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Vectors in(d".

Notation

Generalized Vectors.




5 Vector Space

1. An operation called vector addition is defined such that if
xOX andyo X thenx+yoX.

2. X+y=y+Xx

3. X+y)+z=x+(y+2)

4. There is a unique vectdo X, called the zero vector, such
thatx+0=x for all xo X.

5. For each vector there is a unigue vector in X, to be called
(-x), such thak+(-x) =0 .




5 Vector Space (Cont.)

6. An operation, called multiplication, is defined such that
for all scalarsaoF, and all vectorgoX, axoX.

7. ForanyoX, Ix=x (for scalar 1).

8. For any two scalasoF andb oF, and anyo X,
a(bx)=(ab)x .

9. (@a+b)x=ax +bx.

10.a(x+y) =ax +ay
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5/ Examples (Decision Boundaries)

Is the p, p; plane a vector space?

Is the line p+2p,-2=0 a vector

Sspace?
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Other Vector Spaces

Polynomials of degree 2 or less.

X = 2+t+4t2

y = 1+5t

Continuous functions in the interval [0,1].
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5 Linear Independence

If
aX1+aXp+ - +aX, =0
iImplies that each
a =0
then
{X}

IS a set of linearly independent vectors.




Example (Banana and Apple) 1

1 1
P, =1 1 P, =1 1
1 1
Let
a;p1+a,pp, = 0

—ap tar -6

a; t+ar =10

—ay + (—3.2)_ _Q

This can only be true if

a; =a, =0

Therefore the vectors are independent. Y,




Spanning a Space

A subsetspansa space If every vector In
the space can be written as a linear
combination of the vectors in the
subspace.

X = xU;p+XUp+ - +X Upny




Basis Vectors

* A set of basis vectors for the spae
IS a set of vectors which spadsand is
linearly independent.

 The dimension of a vector space,
Dim(X), Is equal to the number of
vectors in the basis set.

e Let X be a finite dimensional vector
space, then every basis seXahas the
same number of elements.




5 Example

Polynomials of degree 2 or less.

Basis A:
u; =1 U, =t u3:t2

Basis B:
U; = 1-t U, = 1+t U3:1+t+t2

(Any three linearly independent vectors
In the space will work.)

How can you represent the veckor 1+2 using both basis sets?

N /
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Inner Product / Norm

A scalar function of vectonsandy can be defined as
aninner product, (x,y), provided the following are
satisfied (for real inner products):

* (xy) =) .

* (xay,thy,) = ak.y,) + bl .y,) .

e (x,x)=0, where equality holds if=0.

A scalar function of a vector is called anorm, |||,
provided the following are satisfied:

e |K||=0.

e |K|[=0Iiffx=0.

* |lax|| =&l |k|| for scalaga .

* K+l IKI+ ¥l -
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Example

Standard Euclidean Inner Product

Ty, —
XY = XY XY+ o + XpYy

Standard Euclidean Norm
IXI| = & , x)*

IIX|| = &KTX)V2= (X12 + X22 + +Xn2) 1/2

Angle
cos@) = x.y)/(IkITIII)
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Orthogonality

Two vectors,y LIX are orthogonal if;y) =0 .

Example

0, < Z*_ Any vector in the pP; plane is
/ W orthogonal to the weight vector.

P,
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/5 Gram-Schmidt Orthogonalization 1

S
Independent Vectors :: Orthogonal Vectors

yl;yZ;---;yn Vl,V2, ,Vn
\ J

Step 1: Set first orthogonal vector to first independent vector.

Vi=Y1
Step 2: Subtract the portionfthat is in the direction of;.
Vo = Yp—aVv,
Where a is chosen so thgtis orthogonal ta,:

(Vi.Vo) = (Vi,Yo—aVy) = (VYo —-a(VyVy) =0

5= Vo)

V.V
\ (V1Vi) /15




5 Gram-Schmidt (Cont.)

Projection ofy, onv,:

V.Y z)v )
(V1.V1)

Stepk: Subtract the portion gf that is in the direction of all
previousy; .

K—1
_ Vi.Yw
Vi = Y= § iy,
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5 Example (Cont.)
Step 2.
V. = _\LYzV _ —1_[11][_;] | _ |-1| _[oH _ |-1.5
SR [2] [“]H L] [2] [oj [15]
A
Y2




5 Vector Expansion

If a vector spac& has a basis sety{ v,, ...,V },

then anyx[1X has a unique vector expansion:

5

X = zxivi = X V1 +X,Vpo+ o +x V),

n
=1

If the basis vectors amthogonal, and we
take the inner product of andx :

(VJ,X) - (VJ,Z Xivi) = z Xi(Vj,Vi) = XJ(VJ,VJ)
=1 =1

Therefore the coefficients of the expansion can be computec

g = ViX)

boovvy)

:

!
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Column of Numbers

The vector expansion provides a meaning for
writing a vector as a column of numbers.

n
X = Z XVi = X Vi+X, Vot +x.Vy
i=1

To interpretx, we need to know what basis was used
for the expansion.

!

20



5 Reciprocal Basis Vectors

Definition of reciprocal basis vectors,

r.w)=0 I 7]
=1 |:J

where the basis vectors ang {v,, ...,V }, and
the reciprocal basis vectors are, {,, ...,r}.

For vectors iri1" we can use the following inner product:
(FiV)) =]V,

RB=I —> R'=B"

~

Therefore, the equations for the reciprocal basis vectors beco

me.
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5 Vector Expansion

X = xVi+ XVt + XV

n

with the vector to be expanded:
(F1X) = X (F,Va) + (M, Vo) + - + X, (M, Vi)

By definition of the reciprocal basis vectors:
(FVy) = (MV3) = - =("1,Vy) =0
(FyVy =1

Therefore, the first coefficient in the expansion is:
Xy = (M X)

Xj = (I‘J,X)

N

Take the inner product of the first reciprocal basis vector

In general, we then have (even for nonorthogonal basis vecto

[S):

!
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Example

Basis Vectors:

S ).




5 Example (Cont.)

Reciprocal Basis Vectors:

b d el el
10 0.5 -0. 1 0.
Expansion Coefficients:

x‘{:rIxS:[()l]-_z]:z

Xy = [X° = [0.5—0.5, [_;] =-15

Matrix Form:




Example (Cont.)

X = (_1)Sl+232 - 2 Vl_ 15V2

The interpretation of the column of numbers

depends on the basis set used for the expansion.
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