Natural Deduction Examples for Number Theory

Let T denote the set of axioms for number theory, given at the
end.

1. Tl—=(Wy)0+y)=y

1. 0+0=0 Vx e A3
2. n
3./[(0+n)=n Assume
4.11S(0 + n) = S(0 + n) =i
5./|1S(0 + n) = S(n) =e 3, 4
1.1[(Vy) 0 + S(y) = S(0 + vy) Vx e A4
7.110 + S(n) = S(0 + n) Vyeb6
8.110 + S(n) = S(n) =eb5,7
9. ((0+ n)=n)— (0 + S(n) =S(n)) —i 3-8
10.(Vn) (0 + n=n) —= (0 + S(n) = S(n)) vni2-9
11. (0+ 0=0)

A (VYn) ((0+n)=n)— (0+ S(n) =5S(n))) Al 1,10
12.((0+ 0 =0)

A (Vn) ((0 + n) =n) = (0 + S(n) = S(n)))

- (Vn) (0 +n=n) A7
13.(vn) (0 + n =n) —e 11,12
141y,

15/ (0 + y; = vy1) Vhel3
16.(Vy) (0 +vy =vy) Vy i 14-15

This was my original “proof”, but it doesn’t really match
the template for A7, and is not correct.

1. (Vx) (x+0) =x A3
2. 0+0=0 Vx el
3. [ (Vy) (O+vy) =y Assume
4. Yo
5. [|0 + S(yo) = S(yo) Vy e 3
6. |(Vy) (0 + S(y)) = S(y) Vyi4-5
7. [ ((Vy) (O+y) =y) = ((Vy) (0 +S(y)) =S(y)) —i3-6
8. (0+0=0)

A ((Vy) (0 +y) =y)—= ((Vy) (0 +S(y)) =5S(y)) »i2 8
9. ((0+0=0)

A (VYY) (0 +y =y)—(0+S(y) =S(y)))

= (Vy) (O +y=y) A7

10.(Vy) (0+y =y) —-e 8,9



[ |— (Vy) (Vx) (5(x) +Yy) =S(x+Y)
1. Xo
2.1 (VX) (x+0) =x A3
3.] S(xo) + 0 = S(Xo) Vx e 2
4.1 Xg+ 0 = Xg Vxe?2
5.1 S(Xg) + 0 = S(Xxp + 0) =e 4,3
6. (VX)) (S(x) +0) =S(x+0) Vxil-5
7. _n
8. (VX) (S(X) + n) =S(x +n) Assume
9, X1
10} | (S(x1) + n) = S(X; + n) Vx e 8
11| (VX)) (Vy) (X + S(y)) = S(x+Y) A4
120 | (YY) (S(X1) + S(y)) = S(S(X1)+Y) Vxell
13[ | (S(x1) + S(n)) = S(S(x1)+n) Vyel2
14{ | (S(x1) + S(n)) = S(S(x; + n)) =e 10, 13
190 | (YY) (X1 + S(Y)) = S(x1+Y) Vxell
16[ |x; + S(n) = S(x; + n) Vy e 15
171 | (S(x1) + S(n)) = S(x; + S(n)) =e 14, 16
18 (Vx) (S(x) + S(n)) = S(x + S(n)) Vxi9-17
19. ((Vx) (S(X) + n) = S(x + n)) — —| 8-18
(VX)) (S(x) + S(n)) = S(x + S(n))
20. (Vn) (((Vx) (S(X) + n) = S(X + n)) — vni 7-19
(Vx) (S(x) + S(n)) = S(x + S(n)))

21. ((Vx) (S(x) + 0) = S(x + 0))

A (VNn) (((YX) (S(X) + n) =S(x + n)) —

(Vx) (S(x) + S(n)) = S(x + S(n))) Al 6, 20

22. (((¥x) (S(x) + 0) = S(x + 0))

A (VNn) (((YX) (S(X) + n) =S(x + n)) —

(¥x) (S(x) + S(n)) = S(x + S(n)))

— (V¥n) (Vx) (S(x) + n) =S(x + n) A7
23. (¥n) (VX)) (S(x) + n) = S(x + n) —e 21, 22
24. Y1
25. (VX)) (S(X) + y1) = S(X + V1) Vne 23
26. (Vy) (VX)) (S(X) +y) =S(x + V) Vy i 24-25




[ = (Vx)(Vy) (x +y) = (y +X)

ORNOUHWNE=

22.

23.

24
25

26.

Yo
(0+ yo) = Yo Yy e Example 1
(Yo + 0) = yo Vx e A3
(0+ vo) = (yo + 0) =e 2,3
(Vy) (0 +y)=(y +0) Vyi1l-5
n
(Vy) (n+y) =(y +n) Assumption
Y1
(n+y1)=(y1+n) Vy e 7
S(n + Y1) = S(n + Y1) =j
S(n +yi) = S(y1 + n) =e 9, 10
(Vy) (n + S(y)) = S(n +y) Vx e A4
y1 + S(n) = S(y: + n) Vy e 12
S(n +vyi1) =vy1 + S(n) =e 10, 13

(Vx) (S(x) + y1) = S(X + yi1)

Vy e Example 2

S(n) + y1 = S(n + y1) Vx e 15
S(n) + vi =v: + S(n) =e 14, 16
(Yy) S(n) + v = vy + S(n) Yy i 8-17
(Vy) (n+y) =(y +n)
—(Yy)S(n) +y =y + S(n) —j 7-18
(Vn) (Vy) (n+y)=(y +n)
—(Vy) S(n) + y =y + S(n) VYni6-19
. (Vy) (0O+y)=(y+0)
A ((Vn) (Vy) (n+y) =(y +n)
—(Vy) S(n) + y =y + S(n)) Al 5, 20
((Vy) (0O +y)=(y+0)
A ((Vn) (Vy) (n+y) =(y +n)
—=(Vy) S(n) +y =y + S(n)))
—-(Vn) (Vy)n+y =y +n)) A7
(Vn)(Vy)n+y=y+n —e 21, 22
X1
(Vy) Xxs +y=y+x; Vne 23
(Vx) (Vy) x+y =y +X VX i 24-25




Axioms for number theory:

Al:

A2:

A3:

A4:

A5:

A6:

A7:

(Vx) -(5(x) = 0)

(Vx) (Vy) ((S(x) = S(y)) = (X =Y))
(Vx) (x + 0) = x

(Vx) (Vy) (x + S(y)) = S(x+y)

(VX) (x *0) = 0

(Vx) (Vy) (Vz) (x*S(y)) = ((x*Y) + x)

(9[0/x] A (V) (¢[n/x] = ¢[S(n)/x])) — (Vn)e[n/x]

for every formula ¢ where n is free for x, for any variable x.



