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Assignment #2 — Propositional Logic, Syntax and Semantics
Sample Solution

1. In computing the complexity of algorithms, it is often necessary to compute the po-
tential size of a data set based on some parameter.

(a) Assuming that the set P of proposisitional variables is a singleton set (that is there
is only a single propositional variable available), how many well-formed formulas
are there of lengths 1 through 10 (give the number of formulas for each length
separately). Remember to count parentheses as part of the string length.

Because there is a single propositional variable, and two constants (T, and L),
there are three well-formed formulas of length one. The next larger formulas are
the negations of one of those three formulas, which, due to the addition of a pair
of parentheses characters and the negation connective, are of length four. The
next larger, in turn, are formed by the combination of two length-one formulas
by a binary connective, to make a formula of length five. Since there are three
choices for each of the length-one formulas, and five choices of the connective,
there are 45 formulas of length five.

In general, a formula of length n can either be negated, yielding a formula of length
n + 3, or combined with a given formula of length m and one of the connectives,
to make ten possible formulas of length n + m + 3. (Ten, because there are five
connectives, and the given formula of length n can be either the right or left-hand
argument to the connective.)

Thus a formula of length eight can either be the negation of a formula of length
five (of which there are 45) or one of the 90 possible combinations of one of the
three formulas of length four with one of the three formulas of length one.

Thus we get the following results:

n 11213145 ]6|7] 8 9 110
WFFs of lengthn |[3/0[0|3|45]|0|3]135|1350| 3




(b) Given the same assumption as above, give a recursive definition of the formula
for t(n), the number of well-formed formulas of length n.

From the informal analysis in the last problem, we see that a formula of length n
is either the negation of a formula of length n — 3, or the binary combination of
two formulas of length n’ and n” such that n’ +n” = n — 3. In other words, the
combination of a formula of length n’ and a formula of length n — 3 —n’. In that
latter case, there are five choices for the connective. Thus, for example:

t(9) = t(6) + 5t(1)t(5) + 5t(2)t(4) + 5t(3)t(3) + 5t(4)t(2) + 5t(5)t(1)
Since t(2) = t(3) = t(6) = 0, this reduces to:
£(9) = 5t(1)£(5) + 5¢(5)t(1) = 5% 3 45 + 5 * 45 * 3 = 1350

More importantly, though, we see that £(9) can be expressed as:
i=5
£(9) =¢t(6) + 5> _ t(i)t(6 — 7)
i=1

This can be generalized to the following definition:

3, ifn=1
0, ifn=2
tn) =3 o, itn—3
tin —3) + 5= t(i)t(n —3 —4) ifn >3

(c) (extra credit) Provide a closed-form (that is, non-recursive) definition for the
formula for ¢(n).

got me.



2. The proofs in this problem have as an immediate corollary that no proper prefix of a
well-formed propositional formula is itself a well-formed propositional formula:

Given a set of propositional letters, P, let ¥ be the alphabet of the propositional
language over P as defined in class. Define the function K : ¥ — Z as follows:

e K(()=-2,K())=2
e K(p)=1,forallpe PU{L T}

e K(N)=K(V)=K(=)=K(e)=K(=)=-1

Further define the function K" : ¥* — Z as K'(uy ... u,) = K(u1) + - -+ + K(uy).

(a) Prove that for any ® € PROP, K'(®) = 1.

We proceed by complete induction on the length of the formula.

Suppose |®| = n and, for all well-formed formulas ¥ such that |¥| < n, we know

that K’(¥) = 1. There are two cases:

|®| = 1: In that case, since ® is a wif, then ® = p for some p € PU{L, T}. But
then, by definition, K'(®) = K'(p) = K(p) = 1.

|®| > 1: In that case, since ® is a wff, then either & = (=) for some wif ¥, or
® = (U; 0 ¥y) for some wifs ¥y, Uy and some ¢ € {A,V,=, <, =}. We will
deal we these two subcases individually.

® = (=V) for some wif U: In that case, clearly |¥| < n, and, by the in-
duction hypothesis, K'(¥) = 1. Suppose that ¥ = w;---u,. Then
O = (—uy -+ up), and

K@) = KO+K>E)+K(up)+ -+ K(un) + KQ)
= K(O+K-)+K(V)+ KQ)
= —2+0+1+2=1

® = (¥ 0 U,) for some wifs ¥y, U, and some ¢ € {A,V,=, < =}: Inthat
case, clearly || < n and |¥s| < n, and, by the induction hypothesis,
K'(Uy) = K'(V3) = 1. Further, suppose that WUy = wuqq---uy, and
U = Ugp -+~ Usg. Then @ = (upy -+ Uiy © Uy - - - Ugy), and

K'(®) = KO+ K(ui1)+ -+ K(um) + K(o) +
K(ug) + -+ + K(ua) + KQ)
= K(O+K'(V)+ K(o) + K'(Ws) + K())
= 2414 -141+42=1

So, in every case, we have shown that K'(®) = 1. Q.E.D.



(b) Prove that for any w € ¥* such that there is a ® € PROP such that w is a proper
prefix of &, K'(w) # 1.

We will, in fact, prove a stronger fact, that for any w € ¥* such that there is a
® € PROP such that w is a proper prefix of &, K’(w) < 1. This is necessary to
make the inductive argument go through.

While it may seem counter-intuitive, we will, again, proceed by induction on the
length of @, ignoring the length of w.

Consider a particular arbitrary ® and w and assume that the theorem holds for
all proper prefixes of any wif U such that |¥| < ||

We now examine by cases based on the structure of . Since w must be a proper
prefix of ®, |®| must be greater than 1, so we need not consider the cases where
® is a propositional letter or truth constant.

® = (=) for some wif W: Then w can be of one of four forms:
w = (: Then K'(w) = K(() = =2
w = (- Then K'(w) = K(()+ K(—)=—-24+0= -2
w = (=W: Then, assuming ¥ = uy - - - u,,, we know by the previous problem
that K’'(¥) = 1 and we have that:

Kw) = K(O+K(=)+ K(uy)+ -+ K(up)
= K(O)+K(-)+K'(V)
= 24041
= -1

w = (—w' for some w’' a proper prefix of U: Then, we know by the in-
duction hypothesis (since |V| < |®|) that K'(w') < 1. Suppose that
w' = uq -+ Uy and that K'(w') = z. Then, we have that:

K(w) = K(O+K((=)+ K(u)+---+ K(u),)
= K(O)+ K(=)+ K'(w')
= 240+
< —2  (since z < 1)

$ = (¥, 0 Uy) for some wifs ¥y, U, and some ¢ € {A,V,=,< =}: Then w
can be of one of six forms. (We will give a more abbreviated justification
of each case than in the previous step.):

w = (: Then, as above, K'(w) = K(() = —
w = (Uy: Then, K'(w) = K(() + K'(¥) = —2+1— —1.
w = (Uy0: Then, K'(w) = K(()+ K'(¥;) + K(¢) =—-241+4+ -1 = -2.



w= (V; 0 Wy: Then, K'(w) = K(() + K'(V;) + K(¢) + K'(Vy) = =24+ 1+
—1+1=-1.

w = (w' for some w’' a proper prefix of ¥;: Then, as above, by the in-
duction hypothesis we may assume that K(w') = x < 1, and, therefore,
Kw)=K((O)+K'w)=-2+z< -2

w= (V; ow' for some w' a proper prefix of Wy: Then, as above, by the

induction hypothesis we may assume that K(w’) = z < 1, and, therefore,
K'(w) = K(O+K'(V)+K(o)+K'(w') = —24+14+—142 = 242 < —2.

So, in every case, we have shown that K'(w) < 1.

Q.E.D.

(c¢) Conclude that if &, ¥ € PROP, ® then is not a proper prefix of W.

This is immediate: Since for every well-formed formula, ®, K'(®) = 1, and for
every proper prefix ¥ of @, K'(¥) < 1, no proper prefix of ® (which is an arbi-
trary WFF) can itself be a WFF.

Q.E.D.
3. Here are the tree and table for part a. The others are similar.
=
= / \ =
a b = =
a C b c
a b c a=bla=clb=c|l(a=c)=b=c)| (a=b)=((a=c)= (b= c¢))

True | True | True || True | True | True True True
True | True | False | True | False | False True True
True | False | True || False | True | True True True
True | False | False || False | False | True True True
False | True | True || False | True | True True True
False | True | False || False | True | False False True
False | False | True || True | True | True True True
False | False | False || True | True | True True True




4. This is a slightly different problem from the assignment, but similar. I will
replace with one from assignment when possible

Prove the following theorem from the lectures:

Theorem (2.5.13): Given formula ¥ € PROP and a set of formulas U = {®,...,®,} C
PROP, if U |= ¥ and there is an 1 < ¢ < n such that ®; is valid, then U — {®;} = .

A slightly informal direct proof:

Since U = V¥, every valuation that satisfies all of U also satisfies ¥. Since ®; is valid, it
is satisfied by all valuations. Thus any valuation that satisfies U also satisfies U — ®;,
and vice versa. Thus any valuation which satisfies U — ®; satisifies U, and, in turn, W.

A somewhat more formal proof by contradiction:

Suppose not. Then there is a U = {®4,...,P,} C PROP, a ¥ € PROP, and a valid
®; € U such that U |= ¥, but U — ®; = V. By the definition of of [, there exists
a valuation v such that o' = ®; for all ®; € U — ®; but v/ &= ¥. Since ®; is valid,
v = ®;. But then o' = U. So, v' = U but v' £ ¥. This contradicts our assumption
that U |= U (i.e that every model that satisfies U also satisfies V).



5. Prove the following equivalences by appeal to the equivalences given in class (and in
Figure 2.9 of the text). That is, give a series of rewritings of the formulas on the left
and right until they arrive at the same point. (Or just go from left to right, if that
seems more appropriate).

(a) (=(—aV-b)=c) < (a= (-bVc))

(m(maV b)) =ce (andb) =c
— a(aNb)Vc
— (ma Vb)) Ve
— =aV (=bVec)
—a= (-bVc)

(b) ((a=b)=a)=a)<T

((a=b)=a)=a< ((raVbd)=a)=a
— (=(-aVb)Va)=a
— a(=(-aVb)Va)Va
— (==(=a Vb)A—a)Va
— ((maVb)AN—-a)Va
— ((maVb)Va)A(—aVa)
= ((mraVvb)Va)\NT
— (maVb)Va
— (bV—a)Va
—bV(-aVa)

—bVvT
— T

6. Prove that the set {7} (NAND) is logically complete by giving formulas equivalent to
each of the following that use only this one operator:

(a) (—a)
(a1 a)

(b) (a D)

(@Ab) & =(=(anb)) = =(alb) = ((alb)T(aTb)
(¢) (aVb)

(@Vb) = =(maA=b) = (-aT=b)<((aTa)T(bTh)
(d) (a=10)

(@=b) = =(an=b) = (aT b)) < (al(bTh)

(e) (a=b)

(@a=b) = ((@=b)Ab=a) < {(aTGTO)ADT(ala))
< (@7 @10) 7101 (ala)T((aT(®T0)7T(®T(ala))))



