Performance Surfaces




8 Taylor Series Expansion

F() = FOD +F ()] (x=x0)

2
+ ELF(X)

2dx2




8 Example

F(x) = e

Taylor series oF(x) about<* =0:

0

F(x) =e  =¢€ —e_o(x—O) +%e‘o(x—0)2—%e_o(x—0)3+

12 13
= 1-X+=X"==X"+...
F(X) = 1-X 2x 6x

Taylor series approximations:

F(X)=Fy(x) =1

F(X)=F{(X) = 1-X

12
F(X)=F,(X) = 1-x+3X
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Plot of Approximations




8 Vector Case

F(X) = F(X{ X5, oo 1 X))

n

F(x) = F(be+iF(x)|

0
o (%, —x;5) +0_x2F(X)|

(%o =X,

X = XU X = XU
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+—F(X + __F X —
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F(X)l (% = %D (%) = x,0) + -+




Gradient

0
axlF(X)

d
DF(X) = a—XZF(X)
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Matrix Form

IjzF(X) =

F(x) = F(xD)+ O F(X)T|X:XD(X—XEb

+1(X—XEBTDZF(X)| (x=xD) +
2 .

] Hessian
aix;:(x) Oxlaazx2

axjazxf(x> %F(x)

axfaleF(X) axnaazsz(x)

—F(X) ... ——
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8 Directional Derivatives

First derivative (slope) df(x) alongx axis: oF(x)/dx;

(ith element of gradient)

Second derivative (curvature) Bfx) alongx axis: 9°F(x)/ax’

(1,1 element of Hessian)

First derivative (slope) d¥(x) along vectop: |

.
Second derivative (curvature) IBfx) along vectop: p_LEF(X)p
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Example

F(X) = xi +2X X, + 2x§

b}l

0
—F(X)
0X 2Xq + 2X
DF(X)lX XD: al = |:2 1+4 2:|
= X1 X2
_"XZF(X)_
X = xU




Plots

Directional
Derivatives




8 Minima

Strong Minimum

The pointx* is a strong minimum off(X) if a scalan>0 exists,
such that(x*) < F(x* +Ax) for all Ax such thad>||Ax||>O.

Global Minimum

The pointx* is a unique global minimum &¥(x) if
F(x*) < F(x* +Ax) for all Ax#0.

Weak Minimum

The pointx* is a weak minimum oF(X) if it IS not a strong
minimum, and a scald@> 0 exists, such tha&i(x*) < F(x* + AXx)
for all Ax such thad>||Ax||>0.

N
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Scalar Example

F(x) = 3x4—7x2—%x+ 6

Strong Maximum

Strong Minimum

Global Minimum

| | |
-1 0 1
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il

F(X) = (x2—x1)4+8x1x2—x1+x2+3
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Vector Example

F(X) = (xi —1.5%X X, + 2x§)xi




/8 First-Order Optimality Condition 1

F(x) = F(xU+Aax) = F(xD +OF (x)Tl DX + 1AXTDZF(X)l DX+
X = X 2 X = X
AX = X —xU
For smallAx: If Xx* is @ minimum, this implies:
F(xU+Aax) OF(xY) + DF(X)T‘ AX DF(X)T‘ AX =0
X =X" X = xU

i DF(X)TX:XDAX>O then F(xU-Ax) DF(xD)—DF(x)T‘X:XDAx <F(xD)

But this would imply thak* is not a minimum. ThereforeDF(x)T‘X ) XDAx =0

Since this must be true for eveky, [DF(X)' q= O]
X =X

N
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( 8 Second-Order Condition 1

If the first-order condition is satisfied (zero gradient), then

F(xH+Ax) = F(xD + 1AXTDZF(X)l AX + -
2 X = xU

A strong minimum will exist ax* if AXTDZF(X)l AX >0 for anyAx #0.
X =X

Therefore the Hessian matrix must be positive definite. A matrsxpositive definite if:

[ZTAZ > 0] for anyz#0.

This is asufficient condition for optimality.

A necessarycondition is that the Hessian matrix be positive semidefinite. A matrix A i
positive semidefinite if:

[ z2'Az>0 ] for anyz.

N /
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Example

2 2
F(X) = x]+ 2X X, + 2X5 + Xy

OF(x) = [2X1+2X2+]] =0 |:> xU = I:_]J

2xl + 4x2

2F(x) = [2 2 (Not a function ok
2 in this case.)

To test the definiteness, check the eigenvalues of the Hessian. If the eigenvalug

are all greater than zero, the Hessian is positive definite.

F—A 2]
2 44—\

|o2F(x) = Al = = AN —6A+4 = (A—0.76)(A —5.24)

A =0.76 5.24 Both eigenvalues are positive, therefst®ng minimum.
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Quadratic Functions

1

F(X) = éxTAx + de +C (SymmetricA)

Gradient and Hessian:

/Useful properties of gradients:

O(h'x) = O(x ' h) = h

Ox'Qx = Qx+Q'x = 2Qx (for symmetricQ)
\

J

Gradient of Quadratic Function:

[DF(X) - Ax +d ]

Hessian of Quadratic Function:

EE
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Eigensystem of the Hessian 1

Consider a quadratic function which has a stationary
point at the origin, and whose value there is zero.

F(X) = %XTAX

Perform a similarity transform on the Hessian matrix,
using the eigenvalues as the new basis vectors.

B = [zl Z, ... zn]

Since the Hessian matrix is symmetric, its eigenvectors

are orthogonal.

B! =g'
A\, O .0
A=[B"AB] = [0 O] A A = BABT

_O 0O ... )\rl /
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/8 Second Directional Derivative 1

p 02F(x)p _ p'Ap
Ipl® lpl®

Represenp with respect to the eigenvectors (new basis):

p = Bc
) 2
A.C
p'Ap _ c'B'(BAB")Bc _ c'Ac _ i; -
Ipll® ¢'B'Bc c'c % 2
[

T
<P AP _,

Bl S
"l

max
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P = Zmax C = BTp = BTZmaX =
n , )
A.C
ZmaXTAZmaX — i:zl B = Z
max 2
enal” g2 ()

The eigenvalues represent curvature
(second derivatives) along the eigenvectors
(the principal axes).

0
0

=

Eigenvector (Largest Eigenvalue)

~

e




Circular Hollow

_ 2 > 1.7|2
") = = 5 [ij
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Elliptical Hollow

2 2 1. 7|2 1
F(X) = X5+ XX, +X,5 = =X X
(X) 1 172 2 5 |:12:|
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Elongated Saddle

_ 12 3 12 _1,T1T]-0.5-1.
F(X) = —le—éxlxz—zxz = EX l_15 _ij




Stationary Valley

il

+1X§:1‘XT 1 1X
2 2 -1 1

X1 = X1 %5

_ 12
2

F(x)
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Quadratic Function Summary

If the eigenvalues of the Hessian matrix are all positive, the

function will have a single strong minimum.

If the eigenvalues are all negative, the function will have a
single strong maximum.

If some eigenvalues are positive and other eigenvalues are

negative, the function will have a single saddle point.

If the eigenvalues are all nonnegative, but some
eigenvalues are zero, then the function will either have a
weak minimum or will have no stationary point.

If the eigenvalues are all nonpositive, but some
eigenvalues are zero, then the function will either have a
weak maximum or will have no stationary point.

|~4

| =4

[ Stationary Point; xZ=-A™'d ]
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