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Elementary Decision Boundaries -
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First Boundary:

a; = hardlim([_1 ¢p +0.5)

Second Boundary:

a; = hardlim( [0 _1:|p +0.75)

First Subnetwork

Inputs Individual Decisions

AND Operation
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11| Elementary Decision Boundaries —
4 Third Boundary:
O ¢ a} = hardlim([1 g/p-1.5)
O ®
2 Fourth Boundary:
+ <|J> #’ a; = hardlim([p 7 p-0.29)
Second Subnetwork
Inputs Individual Decisions AND Operation
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Total Network
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al = hardlim (W1p+b?)

a2 = hardlim (W2at+b?)

a3 = hardlim (W3a2+hb3)
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11| Function Approximation Example--
Input Log-Sigmoid Layer Linear Layer
N N s N ) .
nt ah f =
M i3 S , (" 1+e "
by, &
p % A
nt,
wo N D — S ,
I f%(n) = n
Ut Y, N Y,
al =logsig(W1ip+b?) a2 = purelin(W2al+?)
Nominal Parameter Values
w;,; =10 w,,=10 by =-10 by = 10
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Nominal Response
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Parameter Variations
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11 Multilayer Network
am+1 _ fm+1(Wm+1am bm+1) m= 0.2

a = P

a=a"
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Performance Index —

Training Set
{pPstd {pP2td ... .{Pqtgd
Mean Square Error

F(x)= E[€"] = E[(t—a)"]

Vector Case

F(x)= E[e' e] = E[(t-a) (t-a)]

Approximate Mean Square Error (Single Sample)
F(x) = (t(k)—a(k))' (t(k) —a(k)) = e' (k)e(k)

Approximate Steepest Descent A
Witk 1) = wiit-a2= bk 1) = b~
owm |

i, ] i )




11 Chain Rule S
df (n(w)) _ df(n)  dn(w)
dw dn dw
Example
f(n) = cos(n) n=e" f(n(w)) = cog(e”™)
df (n(w)) _ df(n)xdn(w) — (e Wy _ o i 2W 2w
v = ~an vl (—sin(n))(2e™") = (-sin(e” ))(2e )

Application to Gradient Calculation

- ~ m ~
oOF _ oF On oF _ oF o
ow; o w ob™  on™ ob"
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Gradient Calculation

Sm—l
m _ m m-1 m
n. = Z W ;@ + b,
=1
on." _ on"
. — a;n 1 1 — l
ow;'| ob;"
Sensitivity
m_ OF
Sl = m
on.
Gradient
oF . m_m-1 oF _om

m |
|

aWi j ob;
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Steepest Descent S
W' (k+1) = w"\ (k) —asa" b"(k+1) = b"(k)—as"
WMk+1) = W) —as"@" ™)' bM(k+1) = b"(k)—as™
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Next Step: Compute the Sensitivities (Backpropagation

).
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Jacobian Matrix
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/11 Backpropagation (Sensitivities) |

A m+ lDT A - T A
g" = a_Fm — E?n — ] amF+1 = Fm(nm)(Wm+l) an|1:+1
on Hon U on on

[ §" = FMn™w™ ) st ]

The sensitivities are computed by starting at the last layer, a
then propagating backwards through the network to the first la

Nnd
yer.

16



11

Initialization (Last Layer)
o 2
0) (ti—aj)
sV = £ = a(t—a)T(t—a) = igl - = —2(t-—a-)ﬁ
| anIM anIM anIM | | anIM
Oa, OaiM an(n'iV') M, M
v = = (ni )
on™  on" on”

M = 2(t—a)f ("

[ M = 2F" M)t -a) }
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N

" = E"nMw™ '

W (k+1) = W (k)—as (@ ")

Summary

Forward Propagation

0
a =p

Backpropagation

M = 2F" Mt -a)

m+ 1
m =

M-1,...,2,1

Weight Update

m, m—1_T

b (k+1) = b"(k)—as"

!
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/11 Example: Function Approximatior*r—\

—» g(p) = 1+sinE£[pE
P ) l e
o— \ O——
e ~ +
1-2-1 a
!
Network
§ \/




Network

Network

1-2-1

Input Log-Sigmoid Layer

Linear Layer

N ~ s ~
nYy alyy
WL, 4 Z ’L
1 a2
p %bl e
e,
wo N D — S
P
_J ¢t Yy N Yy

al =logsig(W1ip+b?)

a2 = purelin(W2al+?)
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11 Initial Conditions ya

W (0) = [:gfj b*(0) = [:8‘1‘3 W20) = [0.09-0.1] b*0) = [0.49

3

— Network Response
—— Sine Wave




11 Forward Propagation _
2’ = p=1
al = fl(WlaO+bl) _ IOgSigg_o.Zj [1] + [—0.43% _ IOgSigﬁ_oij
—0.4 —0.13[] —0.54(]
I
al = 1+e> _ I:O.SZJ
1 0.36
-1+e0.54_1

8% = f2(W23_1+b2) — pure“n([o'og_o-l}liggéi + [0.45) = [0_44a

e=t-a= i+ sina;p%—az - S+ sinaﬁ%—oma = 1.261

\ [ [
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/11 Transfer Function Derivatives —-

—N

1 _dpg 1 po_ e _ 1 mMm 1 no_ 1,1
f(n) = = = d- = (1-a’)(a)
an_L_I_e—rD (1+e—n)2 %- 1+e_rDD_L+e_rD

) = &) = 1
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Backpropagation

= 2F (nA(t-a) = —2[f'2(n2):|(1.261) = —2[1(1.269 = —2.522

1 1
- |i1(n1)(W2)TSZ _ [(1-a1)(a) 0 [0.09;| [_2.525
0 (1-ay)(ay)| 0L

o [(1 —0.329(0.322) 0 8)] [o.og;l [2.523

0 (1- 0.368(0.368]|-0.1

o= [0.218 ojl—o.zzi _ [—0.049§|
0 0.233]0.429 0.0997
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a =01

W2(1) = W2(0)-asi(ah) = [0.09—0.1}—0.1[—2.52}[0.321 0.36]3

W?(1) = [9.171-0.077b

b?(1) = b*(0)-as’® = [0.4d -0.1[2.52] = [0.73]

W) = Who)—asiad)' - [_o.zj _0_1[—0.049ﬂ 7 - [-o.zesj
—0.4 0.0997 —0.42

bl(1) = b'0)_as’ = [—o.4j _0_1[—0.0491 _ [-0.473
\_ -0.1 0.0997] [-0.14

11 Weight Update W

.




Choice of Architecture

[

o(p) = 1+ sinL"

1-3-1 Network
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Choice of Network Architecture |

g(p) = 1+sin%"pg

= o [ N w
.
Wan o - N w
I %

L o = N w
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1
1
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Convergence S

g(p) = 1+ sin(Tp)




Generalization e

[

{Pyt} {Patd ... {Potd

N 1 s el
a(p) = 1+ sing;pA p=-2-16-12..,16,2

1-2-1 1-9-1




