Variations
on
Backpropagation

Backprop Variations

* Heuristic Modifications
— Momentum
— Variable Learning Rate
— Quickprop

e Standard Numerical Optimization
— Conjugate Gradient
— Newton’s Method (Levenberg-Marquardt)
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Error Surface Example

Network Architecture Nominal Function

Inpat  Log-Signoid Layer Lo Sgraoid Layer 1

st = bgsig(Wip+ H) k= log sty (Wead+ 12)
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Convergence Example |
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Momentum Backpropagation

15—

Steepest Descent Backpropagation ‘
(SDBP) wof /)
m, m—1T ."I [

AW = —ast@? ) 7/

Ab" (k) = —as™

Momentum Backpropagation
(MOBP)

AW (k) = yAW" (k1) (1 —y)as"(a" 1)

Ab™ (k) = yAb"(k—1)—(1-v)oas™

Variable Learning Rate (VLBP)

* If the squared error (over the entire training set) increases by
more than some set percentage C after a weight update, then
the weight update is discarded, the learning rate is multiplied
by some factor (1>p>0), and the momentum coefficient v is
set to zero.

* If the squared error decreases after a weight update, then the
weight update is accepted and the learning rate is multiplied
by some factor n>1. If y has been previously set to zero, it is

reset to its original value.

* If the squared error increases by less than C, then the weight
update is accepted, but the learning rate and the momentum
coefficient are unchanged.
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The remaining slides describe
two method for accelerating
backpropagation

Conjugate Gradient method
Levenberg-Marquardt method
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Steepest Descent
(Gradient Descent)
Review

Basic Optimization Algorithm

weight change [ X4 1 = Xg + oy Py ]

or

AXp = (X4 1 —Xg) = oy Py

Xk+1

APi
Xy

p, - Search Direction

o, - Learning Rate
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Steepest Descent (Gradient Descent)

Choose the next step so that the function decreases:
F(xk+] )< F(xk)

For small changes in x we can approximate F(X):
F(X,, ) = F(X, +AX,)~F(X,) + g AX,
where

ngVF(X)'X:Xk

If we want the function to decrease:
T T
8rAX; = 08Pk <0 (learning rate*gradient*direction)
We can maximize the decrease by choosing:

P = —8k (direction = neg. gradient)

Xpe1 = X~ 8y

Example for an Analytic Function

2 2
F(Xx) = x +2x1x, +2x5+ Xy

XO = 0.5 a= 0.1
0.5
lF(x) B
VF(X) _ axl _ 2x1+ 2x2+1 gO — VF(X)lx — 3
=X
LF(X) | 2x 1+ 4x, 0 3

ax2
0.5 3 0.2
X, =X,—-0g, = -0.1 =
X, = X, —o0g, = 02(_¢q[1-8] = [0.02
0.2 1.2 0.08
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Conjugate Gradient Method

9-db>




Minimizing Function Along a Line

) P, 1s any chosen line direction,

Compute learning rate o, to minimize F(X, + o . .
P g ¢ K+ OB e.g. -g, (negative gradient)

By Taylor expansion:

d r .
d—ak(F(xk +ouPy)) = VF(X) |x _x Pt %P VzF(X)l)(:kak

Set derivative to 0 and solve for o, :

VF(X)T |x P, T
= =X _ Bl is value where

p,ZVZF(x)lX X Py p,{Akpk derivative is 0
= Ak

where

AkEVZF(x)|x N (Hessian)
= Ak

This is the analytic version, which assumes we know the Hessian,
which we often don’t.

Example

0.5

F(x) = %XTE i]x + [1 0:|x X, = I:OS]

axy (x) 2x1+ 2x + 1 3

VF(x) = Po = g0 =-VFX)| _ =
. 2x+ 41, =%, |3
aXZ

[3 3] j 0.5 3 -0.1
o ¢ =02 X| = Xo— 8 = [0:5]_0'2 [3] - [_0:1]
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Successive Line Minimizations
with different directions

2 3 o 1 2
d _d _ T d
T (X @) = JEFX,) = VF(N) szkﬂd—%[kakpk]

T T
= VF(x) -x,. Pk = BrriPy

= Ak+1

Conjugate Vectors
F(x) = %XTAX +d'x+c

A set of vectors is mutually conjugate with respect to a positive
definite Hessian matrix A if

pZApj:O k=j

One set of conjugate vectors consists of the eigenvectors of A.

T T .
zkAzj =hz, 2, =0 k=j

(The eigenvectors of symmetric matrices are orthogonal.)
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For Quadratic Functions

VF(x) = Ax +d
V2F(Xx) = A

The change in the gradient at iteration & is
Ag, = 8,1 -8 = (Ax,,  +d)- (Ax, +d) = AAx,

where

AXp = (Xg 41— Xg) = oy Py

The conjugacy conditions can be rewritten

T T T .
ockpkApJ.:AxkApj=Agkpj=0 k=j

This does not require knowledge of the Hessian matrix.

Forming Conjugate Directions

Choose the initial search direction as the negative of the gradient:

Py = -8

Choose subsequent search directions to be conjugate:

Pi = — 8+ ByPr-1

where f, is chosen by one of these formulae:

T T T
Ag, 18 2.8 Ag, 18
Bk = # or ﬁk = Tkik or ﬁk = #
A _1Pk-1 Sr_18k_1 g 18k-1
Hestnes & Fletcher- Polak &
Steiffel Reeves Ribiere
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Conjugate Gradient algorithm

* The first search direction is the negative of the gradient.

Py = -8
¢ Select the learning rate to minimize along the line.

T
VF(X) |x T
w - :xkpk _ _ 8Pk (For quadratic

G T i
P; Vzp(x)lx . P, P, AP, functions only.)
= Ak

* Select the next search direction using
Pr = — 8+ ByPx-1

o If the algorithm has not converged, return to second step.

e If the function were quadratic, it would be minimized in n steps.

Example

0.5

F(x) = %XTE i]x + [1 0:|x X, = I:OS]

axy (x) 2x1+ 2x + 1 3

VF(x) = Po = g0 =-VFX)| _ =
. 2x+ 41, =%, |3
aXZ

[3 3] j 0.5 3 -0.1
o ¢ =02 X| = Xo— 8 = [0:5]_0'2 [3] - [_0:1]
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Example

g = VF(x)lx = [2 2] [—O-ﬂ+ H _ [0.6]
=X 2 4]]-0. 0 0.6
[0.6 —0.6] [0'6]
T 0o 0'1—782 = 0.04
€080 3
B[]
_ _ |06 -3| _ |072
= -8 +B,Po [0.6] +0.04 [_3] [0.48]

[0.6 —0.6] [‘004782]
oy = - : _ -0.72 _ 125

Lo oas [ 2|07 0.576
T2 4]L0.48

T
_ 818 _

By

p

—_

Plots

X, = X +op; = 0114 125170-72) = |-
—0. 0.48 0.

Conjugate Gradient Steepest Descent
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Line Minimization
for General Functions
(not necessarily quadratic)

Numerical Line Minimization

* First locate an interval containing the minimum.

e Then reduce the interval’s width successively,
until the interval is sufficiently small that we are
close enough to the minimum.
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Interval Location to Bracket Minimum

F(x) Evaluate F(x,, + nep,) for n doubling ...
} 8¢
7 \: de :
O 2¢
B, i
L\_/.l
X
a b
2, b,
a b,
a, b4

Stop when two successive increases occur.

Interval Reduction

1 Dividing in two parts

X
=

|

Dividing in three parts

.

>

a c b
Interval not reduced.

a c d b
Minimum is not
between a and ¢
=[dliminate a-c.
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Golden Section (Fibonacci) Search

1=0.618
Set ¢, =a, +(1-1)(b-a,), F =F(c,)
d,=b,-(1-t1)(b,-a), F =F(d,)
For k=1,2, ... repeat
If F. < F,then
Set a,,,=a,:b,,=d.:d, =¢,
Crr1 = g + (I_T)(b kel "4 1 )
Fd= Fc; Fc=F(c k+1 )

else
Set a,,,=c¢3b,,=b5¢,,=4,
d k1= b k+1 (I_T)(b k+1 "4 ka1 )
F=F;F=Fd,,,)
end

end until b, - a,,, < tol

Conjugate Gradient BP (CGBP)

Intermediate Steps Complete Trajectory
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Levenberg-Marquardt Method
(blends Newton’s method with
steepest descent)

Probably the fastest known method for training
(but storage intensive)

Newton’s Method

-1
X1 = X - A g

AkEVZF(X)lx:x gksVF(x)l

X =X,

If the performance index is a sum of squares function:

N

Fx) = 3 vi(x) = v (X)v(x)

i=1

then the jth element of the gradient is

av;(X)

ox.
i=1 J

F(X) -
[VF(X)]; = —— =2 Y v(x)
J

9-db>




Newton’s Method

F(X; 4 1) = F(X +AXy) = F(Xy) +gZAxk+ %AXZAkAxk

Take the gradient of this second-order approximation
and set it equal to zero to find the stationary point:

g+ AAx, = 0

-1
Ay = Ay 8y

Xep1 = X~ AL g

Example

F(x) = x% +2xx, +2x§+ X
0.5
X =
0
[()'5]
i
—F(X)
ax

g = VFI| = [3]

VF(X) = al _ [2x21+2;;2+1l 0 bh-x, 3
X1+ 4x)

Frouity ! A= [2 2]

= b BT E- B Ll - BT
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Non-Quadratic Example

4
F(X) = (.XQ—XI) +8XIX2—)C1 +XZ+3

1 — 2 — 3
Stationary Points: X = 0.42 X = 0.13 X = 0.55
0.42 | 0.13 -0.55

Fi (X) F z(x)
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Different Initial Conditions

F(x)

F,(x) o

Matrix Form

The gradient can be written in matrix form as a matrix-vector product:

vFx) = 2J (X)v(x)

where J is the Jacobian matrix:

J(x) =

[0v,(x) v,(x)

dax dx

1 2

v, (%)]

axn
avz(X)

W, (X) Ivy(x)

dx 1 ax2

axn

avN(X)

Ay (x) dvy(X)

dx 1 ax2

axn
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Hessian represents Curvature
Express in terms of Jacobian:

2
[VzF(X)]k’j =

2
N v X)av (x) I vAX)
E +v;(X)
6xk6x < ax j axkaxj

V2E(x) = 2" (%) J(x) +2S(x)

N

S(x) = 2 (X)V% (x)

Gauss-Newton Method

Approximate the Hessian matrix as:

V2E(x)=2) ' (x)J (x)

Newton’s method becomes:

T o
X1 = X - R (x)J(x)] 2T (x)v(x,)

= x, - [ (x)Ix)T T (x)v(x,)

9-db>




Levenberg-Marquardt

Gauss-Newton approximates the Hessian by:
H=JJ
This matrix may be singular, but can be made invertible as follows:
G = H+ul

If the eigenvalues and eigenvectors of H are:

{Ap Mgy A} {z,,2, ... ,2,}
then Eigenvalues of G

—
Gz, = [H+ullz; = Hz; +uz; = A\z;+ uz; = (A, + Wz;

X = X, - 13 x0T+ T T (x)v(x)

Adjustment of u,

As w,—0, LM becomes Gauss-Newton.

T Lot
X1 = X —[F (x)J(x)] T (xp)v(x;)

As w,— , LM becomes Steepest Descent with small learning rate.

Xpp =X, — MLkJT(Xk)V(xk) =X, - zLukVF(x)
Steepest Descent is a default position: Begin with a small u, to use
Gauss-Newton. If a step does not yield a smaller F(x), then repeat
the step with an increased u, until F(x) is decreased. F(x) must
decrease eventually, since we will eventually be taking a very small
step in the steepest descent direction.
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Application to Multilayer Network

The performance index for the multilayer network is:

(0] T Q T Q s" 2 il 2
F(X) = 2 (t,-a,) (t,-a,) = 2 ee, = 2 E (e; )" = 2 (v;)
g=1 g=1 g=1j=1 i=1
Q = number SM =
of samples The error vector is: number of
outputs

T
vV = [Vl V) ... VN] = [el’l 62’1 eSM | 61,2 CSMJ

The parameter vector is:
x! = _ 1 1 1 1 1 2 M
= XXy x| T Wi Wy e w51 R b, ... bSl Wi e bSM

The dimensions of the two vectors are:

N=0xs" n=8SR+1)+5* S +1) -+ MM i)

Jacobian Matrix for Levenberg-Marquardt

ael’l ael’l ael’l 861’1 N\

i, ow) aw;I’R b,

dey | Oey dey 1 Oey

dwiy dwi, GW;I,R o > M rows
= ae: ae' for every

degu  degn | R input sample

wl, ow aw;I’R b, J

361’2 861’2 ael 2 ael 2

dwiy owi  dws Oy
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Computing the Jacobian

Steepest descent computes terms of the form:

. T
oF(x) _ 9, €
dx, ax,;

using the chain rule:

A A~ m
oF oF  on;
_— X

8w;f'j dn;  ow

m m
i, J

where the sensitivity

m OF
s =—
on;

12

is computed using backpropagation.

For the Jacobian we need to compute terms of the form:

avy, _ aek’q

[J]h,l = o

ax; ax]

Marquardt Sensitivity

If we define a Marquardt sensitivity (q is the sample’s index):

5 v de
s;nhE R h=(q—1)SM+I<
’ m m
on; q 8nl.’q

we can compute the Jacobian as follows:

weight
m m
vy, aek’q 6ek’ q ani,q m Bni7 g m m—1
[J]h[:—: = X =S;pX = S;pXxa
A g™ g™ ™ aw” H
l Wi Mg ij i Jj
bias
Wy der, Oepy, anl’f‘q m an;f'q .

U, == = x = SinX = Sin

ooy ™ an b ! ’

1 >

9-db>




Computing the Sensitivities

Initialization
M M
Mo v, aek,q B 6(tk’q—ak’q) B 6ak’q
Lh ™ M T oM M - M
Mg g g g
M, M .
o -f (nw) fori =k
Si,n = .
0 fori=k
M M, M
S, = -F ()
Backpropagation

m+1 Tzm+1

S, = F ) (W)’ S,

§" = [§T| S5 | |§8] Q = number of samples

Levenberg-Marquardt Backpropagation

* Present all inputs to the network and compute the
corresponding network outputs and the errors. Compute the
sum of squared errors over all inputs.

* Compute the Jacobian matrix. Calculate the sensitivities with
the backpropagation algorithm, after initializing. Augment the
individual matrices into the Marquardt sensitivities. Compute
the elements of the Jacobian matrix.

* Solve to obtain the change in the weights.

* Recompute the sum of squared errors with the new weights. If
this new sum of squares is smaller than that computed in step
1, then divide u, by v, update the weights and go back to step
1. If the sum of squares is not reduced, then multiply w, by v
and go back to step 3.
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Example LMBP Step |

2
L T T A T e N
B N e
Newton’s
_5 I" 1 II lI 1 1
-5
...............................
— Steepest—— W11 1
descent ’ /
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Quickprop
Scott Fahlman, CMU

e This is an optimization of backpropagation based on
Newton’s method.

* Itis applicable when, between two steps, the gradient has
decreased in magnitude and has changed sign.

* Then a parabolic estimate of the MSE is used to
determine the weights for the next step.

Quickprop, step k, in 1 dimension

Parabola
Ve \
J(k-1)
MSE
J(k)
| X
w(k-1) w(k)
True minimum Parabola minimum
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Quickprop

Assume a parabola:
J(w)=aw?+bw +c¢
First derivative is a line:
0J/ow=2aw +b
abbreviate 0 J / daw as J’(w).
To find: value of w(k+1) such that J’(w(k+1)) = 0.
We have
J(w(k)) =2aw(k) + b
J(w(k-1)) =2aw(k-1) + b
Solving for a and b in terms of the other quantities:
2a = [J’(w(k))-J’(w(k-1)))/ Aw(k-1)
b=J(w(k)) - [J7(w(k)-T (w(k-1)w(k) / Aw(k-1) ]
where Aw(k-1) = w(k) - w(k-1)

Quickprop

Set I’(w(k+1)) =0, since we are looking for the parabolic
minimum at the next step.

Then 2aw(k+1) + b =0, i.e. w(k+1) =-b/2a.

Substituting in previous equations, we get
w(k+1) =
w(k) + [J(w(k)) Aw(k-D] /[ (w(k-1)) - J*(w(k))]

as the choice for w(k+1).
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