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Variations

e Heuristic Modifications
— Momentum
— Variable Learning Rate

« Standard Numerical Optimization
— Conjugate Gradient
— Newton’s Method (Levenberg-Marquardt)




/12 Performance Surface Example T

Network Architecture Nominal Function
Input Log-Sigmoid Layer Log-Sigmoid Layer .
N N e N
ny, ay
VVll’l Z _>_£ 0.75
o
P 1
n, 05
wo N D — S ,
o f
w_J 1t Yy N Yy
at =logsig(Wip+b?) a2 =logsig(Wzat+h?)
Parameter Values
1 1
w; ; =10 w, , = 10 bl——5 b2—5
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Convergence Example
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Learning Rate Too Large
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12 Momentum Backpropagation

15

~

Steepest Descent Backpropagation
(SDBP)

-1.T
AWM (k) = —as"@"
W2
1,1 °f

Ab"(k) = —as’

Momentum Backpropagation

(MOBP) :

AW™(K) = yaW (k= 1) — (1 —y)as"@" "Y'

Ab™(k) = yAb™(k—=1) = (1-y)as"

N
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121 Variable Learning Rate (VLBP) 1

N

e |f the squared error (over the entire training set) increases L
more than some set percentdggfter a weight update, then

the weight update is discarded, the learning rate is multiplie
by some factor (2p>0), and the momentum coefficienis

set to zero.

o If the squared error decreases after a weight update, then t
weight update is accepted and the learning rate is multipliec
by some facton>1. If y has been previously set to zero, it is

reset to its original value.

o If the squared error increases by less thahen the weight
update is accepted, but the learning rate and the momentur
coefficient are unchanged.
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Example

0.5

10

10" 10°
Iteration Number

10

n = 1.05
p = 0.7
( = 4%

10

10" 10°
Iteration Number

10
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12 Conjugate Gradient

N

1. The first search direction is steepest descent.

Po = Yo Ok = DF(X)'X:X

2. Take a step and choose the learning rate to minimize the
function along the search direction.

Xp+1 = Xt O Py

3. Select the next search direction according to:
Pk = =0k + BPk-1

where

T T T
AQ, _ 19 or By = 9k 9k or B = AQ, _ 19
T

Ag?(-—lpk—l Ok-19k-1 Ok-19k-1

Bk =

13
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Interval Location

A F(x,+ 0,py)

8¢

4e

a;—b,
a,— b,
ds o
Ay
ds




Interval Reduction

=

A F(X,+ 0, p,) A F(x,+ a,py)
O a,
e e
a C b a C d b
(@) Interval isnot reduced. (b) Minimum must occur
between ¢ and b.
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N

Golden Section Search

1=0.618
Set c, =a, + (11)(b,-a), F=F(c,)
d, =b, - (1t)(b,-a)), F;~F(d,)
Fork=1,2, ... repeat
If F.<F,then
Set 1 =8 ; Dy =0y 5 Ay =G
Crer = Qe T (1T)(D -2 11 )
F=F., F=F(C )

else
Set ., =G by =0 ;G =0,
A1 =04y - (AT)(0O g -8 14)
F=F; F~=Fd,.;)
end

end untilb,,, - a,,, <tol

16
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Conjugate Gradient BP (CGBP)

Intermediate Steps

Complete Trajectory

~
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Newton’s Method

B 1
Xer1 = Xe—Ayg 0y

A = DZF(x)| ngDF(x)|

X = Xk X =Xk

If the performance index is a sum of squares function:

N
FX) = Y vi(x) = V' ()V(X)
=1
then thgth element of the gradient is

ov: (X)
OF()]; = 2 - 22 075

J

18
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Matrix Form

The gradient can be written in matrix form:

OF(x) = 23" (X)V(X)

whered is the Jacobian matrix:

ov,(x) vy(x)  Ov,(X)]

0x, ox,  0x,
0v,(X) 0v,(X) 0v,(X)
J(X) = 0X, ox, ' 0x,

0v\,(X) 0vy(X) ov,(X)
0x, ox,  0x,

19



12 Hessian
2
_ % F(X) _ . e DVI)Vi(X) 0 Vi(X)O
[O2F(X)]y 5 = 0x,0%; ZIZﬁ 0%, 0x; Yi(X) axkaij

2F(X) = 23T (X)J(X) + 2S(X)

N
S(X) = Z V. (X) 0%V (X)
i=1

20
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Gauss-Newton Method

Approximate the Hessian matrix as:

127 (x) 023 (x)J(X)

Newton’s method becomes:

T 1.7
Xr1 = Xe—[23 (X )I (X)) 2 (X )V(X,)

= x, —[3T(x)I(x ]I (x IV (x,)

21
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Levenberg-Marquardt

Gauss-Newton approximates the Hessian by:

H=JJ

This matrix may be singular, but can be made invertible as follc

-

N

G =H+upl
If the eigenvalues and eigenvectord-oére:
(A As o A (21,25, ... .27}
then Eigenvalues 06

—
Gz = [H+pul]lzy = Hz;+pzy = \zj +pzp = (A + 1)z

\

[xm = X, —[3T(x)Ix) + 1 13T (X )V (X, }

DWS.

22



12 Adjustment ofy,

As |, -0, LM becomes Gauss-Newton.

T 1.7
X1 = Xk_[J (Xk)J(Xk)] J (X )V (X)

As |, - o0, LM becomes Steepest Descent with small learning rate.

1.7 1
Xk+1DXk_H_kJ (XV(X,) = Xk_z—ukDF(X)

Therefore, begin with a smal], to use Gauss-Newton and speed
convergence. If a step does not yield a smé&l{g), then repeat the
step with an increasgq until F(x) is decreased:(x) must
decrease eventually, since we will be taking a very small step in the
\steepest descent direction. Y.




12| Application to Multilayer Network

N

The performance index for the multilayer network is:

Q . Q Q 9 , N
F(X) = z (tq_aq) (tq_aq) = z €4€q = z z (ej,q) = z (v;)
g=1 g=1 =1

q=1j=1
The error vector is:
.
V = [VlVZ"'VN] = [el,lez,l... eSM,lel,z... eSM,Q.l
The parameter vector is:

T _ — 1 1 1 1 1 2 M
X = [Xl X2 XI’] - |:W1,1W1,2 Wsl,Rbl bs1 Wl,l bSM]

The dimensions of the two vectors are:
M M—1+

N=Qxg n= S(R+1)+S(S'+1)+- +3(S 1)

~

!
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Jacobian Matrix

J(X) =

1 1
owy ; 0wy ,

1 1
owy 1 Owj 5

1 1
ow; ; 0wy ,

1 1
Owy 1 Owq o

S, 1

aw; . ob;
OW; . abi
de de
eg'\",l esM,l
awél . ob;
OW; . abi

25



12 Computing the Jacobian

SDBP computes terms like:

) T
OF(x) _ 9€q &q
0X 0X,

using the chain rule:

- A m
oF _ oF on
- m m

aw{f‘j on.

awi, J-

where the sensitivity
m_ OF
S =—
on."

IS computed using backpropagation.

ov oe
(31}, = —_h - "kg

\ 0X 0X

For the Jacobian we need to compute terms like:

26
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Marquardt Sensitivity

If we define a Marquardt sensitivity:

h=(q-1)S"+k

We can compute the Jacobian as follows:

weight
ov, de de, . on" on" _
[Jln ) = h _ kr’nq: tr’]qx 'r’nq :éir?hx—q'r’n =§Thxa?qu
M ow an, ow o,
bias
vy _ 0e q aek,q anlmq ~m anlmq ~m
Uln 1 = 5 = =% = —m X m = Sih ™ = Si,h
X ob, on, , 0b, db.

27
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Computing the Sensitivities

Initialization
M M
" ani'\,/'q ani'\,/'q ani'\,/'q ani'\,/'q
0 ¢M, M . _
M %—f (ni,q) fori =k
‘Mg o forizk
O
~M M, M
Sq = -F (Ng)
Backpropagation

&5 = FlnMw™ 487"

§" - [&118)- |69

~

.



12 LMBP

* Present all inputs to the network and compute the
corresponding network outputs and the errors. Compute the
sum of squared errors over all inputs.

« Compute the Jacobian matrix. Calculate the sensitivities witl

the elements of the Jacobian matrix.
e Solve to obtain the change in the weights.

 Recompute the sum of squared errors with the new weights.
this new sum of squares is smaller than that computed in st¢
1, then dividgy, by v, update the weights and go back to ster
1. If the sum of squares is not reduced, then mulfiplyy v

the backpropagation algorithm, after initializing. Augment the
iIndividual matrices into the Marquardt sensitivities. Compute

T N

N

If
23

and go back to step 3.

N /
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Example LMBP Step
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LMBP Trajectory




