and is equivalent (in a sense to be defined precisely later) to

3z (p(2) AVy q(y))-

These examples tell us that we have to take care with our choice of variables. One
distinction is the difference between free and bound variables. Roughly speaking,
x is free indz (W (x, z)) while z is bound (by the quantifier). Furtherlies in the
scope of the binding af.

Giving formal definitions of these concepts is a bit delicate. It is not enough to
speak of variables in a formula; we have to identify specific occurrences of vari-
ables in the formula. Any occurrence of a variable is either free or bound, but not
both. Ifitis bound, it is bound to a particular quantifier.

1. Any occurrence of a variable in an atomic formula is free in that formula.

2. Any occurrence of a variable that is freedris also free inrm®. Any occur-
rence that is bound i@ is bound (by the same quantifier) .

3. Leto be one of the binary connectives. Any occurrence of a variable that is
free in® or in ¥ is also free ind ¢ . Any occurrence of a variable that is
bound in® or in ¥ is bound (by the same quantifier) @no W,

4. Any free occurrence of a variable, other thgnn & is also free invx ®.
Any free occurrence of in @ is bound to the leading quantifiervix ®. Any
bound occurrence of a variable @ remains bound by the same quantifier
in V@ . The same definitions apply to the existential fornmiiad.
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A similar definition by structural induction tells us when an occurrence of a vari-
able falls within the scope of a quantifier. An occurrence of a variable may fall
within the scope of several quantifiers.

1. Any occurrence of a variable in an atomic formula is not within the scope of
any quantifier.

2. If an occurrence of a variable is within the scope of a quantifigr,ithen it
is with the scope of the same quantifier-d.

3. Leto be one of the binary connectives. If an occurrence of a variable is
within the scope of a quantifier i@, then it is in the scope of the same
qguantifier in® ¢ ¥. Similarly, an occurrence of a variable within the scope
of a quantifier in¥ is in the scope of the same quantifierdno W.

4. Any occurrence of a variable i is within the scope of the outer quantifier
in Vx ®. Any occurrence of a variable that is within the scope of a quantifier
in ® remains in the scope of that quantifierMn ®. The same definitions
apply to the existential formulax .

Notice that we have taken some liberties by identifying an occurrence of a variable
in @ with the corresponding occurrencedr> . The variable that is, say, the 47th
symbol in® is considered the same as the variable that is the 47th symibal @f.

The variable that is the 29th symbol ¥ is considered the same as the variable
that is in position lengtt®) + 1+ 29 in ® o W. (If we include all the parentheses,
the positions change a bit more than indicated here.) To be completely formal in
these matters would make the definitions much more complicated.

One consequence of the definitions for interpretations is that the truth of a formula
® does not depend aall of an assignment; it only depends on the values oft
the free variables ob.

Lemma 5.1 If s ands’ are valuations that agree on all the variables in the term
thent (s) = 1, (s)).

PrROOF. The proof is by structural induction on terms.alfis a constant symbol,
thenay (s) = I(a). The value ofzy, (s) is independent of, Soay, (s) = ay(s').
If x is a variable, and ands’ agree onx, thenx,,(s) = s(x) = s'(x) = xp(s").

If f(t1,...,t,) is aterm composed from a function symbglands ands’ agree
on all the variables iry (74, . . ., t,,), thens ands’ agree on the variables in eagh
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By the hypothesis of induction(z;) (s) = (;)u(s") for eachi between 1 ana.
We then have

(fr, s t))m(s) = LM (), -, G m(s))
= 1(NH(Eu(s), ..., tu(s)
= (f(tr, - ) u(s),

as desired.

Lemma5.2 If s and s’ are valuations that agree on all the free variables ®f
then®,,(s) = Oy (s).

The proof of Lemma 5.2 is by induction on formulas. An important special case
occurs when there are no free variables. A formula that has no free variables is
closed

Corollary 5.3 If ® is a closed formula and i and s’ are any valuations, then
Dy (s) = Pur(s").

5.4 Satisfiability and Validity

Let M be anL-structure and an assignment. b, (s) = True, then we say that
M satisfies® with s. In symbols, we writeV = ®(s).

The formula® is satisfiable in M if, for some assignment, M = ®(s). The
formula @ is simply satisfiableif there is a structuré/ and an assignmentfor
which M = @(s).

The formula® is valid in M, written M = @, if M &= ®(s) for all assignments.
In this case, we also say that is amodel of .

The formula® is valid if it is valid in every £-structure.

The notions of satisfiability and validity are extended to sets of formulas in a natural
way. For example, the set of formul&sis mutually satisfiable if there is ant-
structureM and an assignmentsuch thatM = ®(s) for each formulad in T.

Aformula W is alogical consequencef a setl” of formulas if for eachC-structure
M and assignment, eitherW,,(s) = True or elsed,, (s) = False for someb in

. This is a fancy way of saying that is true whenever all the elementsiofare
true. If ¥ is a logical consequence bf we writel" = W.
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Two formulas ardogically equivalent if either is a logical consequence of the
other. Itis easy to prove (do it!) thdt and Psi are logically equivalent if and only
if ® = W is valid.

5.5 Substitution

The notion of substitution of one term for another seems easy, but it is easy to make
errors. A formal definition is actually helpful here.

The notationa[x := ¢] will stand for the result of substituting the ternfor the
variablex in the stringe. The stringe can be a term or a formula. The first case,
for a term, is straightforward.

1. a[x :=t] = a, for a constant symbal.
2. x[x :=1t] =t, for a variablex.
3. ylx :=1] =y, for a variabley with x # y.

4. f(tr,....t)[x :=t] = f(ta[x :=1], ..., t,[x := ¢]), for a function symbol
f and terms; throught,.

Notice that substitution is a purely syntactic operation.

Most of the cases in the definition for substitution in a formula are equally straight-
forward.

1. 1[x :=1] = L.
2. T[x :=1t]=T.

3. pltr, ..., t)[x :=1] = p(ta[x :=1], ..., t,[x :=t]), for a predicate symbol
p and terms, throught,,.

4. (=®)[x :=1] = ~(P[x :=1]).

5 (P oW)[x :=1] = (P[x :=1] ¢ Y[x :=1]), if ¢ is one of the binary con-
nectives.

6. (Vx ®)[x :=1] = (Vx D).

7. Ax ®)[x :=1t] = 3x D).
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Notice the last two cases. Since there are no free occurrencesndfx @, the
substitution does nothing.

One might be tempted to complete the definition like this.
8. (Vy®)[x :=1] = (Vy ®[x :=1]), forx # y. [Incorrect!]

The difficulty is thatr may contain the variablg, which is then “captured” by the
guantifier. For example, consider the substituiign p(x, y))[x := y]. The result,
according to the attempted definitionds p(y, y), which is not what we expect.

The solution is to change the bound variabje® avoid the conflict. Here are the
correct definitions.

8. If x # y, letz be a variable that does not appear at a¥fyn® and inz. Then
(Vy @)[x i=1] = (Vz B[y := z][x := 1]).

9. If x # y, letz be a variable that does not appear at a¥fyn® and inz. Then
@y ®)[x ==1] = F @[y = z][x :=1]).

We can make these clauses completely unambiguous by chaosirge thefirst
variable (that is, the variable; with the least subscript) that does not occuy ind
ort.

According to the our definition, the result of the substituti®y p(x, y))[x = y]
isVz p(y, 2)-

5.6 First-order Natural Deduction

So far, we have the semantic notions of satisfaction, truth, and validity, but we
have not introduced any syntactic proof systems. One such system is the Natural
Deduction system. Start with all the rules for the propositional system, and add the
following four to cover the quantifiers.

) . . .
1. WV” provided thatr does not occur as a free variable in any of the

undischarged assumptions on whitdepends.

Vx &

=1
P[x :=1] 3,
dx &
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’

4, WHD provided thatx does not occur as a free variablednor in

any of the remaining undischarged assumptions on wiictepends. Here,
we considerd to be discharged so thatmay occur as a free variable .

These rules of the Natural Deduction system really are “natural.” For example, the
informal version of theY; rule is

If we can proved without making any assumptions abaytthen we
can conclude/x .

The conditions on th¥; and3; rules are important; see Example 5.10.

Example 5.4 One special case ofz is whenr is the same as. Then we have
Vx ©

just Ve. If x does not occur as a free variablednwe can reason in the

. . . O] .
opposite dlrectlonwv,. From these two inferences, we concluife ) =

® wheneverr does not occur free i. This result is consistent our intuition that
guantifying over a variable that does not appear in a formula does not change the
meaning of a formula.

Example 5.5 The rule3; also has a degenerate case wh&w. We see it in the
inference which proves the distribution ®bver A.

OAY
) 5 Y
wd ' I
Ix (d A W) dxdAIx W
dx O AIx W

NE

3

AT

JE

Invoke =; and discharge the hypothesis to obtain the theorem
Ix (P A V) =3x & A Ix V).
We would not expect to be able to prove the converse. Why?
Example 5.6 Let C and H be a unary predicate symbols. We will think G{x)

as meaning: climbed Mount Everest, anfl (x) as meaning: is a human being.
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Let e be a constant symbol denoting Sir Edmund Hillary. Then the deduction at the
beginning of this set of notes can be rendered in Natural Deduction.

C(e) H(e)
Cle)nHe
dx (C(x) A H(x))

=

We note, in the application of th& rule, thatC (e) A H (e) is the same formula as
(C(x) ANHX))[x :=e].

Example 5.7 One important result is the distribution @fover=>. Begin the Nat-
ural Deduction proof with two hypothesesy ® andVvx (& = V).

deDV Vx (&= V)
® d= U E
v
Vx W

=E

Vi

Notice that the use of; is acceptable, becausedoes not occur free in any of
the hypotheses. (It does not matter that x occurs free in some of the intermediate
steps.) Now, uses; twice—first withVx ® and then withvx (® = W) to obtain
the theorem
Vx (O=V)=>(Vx &= Vx V).

Again, we would not expect to be able to prove the converse.

Example 5.8 Consider the (seemingly pointless) inference below.

Vy ®
_® -
dx &

Vy3dx @ Vi

A
3

Because the variable does not appear free in the conclusion, we may apply the
3z rule and obtain

Yy

dAxVy® Vydx d
Vydx @ E

The theorem, after applyings;, is

(AxVy ©) = (Vy dx ).
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Notice that the implication holds in only one direction. If the quantifiers are the
same, both directions can be proved. Using similar techniques, one can prove the
theorems

VxVy®) = (VyVx @)
and

(Ax Ay ®) = Ty Ix D).

Example 5.9 The interplay between negation and the quantifiers is interesting.
Consider a simple inference with one undischarged hypothesis.

—Vx @ o
One can incorporate that inference into an application ofitheule and obtain the
theorem

(Fx —=®) = (—Vx D).

The converse is a classical theorem, but not an intuitionistic one. The idea is that to
provedx —& intuitionistically, one musexhibita value forx that makes-® true.
It is not enough merely to disprove the assertion that all valuesnoéke® true.

Using the classical rules, which essentially give us the equivalengendth ——W,
it is easy to prove the theorems

(Ax =P) = (—=Vx O)

and
Vx =) = (—3Ix D).

Example 5.10 Violating the conditions on th&; and3g rules can lead us to un-
sound conclusions. Without the condition on the latter, for example, we would
have the inference

—— 3¢ [Incorrect!]

Vxx =0 Vi

Then, by using=; and discharging the assumptior=00, we would obtain a proof
of
0=0=Vxx =0.
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Surely, we do not want to accept this as a theorem of our system. The example
is especially striking using=, because we understand equality. But the example
applies as well tanybinary predicate. Using this “reasoning,” we could prove that

S x S is the only reflexive relation on a s&t

5.7 Sequent Calculus

The rules for the classical sequent calculus are augmented with four rules for quan-
tifiers.
[ ox:=1] > A
LVxd — A

> A, O[x =]
' > A,Vx &

\27

Vr

[, Px:=c] —> A
Laxe - A

> A, O[x =1]
' - A,3x®

d;

=

In the rulesY; and3g, the terms may be any term. In the rulel andVyg, the
constant symbat may not appear (at all) in the lower sequent. It is very important
to observe the condition ar

Example 5.11 Here is a sequent calculus proof of the theorg&md = Jx (CI> Vv
v).

D[x :=c] »> P[x =], ¥V[x := (] d
Plx i=c] > P[x :=c] vV V¥[x =]
D[x i=c] —> Ix (CI>\/ \IJ)
Ix d — Ix (O Vv V)
— A P=3x (P V V)

VR

dr

a;

=R

Reading from the top down, it is important that the usdpttome before the use
of 3;, so that the restrictions on the latter can be obeyed.

Stopping the deduction at the penultimate step giue® — 3x (® v V). A sim-
ilar deduction will show thafix ¥ — 3x (¢ v ¥). Combining the two deductions
with v yields one direction of the distributive law fa@roverv.

P> A (PVY) kY — Ix (VYY)
(Fx @) v (Ix V) - Ix (P v V)
— (Ix @) v (Ix¥) > Ix (Vv V)

\23

=R

What goes wrong if you try to carry out the same derivation witim place ofv?
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Example 5.12 The converse of the formula at the end of Example 5.11 is also a
theorem. One begins with the following deduction.

P[x :=c] = P[x =], VY[x =] d
Plxi=c] > Ix P, Ax ¥ R twice
Ofx == c] > [@Ex d) v (Ir V) VE

A similar deduction concludes witlf[x := ¢] — (3x ®) v (3x ¥). One can then
combine the two deductions.
Plxi=c] > (Axd) v (Ax V) VY[x:=c] > (Axd) v (Ir V) y
Plx =] VV¥[xi=c] > (IxP) Vv (Ix V) L
A (Vv V¥) > (IxP) Vv (Ix V)

AL

— Ix (¢ Vv V¥)= (3x ) v (Ir V) =R

We therefore have the theorein (¢ v W) = (3x ) v (Ix ¥).

What happens if you try to derive the similar formula with universal quantifiers
instead of existential ones?

Example 5.13 Here is an intuitionistic derivation dx —-® = —Vx ®. We have
simplified the presentation by omitting the last step, which usgs

®[x :=c] - P[x =] d
—®[x =c],P[x :=c] > L
—P[x i=c],Vx® — L
—P[xi=c] > Vx

dx —d —» =Vx O

A%

R

=3

Notice how_L was introduced on the right by; and later removed by-z. The
rule —; will allow us to putanyformula on the right, but it is common to udein
cases like this.

Derivations like this one are relatively easy to construct, starting from the bottom
and working upward. A good strategy is to apply the quantifier rules with condi-
tions,V and3;, as close to the bottom of the derivation as possible.
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Example 5.14 Here is a simple example that shows the importance of the condi-
tion on the use of.

id

V&, incorrectly
=R

Using reasoning like this, one can “prove” the formula
(Vxx = x) = (VxVyx = y).

Since the predicate symbél is always interpreted as equality, the hypothesis of
the formula is true in every model, but the conclusion is false in every model that
has a domain with more than one element.

Notice that this example is very close to the example showing the importance of
the analogous condition on the quantifier rules in the Natural Deduction system.
Can you find an example that shows the importance of the conditi@a ®n

5.8 Normal Forms

A formula is inprenex form, or prenex normal form, if it has all the quantifiers
on the outside:

Q1x1 Q1x1 ... Q1x1 A

where each); is eitherV or 3 and A is quantifier-free. Any formula can be trans-
formed into an equivalent formula using the following equivalences, in which it is
assumed that does not occur as a free variabledn

(Vx @) AW =Vx (O A W)
(Vx @) v ¥ =Vx(dV W)
—Vx & =3Ix P
—3x d = Vx —P

From these, one can derive other rules. Obvious examples are
U A (Vx @) = Vx (U A D)

and
(Ax D) AW =3x (A W).
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Only slightly less obvious are the equivalences
V= (Vx®) =V (V= D)

and
(Vx @)=V =3x (d= V).

If x does occur as a free variabledn then one can rename the bound variable
in Vx ®. Choosing a new variable that does not occur at all ifvx ®) A ¥, we
have

(Vx @) AW = Vu (O[x :=u] A V).

Example 5.15 Consider the formula
vz (p) A Yx 3y (v, f) = rg(gw, x), FO)):
Sincex is free inp(x), we rename the bound variabteasu.

vz (p(0) A Vu3y (g0, £ (@) = r(g(gw, w), FOI)).

We can then bring the quantifieve and3y out to the front and obtain

V2V 3y (p(0) A (g0, £ (@) = r(g(gw, w), F()))).

Taking some terminology from the propositional calculuditexal is an atomic
formula or the negation of an atomic formula.chauseis a disjunction of literals.

A CNF formula is a conjunction of clauses. The methods from propositional
calculus are sufficient to transform a quantifier-free formula into a prenex formula
in which the quantifier-free part is in CNF.

Example 5.16 The quantifier-free part of the result in Example 5.15 is
p) A (q(y, f(2)=r(ggw, u), f())).
Itis equivalent to the CNF formulfp (x)) A (=g (y, f(2)) Vr(g(gw, u), f(»)))).
A formula is inclausal form if it is of the form
Vxl‘v’xz...kaA

whereA is a quantifier-free CNF formula. It is not true that any formula is equiv-
alent to one in clausal form, but a weaker assertion can be proved.
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Theorem 5.4 Any formula® can be transformed into a clausal formwla such
that @ is satisfiable if and only if is satisfiable.

The transformation actually changes the underlying language by adding new con-
stant and function symbols, call&kolem constants and functions. The first step

in the transformation is to change into an equivalent formula in prenex form.
The second step is to put the quantifier-free part into CNF. Then the existential
quantifiers are eliminated, one at a time, from left to right.

Suppose that the formula starts with an existential quantifierA. Select a new
constant symbaf, one that does not appear at all in the language, and replace the
variabley with d. The resulting formula ig\[y := d]. You should verify thaBy A

is satisfiable if and only i\[y := d] is satisfiable.

If the formula starts with a sequence of universal quantifiers,
Vx1Vxo...Vx, dy A,

then we add a new function symbol. (The case in the previous paragraph is actu-
ally a special case, if we consider constants as 0-ary functions.y betak-ary
function symbol that is not yet in the language, and replace the formula with

Vx1Vxo.. . VxAly == f(x1, x2, ..., xp)].

Again, you should verify that the original formula is satisfiable if and only if the
new one is satisfiable.

Example 5.17 From Examples 5.15 and 5.16, we see that the formula
vz (p(0) A Vx 3y (g0, £ () = r(g(gw, ), f()))
is equivalent to

vavudy () A (~gGn F@) vV r@ew, 0, fFO)). @

Let # be a new binary function symbol. Then formula (2) is satisfiable if and only
if the clausal formula

V2V ((p) A (Sg(h(z, w), @)V r(g(gw,u). fh(z w))

is satisfiable.
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5.9 Unification

A substitutiono is just a sequence of replacements of the form
[X]_ =1,Xp =1y, ..., X = tk],

where thex;’s are variables and thg’s are arbitrary terms. The substitutions
are done in order, from left to right. The square brackets are reminiscent of our
previous notation for substitution. The expressies, or equivalentlyE[x; :=

t1, ..., x; .= tz], is the result of making the substitution in the expresgion

Theunification problem asks when there is a substitution that can make two terms
equal.

Example 5.18 Letr; beg(x, z), letr, beg(y, f(y)), and leto be the substitution
[y :=x,z = f(x)]. Then bothr,o andr,o are equal tg (x, f(x)).

If 11 andz, are terms and is a substitution satisfyingo = t,0, then the termsg,
andr, areunifiable. The substitutiorr is aunifier of the two terms.

Example 5.19 In Example 5.18, the termgandz, are unifiable, and is a unifier.
In contrast, the termg(x, x) andg(y, f (y)) are not unifiable.

A substitutiono is amost general unifierof termsz; andt, if each unifierr of ¢,
andz, can be written as = o v for some substitution. That is to sayanyunifier
of 11 andz, can be obtained frora by a further substitution.

Unification has many uses. We will use it as a part of the resolution method for
predicate logic. Unification is also the engine that drives the type inference mech-
anism of the programming language ML.

The Unification Algorithm is best stated in a general framework. Suppose that we
have a sequence of equations

S1=11,50 =12, ...,5 = I 3)
and we seek a substitutienthat will make all of the equalities true:
§10 = 110, §20 = 120, ...,85,0 = [}O.
The substitutiors can also be represented by a sequence of equations

X1 = U1, X2 =1UD, ..., Xy = Uy, 4
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where the variables; do not appear in the terms. The Unification Algorithm

will either transform the original equations (3) into a suitable substitution (4) or
it will fail, indicating that there is no unifier. If there is a unifier, the Unification
Algorithm will produce a most general unifier.

The Unification Algorithm iteratively applies the following steps to a sequence of

equations. The algorithm is non-deterministic in that there is often a choice of
which steps to apply. It terminates when there are no steps to apply or when it
explicitly fails. In the former case, when there are no further steps to take, the
resulting equations comprise a most general unifier.

0. If s = r appears more than once among the equations, erase all but one
instance of = r.

1. Erase an equation of the form= x, wherex is a variable.

2. If x is a variable and is a term that is not a variable, and= x appears
among the equations, replace- x by x = t.

3. Suppose that = ¢ appears among the equations and that neitmer ¢ is a
variable.

(a) If s andr are thesameconstant symbol, then erase the equatienz:.
(b) If siis f(uy,...,ur) andt is f(vy,..., v), then erase = r and add
the equations; = v; throughu; = v;.

(c) If s ort have any other forms, then fail immediately. This case applies
whens andt are different constant symbols, when ones@nd: is a
constant symbol and the other is not, wheand: are constructed with
different leading function symbols, and wherandr are constructed
from function symbols of different arities.

4. If x is a variable, is a term containinge, andx = ¢ appears among the
equations, then fail immediately.

5. If x is avariablet is a termnot containingx, the equationr = ¢ appears, and
x occurs in some of the other equations, then make the substitutica {]
in all the remaining equations.

Example 5.20 Consider the two equations
g(y) =x
Jx, h(x),y) = f(8(2), w, 2)
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We can apply Step 2 to the first equation and Step 3(b) to the second, giving

x =gy

x =g(2)
hix) =w

y=z

Onecould apply Step 5 to the first equation and make a substitutiow fout it is
easier to use the last equation. After applying Step 5 with z, eliminating the
resulting duplicate, and applying Step 2, we obtain

x =g(2)
w = h(x)
y=¢z

Now apply Step 5 to the first equation to obtain a most general unifier.

x =g(2)
w = h(g(z))
y=1z

You should verify that the original equations are satisfied after these substitutions
are made.

To apply Step 4 or 5, one must check the equatiea ¢ to see whether the variable

x occurs in the term. This is called theoccur check Some implementations of
the Unification Algorithm omit the occur check for efficiency reasons, with the
consequence that those implementations sometimes give wrong results.

Example 5.21 Let us see what happens when we apply the Unification Algorithm
to the non-unifiable terms in Example 5.19. We begin with the single equation

glx,x) =gy, ().

From Step 3(b), we obtain the two equations below.

x=y
x=f(y)

There are only two possible steps to apply. If we apply Step 5 to the first equation,
we obtain the equation = f(y) which fails the occur check. If we apply Step 5to
the second equation, we obtain the equatf@n) = y which, after an application
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of Step 2, also fails the occur check. No matter what we do, the algorithm will
report (correctly) that the original terms are not unifiable.

Without the occur check, we would end up with the equations f(y) andy =

f(y). Anincorrect implementation could conclude that these equations constituted
a most general unifier, or it could go on forever, generating longer and longer terms
by repeatedly substituting(y) for y.

We do not prove the correctness of the unification algorithm here. See Theo-
rem 4.3.3 in Ben Ari's book. Some steps of the proof are apparent. Without too
much difficulty, one can prove for each step, that the equations are unifiable before
the step if and only if they are unifiable after the step. Further, if the algorithm fails
as a result of Step 3(c), then it is easy to see that the equations are not unifiable.
It is a bit trickier to prove that the equations are not unifiable when the algorithm
fails as a result of Step 4.

It is a bit difficult even to argue that the Unification Algorithm terminates. One
cannot use induction on the number of equations, because Step 3(a) increases the
number of equations. An alternative would be to use induction on the number
of symbols in all the terms in the equations. Step 3(a) does reduce that number.
But there are cases in which Step 5 will increase the total number of symbols. A
combination of these ideas will succeed in showing that the algorithm terminates.

We show that each step can be applied only finitely many times. When Step 5 is
applied to an equation = r, then that equation will not be used again. Step 5
will be applied at most once for each variable. Next consider Step 3(b). At some
stage in an execution of the algorithm, IEtbe the number of function symbols
(counting repetitions) in all the equations. Step 3(b) reduces that number by 2, so
there can be at mogt/2 applications of Step 3(b) between two applications of
Step 5. For the remaining steps, Etbe the number of equations at any point in

an execution of the algorithm. Step 2 can be applied only once to each equation,
and Steps 0, 1, and 3(a) reduce the number of equations. Therefore, there can be
at most Z applications of Steps 0, 1, 2, and 3(a) between two applications of
Step 3(b). Steps 3(c) and 4, of course, terminate the algorithm immediately.

The argument for the termination of the Unification Algorithm can be formalized
by using the lexicographic ordering from the beginning of the course. Consider the
setN x N x N of triples of natural numbers with the lexicographic ordering. At any
stage in an execution of the algorithm, létbe the number of variables to which
Step 5 has not been appliefi, be the total number of function symbols in the
equations, and be the number of equations. The triglg, F, E) is a measure
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of how close to completion the algorithm is. Each step of the algorithm either
reducesV, leavesV alone and reduces, or leavesV and F' alone and reduces.

The triple (V, F, E) decreases in the lexicographic ordering on each step. Since
the lexicographic ordering is well-founded, there cannot be an infinite decreasing
sequence of triples, and there cannot be an infinite execution of the algorithm.

The number of steps in an execution of the algorithm can be quite large, however.
WhenV is decreased as a result of Step 5, the valug ofay be “reset” to a much
higher value. Similarly, wher# is decreased as a result of Step 3(b), the number
of equationsE can increase.

Example 5.22 Here is a pathological example in which the most general unifier is
exponentially long.

x1 = f(xo,X0)
x2 = f(x1,x1)
Xn = f(-xn—l, -xn—l)

With n applications of Step 5, working from top to bottom, the Unification Algo-
rithm produces an equatiory = ¢, wherer is a long term containing only, and
f.Int, there are 2— 1 occurrences of the function symbpl A naive implemen-
tation (like ours) of the Unification Algorithm will take exponential time because
the occur check must be applied to exponentially long formulas. To see the need
for the occur check, consider the case where the first equatiangsf (x,,, x,,).

There are many approaches to solving the unification problem. Because it is used
so frequently in so many places, computer scientists have studied it carefully and
come up with creative optimizations. The version of the Unification Algorithm pre-
sented here is easy to understand but is not particularly fast. There are algorithms
which solve the unification problem in linear time, in part by taking advantage of
sophisticated representations of substitutions. Example 5.22 shows that they can-
not “write out” the substitution explicitly in linear time.

5.10 Resolution

In the Resolution Procedure for propositional logic, we operated on clauses which
contained clashing literals. There, a pair of clashing literals consisted of a propo-
sition letter and its negation. In predicate logic, the literals are atomic formulas
and their negations. But it is too restrictive to consider a clashing pair to be an
atomic formula and its negation. Instead, a clashing pair of literals consists of two
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atomic formulasp(ty, t2, ..., t;y) and—p(us, uy, . .., u;), in which the terms; are
unifiable with the termg;.

An atomic formula and its negation atemplementsof one another. We state the
Resolution Rule for predicate logic as follows:

Let C; andC, be clauses with no variables in common. Suppose that
£1 is an element o€y, £- is an element of’,, ando is a substitution
such that,0 and¢,o are complements of one another. Thsolvent

of the clause€’; andC, is

RegCy, Cp) = (C10 \ {€10}) U (Co0 \ {£20}).

Example 5.23 Perhaps surprisingly, a resolvent can have significantly fewer ele-
ments than the original clauses. Consider the case whese{—p(c, ¢, ¢)} andC,
is{px,y,2), p0 z,x), p(z,x,y)}. No matter which literal inC, one chooses,
the unifiero is a substitution that replaces all three variables with the constant
symbolc, andC,o has only one element. The resolvent is the empty clause

If x1, x2, ..., x, are the variables appearing in a clausethen theuniversal
closureof C isVx 1Vx,...V¥x C. In the context of resolution, when we say that

a clause is satisfiable, we mean that its universal closure is satisfiable. Similarly,
to say that a set of clauses is satisfiable means that the universal closures of all the
clauses are mutually satisfiable.

Because clauses are assumed to be universally quantified, any variable in a clause
is bound to a universal quantifier. We may therefore replace all the occurrences
of the variablex in one clause with a new variable without changing the intended
meaning of the clause. Thus, we can always satisfy the restriction in the Resolution
Rule that the two clauses do not share variables.

The Resolution Procedure for predicate logic is the same as the procedure for
propositional logic; the only change is that we use the new version of the Reso-
lution Rule. Starting with a sef of clauses, we lefy = S and letS,,; be the
result of applying the resolution rule 3. The process terminates in one of two
ways.

e If the resolvent is ever the empty clausé then declare the set to be
unsatisfiable and terminate.

e If there is no way to choose clashing clauses so $hat is different from
Si, then declare the sétto be satisfiable and terminate.
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Recall that, in the first case, we s&yis refuted. The Resolution Procedure is a
way of checking for satisfiability, but it is often used to show that a formula is valid
by refuting the negation of the formula.

Unlike the Resolution Procedure for propositional logic, there is no guarantee that
the process halts. We shall see an example shortly.

Example 5.24 The Resolution Procedure verifies that the formula) = 3x p(x)

is valid. Its negation is equivalent to the clausal formpla) A Vx —p(x). Apply

the Resolution Procedure to the two claugés) and—p(x). There is no choice of
literals, because there is only one literal in each clause. The literals clash under the
substitution k := a]. The Resolution Rule givesl as the resolvent, so the clausal
formula is not satisfiable, and its negatigr(@z) = 3x p(x), is valid.

Example 5.25 The formulavx 3y (p(x, y)) = 3y Vx (p(x, y)) is not valid, so the
Resolution Procedure should show that the negation of the formula is satisfiable.
The negation is

Vx 3y (p(x, y)) AVy3x (—p(x, y)). (5)

Introducing a Skolem functiong andg to get rid of the existential quantifiers, we
obtain the clauseg(x, f(x)) and—p(g(y), y.

An attempt to unify the terms fails with an occur check, so there is no way to unify
the two literals, and the Resolution Procedure stops immediately without producing
the empty clause, so formula (5) is satisfiable.

Notice that we are taking the conclusions of the Resolution Procedure on faith. We
have not yet explainedhy a formula is satisfiable if the procedure halts without
producing the empty clause.

Example 5.26 Consider a language with three constant symbpk, andb and
one binary function symbdl Form the following axioms:
Al: Vx (e “x = x)
A2a: VxVy ((x =y)=(x"a= yAa)>
A2b: VxVy ((x = y) = (xAb = yAb)>
The intended interpretation is that the variables range over strings in the alphabet
{a, b}. The constant symbal denotes the empty string, ardandb denote the

one-element strings. The function symbalenotes string concatenation. There
are, of course, many other interpretations.
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We might ask if the formula " ¢ = ¢ is a consequence of the axioms. It is in fact
a consequence of Al, and we can refute (in one step) Al and the negation of the
desired consequence.

€ x=x

—|(e e = e)
One can easily extend the refutation to show thatr = r is a consequence of
axiom A1, for all termg. In particulare ™ (¢ “¢) = ¢ "e.

Example 5.27 All consequences of the axioms are facts about strings, but not all
facts about strings are consequences of the axioms. For example, we cannot take
Example 5.26 one step further and conclude thate " ¢) = €. We cando i,
however, with an additional axiom, the transitivity axiom fbr

R PR e
—(e"(e"€) =€)

The literal in the last clause clashes with the final literal in the second clause under
the substitution := ¢ " (¢ " ¢€), z := €]. The resolvent is

=(e"(e"€) =y) vV (y=e).
The first clause clashes with the axiom under the substitutioa:[¢ "¢, y := €"¢].
The resolvent this time is

—|(e Te = e),

which, as we saw in Example 5.26, clashes with the axiom and produces the empty
clause as the resolvent.

Example 5.28 Continuing with the axiom system of Example 5.26, is
Vx (x e = x)
a consequence of the axioms? Let us try a special case, askifigif= a is a

consequence. Add the negation of the formula to the axioms, change everything to
clausal form, and try to refute these clauses:

x=¢€"x

—-(x:y)v(anzyAa)
ﬁ(aniyAa)\/(xiy) 5
—-(x:y)v(xAbiyAb) ©)
—'(xAbzyAb)\/ xiy)

—(a"e=a)



All clauses except the last clause are true in the string model, so we it will do us
no good to look for clashes among them. The only “useful” clashes are between
—(a" € = a) and the non-negated equalities.

The formula—(a "¢ = a) does not unify withx = ¢ "x orx"a =y “aor
x b =y~ b; it only unifies with the two instances af = y. The resolvents in
those two cases are

—(@"e)"a=a"a)and—((@a"¢)"b=a"h).

We can continue with resolvents of the same form, adding ra@e&ndb’s on
the right, but those steps do not get us closer to a refutation. It appears that the
Resolution Procedure will go on forever.

As presented here, the Resolution Procedure is detaionprocedure for predi-
cate logic. The procedure satisfies three desirable properties.

1. If the Resolution Procedure produces the empty clauiseom a setS of
clauses, then the sStis unsatisfiable.

2. If a setS of clauses is unsatisfiable, then the Resolution Procedure will pro-
duce the empty claudg.

3. If the Resolution Procedure, applied to a $eif clauses, halts without pro-
ducing the empty claudg, then the sef is satisfiable.

As shown in Example 5.28, the fourth “desirable property” is not as strong as we
would like.

4. If S is a satisfiable set of clausaad the Resolution Procedure comes to a
halt, then the Resolution Procedure will not produce the empty clalise

There are cases, like the set of clauses in (6), for which the seardh fwitl
continue indefinitely.

There is, however, an interpretation that will satisfy the clauses in (6). One can take
the domain of the intended interpretation, strings over a two-element alphabet, and
the corresponding interpretation of the constant symbols. Interpret the fufiction
by setting the value of "~ y is the usual string concatenation whens not the
empty string. Whery is the empty string, set

€ if x =¢,
x"e={ x"b if xendsina, and
x " a if x ends inb.
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Example 5.29 If we want to use the Resolution Procedure to conchidéx " e =

x) from some set of axioms, it will not help just to add axioms for equality. A
refutation is possible if we add the equality axioarsd the associative property of
string concatenation. You are invited to show that the following set is refutable.

€ x=x

ﬁ(xzy)v(aniyAa)
ﬁ(aniyAa)\/ x:y)
—-(xiy v(xAbzyAb)
ﬁ(xAb:yAb)\/ x:y)

Notice that we added a Skolem constdnto eliminate the existential quantifier
that appeared with the negation\of (x = € " x).

6 Logic and Programming
6.1 Hoare Logic

One approach to program correctness was developed by C.A.R. Hoare. Itis one of
several formulations that uses ideas of axiomatization from logic.

Start with any language for predicate logic. Using the same variables, design a
simple programming language as follows.

e The variables in the programming language are the same as the variables in
the logic language.

e The expressions in the programming language are the terms of the logic
language.

e There are in the programming language assignment statements of the form
x=t; inwhichx is a variable and is an expression.
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e There is in the programming language an empty statement, denoted

The programming language permits sequencing: The construstion is
interpreted as first executing the statem@ntand thenr; .

The programming language permits constructions of the form
if (c) then S; else T,;
wherec is a boolean-valued expression without side-effects.

The programming language permits constructions of the form
while (c) S;
where, againg is a boolean-valued expression without side-effects.

A Hoare triple is a string{p} S; {g}in which p andg are formulas in the logic
andS; is a statement in the programming language. The intended interpretation is
that if p is true before executing the statemént, theng will be true afterward.

The conditionp is called theprecondition, andg is called thepostcondition.

We work in a system in which we wish to derive both logical formulas and Hoare
triples. We choose a system of deduction (like the Sequent Calculus) for the logic
and apply these rules of inference.

0. s for any logical formulap provable in the underlying logical system.

v s )
, P} Si la), {a}) T {r)

{p} ST, {r}
3 A S ), pA=e) T {g)
" {p} if (c) then S; else T; {q}
A (pAch Si {p)

{p} while (c) S; {p A —c}

{plx =1]} x=t; {p}

6. p=p, (P} S {4}, 9 =q
{r} S, g}
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Notice that rules 1 through 4 correspond to the constructs of the programming
language. For obvious reasons, the condian the while rule 4 is called &op
invariant.

In the next several examples, we work through the details of analyzing the follow-
ing fragment that implements binary search through an ordered aryayith N
elements. We desire, when the code has finished executing, that the virable
contain the least index of an array element that is not lesstérget

low = 0;
high = N;
while (low < high) {
mid = (low + high)/2;
if (ary[mid] < target)
then low = mid+1;
else high = mid,;
}

Example 6.1 Assignment rule 5 immediately gives the Hoare triple

{low <mid} high=mid; {low < high }.

Example 6.2 The triple
{low < mid < high } high=mid; {low < high }

is derived from the result of Example 6.1 and the consequence rule 6.

Example 6.3 Assuming that we are dealing with integensid < high implies
thatmid + 1 < high . We can then make a deduction similar to the previous
examples:

{low < mid < high }
{mid + 1 < high }
low=mid+1;

{low < high }

Example 6.4 From Example 6.2 and the consequence rule 6, we have

{c A (low < mid < high )}
high=mid;
{low < high }

From Example 6.3 and the consequence rule again, we have
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{=c A (low < mid < high )}
low=mid+1;
{low < high }

These hold for any condition, so in particular they hold for the condition in the
if statement of binary search. We conclude from the conditional rule 3 that

{low < mid < high }
if (ary[mid] < target)
then low=mid+1;
else high=mid;

{low < high }

Example 6.5 We next look at a larger block of code and combine some of the
previous results. Fronow < high , we may conclude that

low < (low + high )/2 < high

when working over floating point numbers. Over the integers, there may be trun-
cation upon division, and we have

low < (low + high )/2 < high
From the consequence rule and the assignment rule, we obtain the Hoare triple

{low < high }
mid = (low+high)/2;
{low < mid < high }

Using the sequence rule 2 to combine this triple with the one from Example 6.4,
we obtain

{low < high }

mid = (low+high)/2;
if (ary[mid] < target)
then low=mid+1;
else high=mid;

{low < high }

Finally, using the while rule 4, we obtain a Hoare triple for the loop of binary
search.
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{low < high }
while (low < high) {
mid = (low+high)/2;
if (ary[mid] < target)
then low=mid+1;
else high=mid;
}
{(low < high ) A = (low < high )}

From the postcondition, we may conclude tleat = high .

Example 6.6 Let us consider more interesting conditions on the code for binary
search. How can we complete the precondition of the following Hoare triple?

{ PreOA ary[mid] < target }
low = mid+1;
{Vi (0<i <low = ary [i] < target )}

Working from the bottom, we can make some progress with the assignment rule 5.

{ PreOA ary[mid] < target }

{Vi (0<i <mid = ary [i] < target )}

(Vi 0<i <mid 4+ 1=ary [i] < target )}
low = mid+1;

{Vi 0<i <low = ary [i] < target )}

To get from the first line to the second, we must know that the array elements are
ordered and that the order relation is transitive. To get from the second line to the
third, we must know something about the relationship between addition and the
usual ordering on the integers. Usually, the facts about orderings and integers are
left unstated and we take Pre0 to be a statement about the ordering of elements in
ary :

Vivj 0<i<j<N=aryl[i] <ary [j]

If we wanted to be more complete, we could tgke ) to be a predicate sym-
bol intended to represent the (strict) ordering on integgfs,) to be a predicate
symbol for the ordering on array element$,) to be a function symbol for array
accesses, and ) to be a function symbol the arithmetic successor function. Then
Pre0 might consist of the conjunction of the following nine assertions.
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10 ViVj ((0=iV p(0,i)ApG,j)ApQG.N)=qa@),a())))
(

JO  ViVj (p@, j)=—i ﬁj)

L ViV (pG, ) vi=jVp(j.i)

J2 ViVjVk (p(, j) A p(j, k)= p(, k)
I3 ViVj (pG.s()= pl. j) Vi=))
J4  (0=mid v p(0,mid) A p(mid, N)

KO VxVy (p(x,y)=—x=y)
K1 VxVy (p(x, YV)VX=yV p(y,x))
K2 VxVyVz (p(x,y) A p(y,2) = px,2))

One could then prove, in any predicate logic system, that

PreOA g(a(mid), target )=
Vi (0=1iV p(0,i)) A p(i, s(mid)) = g(a(i), target )).

Notice, in J4, that it is necessary to state explicitly facts like thid < N. Most
humans would overlook these obvious assertions, but such “boundary cases” turn
out to be a source of common errors. Properly applied, Hoare logic can help to
avoid such errors.

Example 6.7 Let us now step back and consider the situation more broadly. As-
sume thagary is an array of integers indexed from 0 throuijh— 1. Consider the
following assertions:

10; ViVj(0<i<j<N=aryli] <ary][j])
I1: low < high

2: Vi (0<i <low =ary [i] <target )

13: Vi (high <i < N=target <ary [i]

Let Inv be the conjunction of 10 through I3. Then we can establish the following
Hoare triples.

{10}
low=0;
high= N;
{Inv}

and

83



{Inv}
while (low < high) {
mid = (low+high)/2;
if (ary[mid] < target)
then low=mid+1;
else high=mid;
}

{Inv A high < low }
From the postcondition, we may deduce tleat = high and

Vi((0<i <low = ary [i] <target )A
(high <i < N=target <ary [i])).

If target appears anywhere in the array, then it appears first at ilodex

A program fragment i@nnotated if all the statements have pre- and postcondi-
tions. Obviously, a postcondition to one statement is a precondition to the next
statement. Sometimes, there are several conditions in a row, with each one follow-
ing from the previous one. These sequences of conditions are to make the reason-
ing clearer. A annotated version of binary search appears in Table 6. A correctly
annotated program may be considered to beearem of Hoare logic.

6.2 Termination

The characterization of Hoare triples in the previous section was inexact. It said
that the interpretation of the triplgp} S; {g} means “if p is true beforeS; is
executed, then is true afterward.” The correct meaning is jifis true beforehand

and the statemer®; terminatestheng is true afterward.”

If all we wanted were invariants, the result of Example 6.7 could easily have been

{0 < N}

low=0;

high= N;

while (low < high)

do nothing;
{Inv Alow = high }

A program ispartially correct if, whenever it gives an answer, that answer is
correct. A program isotally correct if it always gives a correct answer. We shall
see in the next section why it is necessary to consider termination separately.
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{10}
low=0;
high= N;
{Inv}
while (low < high) {
{Inv Alow < high }
{Inv Alow < (low + high )/2 < high }
mid = (low+high)/2;
{Inv Alow <mid < high }
if (ary[mid] < target)
then {InvAlow <mid < high Aary[mid] < target }
low = mid+1;

{Inv}
else {InvAlow <mid < high Atarget < ary[mid] }
high = mid;
{Inv}
{Inv}

}

{Inv A high < low }

{low = high A

Vi ((0<i<low =ary [i] <target )A
(high <i < N=target <ary [i]))}

Table 6: An (almost completely) annotated version of binary search.
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Often, one can verify termination by consideringtarmination function, an ex-
pression constructed from program variables. If the function takes on only non-
negative integral values, and if the value of the function decreases after each itera-
tion of the loop, then the loop will terminate.

For binary search, the expressibigh - low is a termination function. Given
the invariants of Example 6.7, it is easy to show that the following Hoare triple is
valid.

O<high - low =T
mid = (low+high)/2;
if (ary[mid] < target)
then low=mid+1;
else high=mid;
O<high - low <T

The integer valudigh - low cannot decrease indefinitely and still remain pos-
itive. There must be a point at whidfigh - low becomes zero and the loop
terminates.

For most loops, it is obvious that the body of the loop “makes progress” toward a
solution. The termination function simply quantifies that property, and it is often

obvious what the termination function should be. Not surprisingly, the termination
function is frequently closely related to the termination condition for the loop.

Although we cannot speak of recursion in our demonstration language (because
it does not have methods or procedures), the same ideas apply to showing that a
recursive program terminates. One simply has to find a termination funEtmm

the parameters of a program which satisfies two properties:

1. the values of" are non-negative integers, and

2. the values of" for a recursive call aremallerthan the values for the pro-
gram.

This method is a formalization of the natural practice of ensuring that a recursive
call is done on aimpler casef the problem.

The technigues described here are easy and natural, and they apply in a variety of
common situations. It is not surprising, perhaps, that they do not apply in all cases.
A stronger conclusion is that it is in generalpossibleto prove termination in all
cases.
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6.3 The Halting Problem

The simple programming language of the previous sections is sufficient to express
all programs. Thus, any result about termination of programs in our simple lan-

guage applies to termination of programs in any language. Moreover, our simple
language is sufficient to express any algorithm that could (more clearly and more
elegantly) be expressed in another programming language.

Although we can think of input as coming from an initialization section of our
code, it is clearer for our informal presentation to imagine that the language does
have some input primitives. It is also clearer to consider a language that includes
functions and recursion.

A program is simply a string of characters, which in turn can be reduced to a string
of bits. Thus, a program can be the input to another program. Is there a prégram
which takes as input a prograpand a string and always halts with the following
result?

e If p halts with inputi, thenH (p, i) terminates with the result 1 in the vari-
ablex.

e If p does not halt with input, thenH (p, i) terminates with the result O in
the variablex.

The question is widely known as “The Halting Problem,” and the answer is “no.”
There is no such “halting prograd.”

Suppose, for contradiction, that is a halting program, and lé? be the program
that takes one program, runs H(p, p), and then executes the loop with empty
bodywhile (0 < x) ;

What happens wheb is applied to itself?

e If D(D) halts, thenH (D, D) must have halted witx = 0. But by the
characterization off, that means thab (D) does not halt—a contradiction.

e If D(D) does not halt, theil (D, D) must have halted witk = 1. Again,
by the characterization df, that means thab (D) does halt—again a con-
tradiction.

Either way, we have a contradiction, and we conclude that there is nafisuch
Stated more carefully, the conclusion is that, given any algoriihjnthere is an

example for whichH gives the “wrong answer” to the halting question. Therefore,
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no algorithm can correctly answer all questions about halting. Since there is no way
to tell, in general, if a given program halts, there is no completely general method

to prove termination. Thus termination is “special” and we separate termination

proofs from other correctness proofs.

Another conclusion is that there is no way to determine if a particular section of a
program is ever executed. If we could answer that question, we could answer ques-
tions about halting by just asking if the last statement of a program was executed.

In closing, we observe that the sketches given in this section are not complete
proofs. To be rigorous, we would have to show how a program can take another
program as input, modify it, and simulate the execution of the modification. The
topics of this section and the next are covered much more deeply and completely
in the Theory of Computation course.

6.4 Incompleteness in Logic

The reasoning of the last section can be applied to logical deduction. Let us fix a
system of deduction, say the sequent calculus. It is easy, in principle, to check that
a deduction is correct. We just look at each step and see that the rules are followed.
The process can be done mechanically.

There are a few simple cases in which a similar mechanical procesgeniirate

a deduction of a given formula. When we considered the classical sequent calculus
for propositional logic, we saw that we can algorithmically apply the rules and
construct a deduction of a formula if one exists. If there is no deduction, our
algorithmic process fails explicitly.

The happy situation that occurs in the classical propositional sequent calculus is
rare. For most logics, we cannot reliably generate a deduction or refutation for
an arbitrary formula. If we have a logical system that is sufficiently rich, a self-
referential argument like the one in the last section can be used to prove that there
is no algorithm that will tell us if a formula has a derivation. Further, there is a
formula that is neither derivable nor refutable. There is some question that our
“sufficiently rich” system cannot answer!

Roughly speaking, a “sufficiently rich” system is one in which we can in the object

language manipulate symbols and make definitions by induction. Since we can
encode strings of symbols (in a logical system or a programming language, say)
as integers, it is enough to have the integers and their common properties. As in
the last section, the presentation here is a sketch and not a complete proof. We
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are particularly sloppy in bluring the distinction between integers and terms which
represent them.

With an adequate encoding of the language, we may define a formula Wkt

one free variable such that WEB is provable for a natural numberif and only

if n is the encoding of a well-formed formula. In the same spirit, we can define
formulas for terms, substitution, and derivations. In particular, we can define a
formula Bew(, ) of three free variables such that

Bew(k, m, n) is provable for natural numbeks m, andn if and only if m is
the encoding for a formul@ with the free variabler andk is the encoding
for a correct derivation ofo[x := n].

Now let D(x) be the formulavz (—Bew(z, x, x)), and letd be the integer which
encodes it. Consider the formula(d); it is

Vz (-Bew(z, d, d)), 1)

which asserts that there is no encoding for a derivation of the foriua. There-
fore, D(d) is a formula which asserts its own unprovability!

More precisely, ifD(d) has a derivation, then formula (1) is a theorem. But if
D(d) has a derivation, we can letbe an integer that encodes the derivation. By
the properties of the Bew ) formula,

Bew(e, d, d) 2

is also a theorem. The only way for both (1) and (2) to be theorems is for the
underlying system to be inconsistent.

So far, all we have shown is that our “sufficiently rich” system is either inconsistent
or has a strange formul(d) which cannot be derivable. That may not be a real
problem. PerhapsD(d) is a theorem of the system. But if that were the case, the
formula

3z (Bew(z, d, d)) )

is a theorem which asserts the provabilityZafd). But thatstill may not be a real
problem, because the formula only asserts that there is an entity that purports to
be an encoding of a derivation @f(d). In an arbitrary interpretation, that entity
may not correspond to an actual integer, and there may still be no encoding of a
derivation ofD(d).

If we are willing to accept that the standard structure with the natural numbers is
a model for our system, then there can be no elemesatisfying Bewz, d, d),
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and formula (3) cannot be a theorem of the system. Therefore, if we accept the
natural numbers as a model for our system, then we have showmeittzérD(d)
nor—D(d) is a theorem.

While it may seem harmless to accept the natural numbers (which, after all, was our
intended interpretation) as a model for our system, logicians are leery of making
such assumptions. If one is studying the foundations of mathematical reasoning,
one ought not assume that all facts about the integers are known. Fortunately,
there is a slight twist to the above argument which permits it to be carried out on
a strictly syntactical basis, without appeal to models. The result is known as the
Gddel-Rosser Incompleteness Theorem. The formduia that case asserts, very
roughly, “If ¥ is provable, then there is a shorter proofop.”

Theorem 6.1 (&del-Rosser Incompleteness Theoremly the logical systen’
is sufficiently rich (in the sense described above) and consistent, then there is a
formula A such that neither nor —A is a theorem of_.

The word “complete” is (unfortunately) used in many different ways in logic. Here,

a logical systenc is completeif for each closed formulab, either® or —=® is a
theorem of£. Contrast that definition with the definition of consistency: The sys-
tem L is consistentif for each formula®, at mostone of ® and—® is a theorem

of L. A consistent and complete system has the desirable property that, for each
closed formula®, exactly oneof ® and —® is derivable. The Incompleteness
Theorem is the disappointing result that only relatively weak systems are both con-
sistent and complete.

One can go extend the proof of the Incompleteness Theorem and produce a formula
Cong: that asserts that the logical systeiris consistent. By formalizing in the
logical system( all the reasoning we have summarized, one can prove thai-Cons

is not a theorem of.

Theorem 6.2 (Gdel’'s Second Incompleteness Theoremif the systenc is suf-
ficiently rich and consistent, then neith€ons- nor —=Cons: is a theorem of_.

You might ask, after coming this far, “What does all this have to do with computer
programming?” The answer is buried in the details of the proof, where the notion of
“computable function” is formalized. The negative solution to the Halting Problem
and the Incompleteness Theorems for logic are both illustrations of one general,
underlying principle.

It turns out that any computable function of natural numbers is expressible in the
sufficiently rich systenC. If f : N — N is a computable function (intuitively, one
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that can be calculated with a computer program), then there is a relatively simple
formulaR/(, ) of two free variables such thgt(m) = n if and only if R (m, n)

is a theorem ofZ. The methods we have described show that the function bew
defined by

0 if n encodes a theorem d@f, and

bew(n) = { 1 otherwise

is not similarly representable and therefore not computable. No computable func-
tion can tell us whether or not a particular formula has a derivatiog.inThis
result gives us some insight into why it is difficult in systems for predicate logic
(like Natural Deduction, the Sequent Calculus, and Resolution) to find derivations
of formulas.

7 Temporal Logic

Mathematical truth and facts about computations differ in a fundamental way.
Mathematical truth is “timeless,” while computations evolve over time. It is there-
fore reasonable to attempt to incorporate a notion of time into logics for reasoning
about computation.

Logicians have been studying such formal systems, cadetporal logics for
over a century. There are many variations. We will restrict ourselves to one very
simple propositional system.

7.1 Syntax

As with propositional logic, we begin with an infinite sRtof propositional letters
and the usual connectives A, Vv, =, and=. We add two unary connectivés
and¢ and give a natural definition of formula.

1. A propositional lettep is a formula.
2. If Ais aformula, then so are-A), (A), and(QA).

3. If A and B are formulas, then so ated A B), (A Vv B), (A= B), and
(A = B).

4. Nothing else is a formula.

We adopt a standard convention for eliminating unnecessary parentheses: The con-
nectives] and¢ bind most tightly, followed in order by, A, v, =, and=.
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7.2 Semantics

Time is represented as a sEtof moments. There is a rich variety of choices
for 7. Normally, but not always7 is linearly ordered. Sometimes there is an
initial moment. Here, we adopt the simplest notion of time, where the moments
are represented by integers. A larger integer is a “later” time.

Informally, the formula]A is interpreted to meanA' is always true,” andb A is
interpreted asA is sometimes (or eventually) true.”

In the propositional logic, an interpretation is a function from proposition letters to
truth values. Here, in our temporal logic, exterpretation is a functionv whose
domain is7, and for eacti in 7, v(i) is a function from proposition letters to truth
values. Such a functiom has the signature

T — (P — {FalseTrue}).
Thus,v(i)(p) gives the truth value of the propositignat the moment.

As we did with the propositional logic, we extend an interpretatidga a function

v’ on all formulas so that for eadghin 7, the functionv’(i) maps formulas to truth
values. For the logical connectives, we just adopt the usual truth-table definitions;
for example,

e V(I)(AAB)=Trueifv'(i)(A) = v'(i)(B) = True, and
V' (i)(A A B) = False otherwise.

For the temporal connectives, we write

e V/(i)(JA) = True if for eachj withi < j, v'(j)(A) = True, and
v'(i)(OA) = False otherwise.

e V' (i)(QA) = True if for somej withi < j, v'(j)(A) = True, and
V' (i)(QA) = False otherwise.

A formula isvalid if it is true at all moments in all interpretations. The temporal
connectives act like quantifiers over moments in time. It is therefore not surprising
that the formula

OA =—-0—-A

is valid. The formula asserts thati“is always true” is equivalent to the nega-
tion of “A is sometimes false.” In the same spifitA = A, 0A = 0OOJA, and
(A= B) = (A = [B) are also valid.
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Example 7.1 The formulad(p = q) = (Op = Oq) is not valid. Takev to be a
valuation in which

True ifi =47, and

v (p) = { False otherwise,

andv(i)(g) = False for all. Thenv’(O)(<>(p = q)) is True because’(i)(p = q)
is True at some momeit In fact, it is True at all moments except fioe= 47.

Also, v'(0)(O p) is True because’'(47)(p) is True, and’(0)(Oq) is False. Putting
all this together shows that

V(0)(0(p=q)=(Op=0q)) = False

Example 7.2 The formulaQ]A says “eventuallyA is always true.” That is, from
some time moment onwards,is true. Put in another way, the formula says that
can be false only finitely many times.

In contrast, the formul&l{ A says that it is always the case thats eventually
true, or equivalently, A is true infinitely often.”

Clearly, if A is false only finitely often, then it is true infinitely often. This informal
reasoning suggests thaflA = (OO A is valid. The validity of the formula can, of
course, be established rigorously.

7.3 Deductions

There are seven rules of inference for our temporal logic.

1. Ay, ---, Ay  BIif B is derivable fromAy, ..., A; in propositional logic.
We do not specify which propositional system; any one will do. Notice that
the formulas may contain temporal connectivB®dus ponens a special
case of this rule.

. A | DA.
- OA= A.

2

3

4. +0OA=00A,
5. 0(A= B)= (JA=0B).
6

- =0A = O-A.
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7. | O0A = 00A.

It is easy to show, by induction on the length of a derivation, that any derivable
formula is true at all times in all interpretations. Therefore, the system we have
presented is sound, relative to our semantics.

Notice that the converse of Rule 3,= [JA, is not a theorem; there are many
counterexamples to its validity. Rule 2 states tha# i derivable, then so iSIA.
This is much weaker than derivig= [JA. Why?

It is convenient to list one derived rule, which can easily be justified using Rules 2
and 5.

8. A= B | UA=01B.

Example 7.3 By Rule 1,A = ——A is a theorem. Then by Rule BIA = [J—-—A
is also a theorem. Similarly,)=—A = [JA is a theorem. Combining these two
results in an additional use of Rule 1 gives the theorepatA = [JA.

Example 7.4 We can write derivations informally to capture the underlying rea-
soning. For example, we prove a counterpart to Rule 6. By Rule 6 itself, the
formula

—0—A =0--A

is a theorem. Combining that with the result of Example 7.3, we obtain
-0—A = [JA.
Negating both sides and eliminating double negation gived = —[lA.

Example 7.5 Given our semantics, we would expect that = (O A is a theorem.
We can derive it as follows:

OA = A, from Rule 3.
A = ——A, from the predicate calculus.

——A = —[J—A, as the contrapositive of an instance of Rule 3.

L A

—0-A = {A, from one direction of Rule 6.

Invoking the transitivity of= to link these together givdsA = ( A.
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Example 7.6 We know thatd A B = A is a theorem of the predicate calculus. Ap-
plying Rule 8, gives1(A A B) = [JA. Similarly, we can derivél(A A B) = B.
Combining these gives

(A A B)=UA ALB. @)

Next, an application of Rule 8 ta = (B = A A B) gives
OA=0(B= A A B).
An application of Rule 5 yields
O(B= A A B)= (OB=0(A A B)).
By the transitivity of=, we obtainCJA = (DB =UAA B)), or equivalently,
UAAOB=U(A A B). (8)
Combining Formulas (7) and (8), we obtain
LA AOB =0(A A B).

The analogous formuldsA v OB = (A v B) and0A A OB = O(A A B) are
not theorems; see Assignment 8.

Example 7.7 Here is another derivation @A = ¢ A that uses the result of Ex-
ample 7.6. We have
UAAO-A=0T(A A —A).

From Rule 3, we have
OAA—-A) = AA—A.

The transitivity of= gives udJA A [0—A = A A —A, and its contrapositive
—(AAN—-A)=—-[A AO-A).

The hypothesis is a theorem of predicate logic, so we mayn#us ponento
obtain—(JA A O—A), or equivalentlyJA = QA.

Example 7.8 So far, we have not used Rule 7. In Examples 7.5 and 7.7, we saw
thatJA = QA is a theorem. Applying Rule 8, givés[JA = OO A. Combining
this with Rule 4 produces

UA=OA.

Although the result looks suspiciously like the formula in Rule 7, there is no way
to derive Rule 7 itself from the other rules. Without Rule 7, there would be no way
to derive the valid formulg®)JA = OO A.
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Example 7.9 The formuladJA A O B = O(A A B) is atheorem. To derive it, apply
Rule 5 to obtain
0(A=-B)= (JA=0-B).

Use exchange of hypothesis and then replace the right member with its contrapos-
itive, to produce the theorem

0A= (-0-B=-0(A=—B)).
Using Rule 6 and its consequence from Example 7.4 gives the formula
OA= (0B = O(A A B))

which is equivalent to the desired restiltA A OB = O(A A B).

7.4 Applications

Temporal logic is used to reason about computer programs and hardware. Many
problems in networking, processor design, and operating systems involve concur-
rent actions and are amenable to temporal logic.

One class of desirable properties for software or systemsadsty properties,

which assert “nothing bad happens.” A typical example is mutual exclusion. When
two processes share memory, we want to insure that, at any given time, one process
at a time is in the critical section of code that involves the shared memory;Let
stand for the assertion “process 1 is in its critical section,” angpjestand for
“process 2 is in its critical section.” Then mutual exclusion can be expressed by the
temporal formula

O-(p1 A p2).

Another class of desirable properties fiveness propertieswhich assert “some-
thing good happens.” Freedom from deadlock is a liveness property. If the propo-
sition letterr represents the granting of a particular request, themsserts that

the request is eventually granted. More realistically, if two programs are sharing
the same processor, we candetbe true when the first program is executing and
g2 be true when the second is executing. The temporal formula

O0g1 A O0g2

asserts that each process gets infinitely many time slices on the processor.
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As we saw earlier in the course, propositional systems are very weak, and asser-
tions in temporal propositional logic are not very useful. One natural extension
is to incorporate variables and quantifiers into the temporal system. One formula
might be

Va O( Requesta) = ¢ Satisfy(a)),

which says that, should a serviaebe requested, it is eventually satisfied. The
operator appears to be sure that the satisfaction does notlmfouethe request.

Typical theorems of a temporal predicate logic would then be
VxOd =0OVx ®

and
Jx 00 = O 3x .

In applications like these, it is sometimes useful to strengthen temporal logic with
additional connectives. One such connective is a unary connéctigtanding for
“next.” Then(OA is true at momentif A is true at moment+ 1. With the natural
numbers representing moments in time, we have an induction axiom,

ANDO(A= OA) = DA,

Further, it is sometimes useful to refine the notion of time. One idea is to throw
away the starting point and have an infinite past as well as an infinite future. Our
system could be adapted by taking all the integers, positive and negative, to repre-
sent moments in time. Time that is not linearly ordered is also used.

7.5 Further Reading

The subject of temporal logic is a specializatiomuddal logic, in which the con-
nectives] and{ are interpreted as “is necessary that” and “is possible that,” re-
spectively. Philosophers are intensely interested in modal systems. For an introduc-
tion, see Hughes and CressweilNew Introduction to Modal LogidRoutledge,

1996. Our system is equivalent to the one that those authors call S4.2.

As suggested by the previous section, temporal predicate logic is used to rea-
son about programs and processors. Many computer scientists have been work-
ing in this field. For examples, see Lamport, “The Temporal Logic of Actions,”
ACM Transactions on Programming Languages and SystEni3):507-534, May

1995, and Manna and Pnueliemporal Verification of Reactive Systems: Safety,
Springer-Verlag, 1995.
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Appendix A  Greek Alphabet

alpha

beta

iota

rho

gamma

kappa

sigma

delta

> IR |[™|R

lambda

tau

epsilon

mu

upsilon

zeta

nu

Z|IZ >R

phi

eta

Xi

(1]

chi

theta

| (v |/

QTN mMm|B>|7|Wm|>

omicron

Q |y | < [T | > | X

psi

pi

S|

=] 0

omega

e |& x|

DI | X|e|=R|A|M|T
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