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Making the “Triples” Method More Readable

- We could represent derivation of a program
triple line-by-line, as in natural deduction
proofs.

- Each line would be either:
A logic formula

A triple
- and each line would be appropriately justified
as a premise, or from previously-derived
lines.

- The problem is that lines containing large
fragments of program code can become
unwieldy.



Full Annotation of Programs

- As an alternative, we can put the logic
formulas in-line with program statements.

- The understanding is that each line of the
program is preceded and followed by a logic
formula that can be justified by the derivation
rules.

- The derivations themselves can be traced by
a series of logic formulas.



Note on Notation

. In the following, we shall use
indentation rather than braces to avoid
confusion with the braces that demark
logical formulas.



Example

Previously we derived the triple
{x < n}while(x <n)xi=x+1{x =n}

Here is the corresponding program fully annotated:

{x < n}
while( x < n)
{X<naXx<n}
{X < n}
{x+1 < n}
X 1= x+1
{x < n}
{X<na-=(X<n)}

{x=n}



Example

Previously we derived the triple

{X =Xy AY =Yo}

if(lx>y){z:=x; x:=y;y:=2;}

XSy A((X=XgAy =Yg) V(Y =XgAX=Yq))}

Here is the corresponding program fully annotated:
{X=XyAY = Yo}
if(x>y)
{X>yAa(X=X,AY =Yq)t
{y <xa((y=XgAX=Yg)Vv(X=XgAY =Yq))}

Z:=X;
{yszA((y=onz=yo)v(z=ony=yo))}
X:=Y,
{X<zZA((X=XgAZ=Yy)Vv(Z=XgAX=Yy))}
Y= 2

{X<YyA((X=XgArYy =Yg v(Y=XyAX=Yy))}
{XSYyA((X=XgAYy =Yg V(Y =XogAX=Yg))}



" J
Requirements for Full Annotation: Pure logic
- Each pair of successive logic formulas

at the same level must be a derivable
implication.



" J
Requirements for Full Annotation: Assignment

- Each assignment statement must be
preceded by a formula derived from the
formula after it, according to the
assignment rule.



Requirements for Full Annotation: While statements

The while statement must be immediately preceded
by its loop invariant.

- The while test must be immediately followed by the
loop invariant conjoined with the test condition.

- The last line of the body (including annotations) of the
while, must be the loop invariant.

- The line following the last line of the body (which is
out-dented) must be the conjunction of the loop
invariant and the negation of the test condition.



Check for Conformance

{x<n}
while( x < n)
{X<naXx<ny}
{X < n}
{x+1 < n}
X 1= x+1
{x<n}
{X<na-=(X<n)}

{x =n}



Requirements for Full Annotation: 1If statements

The first line of the “true” branch of an if test must be the
formula before the if conjoined with the test condition.

The first line of the “false” branch of an if test must be the
formula before the if conjoined with the negation of the
test condition.

The last line of each branch and the line following the
overall if (which is out-dented) must be the same.



Check for Conformance

{X=XgAY =Yot
if(x>y)
{X>YyArA(X=XyAY =Yy)}
{y < xa((y=XgaX=Yy) v(X=XyAY=Yq))}

Z:=X;
{y<za((y=xgraz=Yyy)vI(Z=XorY=Yq))}
X:=Y;
{X<zZA((X=XgAZ=Yy)Vv(Z=XgAX=Yy))}
Y:= 2

{X<YyA((X=XgArYy =Yg v(Y=XyAX=Yy))}
{XSYyA((X=XgAYy =Yg V(Y =XgAX=Yg))}



Example: Euclid’s Algorithm for GCD

- All quantities are natural numbers.

- {(X=Xp) A (Y =VYo))
while( x =y )
if(x>y)
Xi=X-YVY
else
Y:=Y-X
{ X = gcd(Xy, Yo) }



Step 1: Figure out the Loop Invariant

- This is a creative process that generally can’t be
automated.

- However, we know some boundary conditions:

The loop invariant must be implied by the initial assumption, modified
by any initialization before the loop.

The loop invariant, together with the negation of the test condition,
must imply the final expectation.

The loop invariant must be preserved by the loop body, and we can

use the added assumption that the test condition is true to establish
this.



Step 1: Figure out the Loop Invariant

For the GCD program, we can scratch around and figure out that:
ged(x -y, X) = gcd(X, y) if X >y
gcd(x, y - X) = gcd(X, y) ify > X

We might even be able to prove these (by showing that the pairs
{x-y, x} and {X, y} have the same sets of divisors).

This suggests that the body of the loop preserves the value
gcd(X, ).

Moreover, we can see that the initial value of this quantity is that
of gcd(X,, Y,), although we don’t have this quantity in a variable
explicitly.



Euclid’s Algorithm with potential loop invariant

- All quantities are integer.

1(X = Xg) A (Y = Yo)J
{gc_d(xl Y) = ng(XOI YO)}
while( x =y )
{ng(XI Y) = ng(XOI YO) A X = y}
if(x>y)
X:i=X-Y
else
y:=y-=-X
{ng(XI Y) — ng(XOI YO)}
{ged(x, y) = ged(Xo, Yo) A —(X = ¥)?}
{ x = gcd(Xo, Yo) }



Checking Step 1

- Now do a sanity check to see if the formulas
obey the proper relationships.

{X =Xy Ay =Yo} = {gcd(x, y) = gcd(Xq, Yo)}?

{gcd(x, y) = gcd(Xg, Yo) A =(x = y)} = { x = gcd(Xq, Yo) }?

. If not, interpose additional formulas, or try to
fix the invariant.

- Above, we can use the additional fact:
gcd(Xx, X) = X.



Step 2: Fill in the body formulas

X = Xo) A (Y = Yo)}
{ng(XI Y) = ng(XOI YO)}

while( x =y )
{ng(XI Y) = ng(XOI YO) A X ;éy}
if(x>y)
{gcd(X, y) = gcd(Xg, Yo) A X =y A X > Y}
X:i=X-Y

{ng(XI Y) = ng(XOI YO)}
else
{gcd(X, y) = gcd(Xo, Yo) A X =y A =(X > 1Y)}
Yy:=y-X
{ng(XI Y) = ng(XOI YO)}
{ng(XI Y) — ng(XOI YO)}
{gcd(X, y) = gcd(Xq, Yo) A =(X = Y)}
1 X = gcd(Xy, Yo) }



Step 3: Fill in any needed connecting formulas

{(X =Xo) A (Y =Yo)}
{gc_d(x, y) = gcd(Xo, Yo))
while( x =y )
{gcd(X, y) = gcd(Xq, Yo) A X =Y}
if(x>y)
{gcd(x, y) = gcd(Xg, Yo) A X =y A X > Y}
{gcd(x, y) = gcd(Xq, Yo) A X > Y}
{gcd(x-y, X) = gcd(Xq, Yo)*
X:i=X-Y
{gcd(x, y) = gcd(Xq, Yo)*
else
{gcd(x, y) = gcd(Xo, Yo) A X =Y A =(X > 1Y)}
{gcd(x, y) = gcd(Xq, Yo) A X <Y}
{ng(Xl Y'X) = ng(XOI YO)}
Y:=Y-X
{gcd(x, y) = ng(Xor Yo)}
{gcd(x, y) = ng(Xor Yo)}
{ged(x, y) = gcd(Xq, Yo) A (X = )}
{ged(x, y) = ged(Xo, Vo) A (X = y))
{x= ng(Xor Yo) )



Example: Factorial Program
(one of many)

- {n=nyAny; >0}
f:=1;
while( n > 0)

f:=f*n;
n:=n-1;
{f = nyl}



Arrays

- An array is, in effect, a function.

- Array X[0..n-1] is a function from the set of

indices {0, 1, ..., n-1} to the domain from
which array values are drawn.

- S0 X[i] can be thought of x(i) (x applied to i).



Sub-Arrays and Index Sets

. Suppose x[0..n-1] is an array.
- For integers rand s, wherer, s € {0, ..., n-1}

[r..s]

denotes the set of indices {r, r+1, ..., s}.
. If r > s then [r..s] is the empty set.

. X[r..s] denotes the sub-array of x with indices

[r..s].



Example

. If x[0..5] is the array [2, 3, 5, 7, 11, 13] with
indices [0..5]

then x[1..4] is the sub-array [3, 5, 7, 11]
with indices [1..4].



Proofs of Programs That Use Arrays

- Dichotomy:
Arrays are read-only
Arrays are modified by assignment



Quantifying over Array Indices

As before, for any formula ¢, ¢[j/i] means the formula
obtained by substituting j for all free occurrences of i in .

Vj € [m..n] ¢[j/i] means that
e[m/i] A o[(M+1)/i] A ... A @[Nn/i]
dj € [m..n] ¢[j/i] means that

o[m/i] v [(m+1)/i] v ... v [Nn/i]

If m > n, then the first case is equivalent to true,
while the second case is equivalent to false.



Some Properties of Array Reference

(V] € [m..n] o[j/i]) A o[(n+1)/i])

— (Vj € [m..(n+1)]

((Vj € [m..n] o[i/i
— (Vj € [(m-1)..n]

((3j € [m..n] ¢[j/i]
— (G e [m..(n+1)]

((3) € [m..n] o[i/i]

o[j/i])

) A ol(m-1)/i])
o[j/i])

) A ol(n+1)/i])
o[j/i])

) A l(M-1)/i])

— (3 € [(m-1)..n] ¢[J/i])



Example Read-Only Array Program

- Determine whether a specific value y occurs in
the sub-array x[m..n], using = comparison.

e« 1 :=m;
occurs : = false;
while( i < n)

if( x[i] =y )
occurs := true;

| 1= 1+1;



Specification
: _{m <n} Assumption
i:=m;

occurs := false;
while(i<n)

if( x[i] =y)
occurs := true;
:=1+1;
{occurs <= 3j € [m..n] X[j] =y} Expectation

Note that we don’t need to anchor the initial array values here, since the
array never changes.



Step 1: Determine the Loop Invariant

{m < n} Assumption
i:=m;
occurs := false;
{i < n+1 A occurs <= Jj € [m..i-1] X[j] = Y} Invariant
while(i<n)

if( x[i] =y)

occurs := true;
1:=i+1;

{i < n+1 A occurs <= Jj € [m..i-1] X[j] =y} Invariant
{occurs <= € [m..n] xX[j] =Y} Expectation



Step 2: Begin Filling In

{m <n}
i:=m;
occurs := false;
{i < n+1 A occurs <= 3j € [m..i-1] x[j] = v}
while(i<n)
{i<nai<n+laroccurs<3Jje[m..i-1] x[j] =y} €
if( x[il=vy)
occurs = true;
:=i+1;
{i < n+1 A occurs <= 3j € [m..i-1] x[j] = v}
{-(i<n)ai<n+1aoccurs < 3Jje[m..i-1] X[j] = Y} €
{occurs <= Jj € [m..n] X[j] = Yy}



Step 2: Continue Filling In

{m < n}
i:=m;
occurs := false;
{i < n+1 A occurs <= 3j € [m..i-1] x[j] = v}
while(i<n)
{i<nai<n+laoccurs < 3je [m..i-1] X[j] =y}
{i < naAoccurs < 3j€ [m..i-1] X[j] = Y} €

if( x[i] =y) _ _ _ _
{x[i]=yAai<naoccurs <= 3Jje [Mm..i-1] X[j] =y} €

occurs := true;
:=i+1;
{i < n+1 A occurs <= 3j € [m..i-1] x[j] = v}
{-(i<n)ai<n+1aoccurs < 3Jje[m..i-1] X[j] = Y}
{i = n+1 A occurs <= Jj € [m..i-1] X[j] = Yy} €
{occurs <= Jj € [m..n] X[j] = Yy}



Step 2: Still More Filling In

{m <n}
i:=m;
{i < n+1 A false <= 3j € [m..i-1] X[j] = Y} €«
occurs := false;
{i < n+1 A occurs <= 3j € [m..i-1] x[j] = v}
while(i<n)
{i<nai<n+laoccurs < 3je [m..i-1] X[j] =y}
{i < naAoccurs < 3j€ [m..i-1] X[j] = Y}

if( x[i]l=vy) _ _ _ _
{xX[i] =y Ai<naoccurs < 3je [m..i-1] X[j] = Y}
{i < natrue <= 3Jje[m..i] x[j] =y} €
occurs := true;
{i+1 < n+1 A occurs < Jj € [m..i+1-1] X[j] = Y} €«
:=i+1;

{i < n+1 A occurs <> 3j € [m..i-1] x[j] = y}
{-(i<n)Aai<n+1aoccurs < 3jE[m..i-1] x[j] = y}
{i = n+1 A occurs < 3Jj € [m..i-1] x[j] = y}

{occurs <> 3j € [m..n] x[j] = y}



" A
Step 2: Still2 More Filling In

{m < n}
{m < n+1 A false < 3j € [m..m-1] x[j] = y}

i:=m;
{i < n+1 A false <= 3j € [m..i-1] X[j] = v}

occurs := false;
{i < n+1 A occurs <= 3j € [m..i-1] x[j] = v}

while(i<n)
{i<nai<n+laoccurs < 3je [m..i-1] X[j] =y}
{i < naAoccurs < 3je€ [m..i-1] X[j] = v}

if( x[i] =y)
{xX[i] =y Ai<naoccurs < 3j€ [m..i-1] X[j] = Y}

{i < natrue < 3j € [m..i] x[j] = y}
occurs := true;

{i < naoccurs < 3j € [m..i] x[j] = y}

{i+1 < n+1 A occurs <> 3j € [m..i+1-1] x[j] = y}

= i+1;

{i < n+1 A occurs <> 3j € [m..i-1] x[j] = y}
{~(i<n)ai<n+laoccurs < 3j € [m..i-1] x[j] = y}
{i = n+1 A occurs < 3Jj € [m..i-1] x[j] = y}

{occurs < 3j € [m..n] x[j] = vy}



Conclusmn

{m < n}
{m < n+1 A false < 3j € [m..m-1] x[j] = y}

i:= m;,
{i < n+1 A false < 3j € [m..i-1] x[j] = y}

occurs := false;
{i < n+1 A occurs <> 3j € [m..i-1] x[j] = y}

while(i<n)
{i<nai<n+laoccurs < 3j € [m..i-1] x[j] = y}
{i < naoccurs < 3j € [m..i-1] x[j] = y}
if( x[i]1=y) _ _ . .
{x[i] =y ai<naoccurs < 3j € [m..i-1] x[j] = y}
{i < natrue < 3j € [m..i] x[j] = y}
occurs := true;
{i < n aoccurs < 3j € [m..i] x[j] = y}
{i < naoccurs < 3j € [m..i] x[j] = y}
{i+1 < n+1 A occurs < Jj € [m..i+1-1] x[j] = vy}
= i+1;
{i < n+1 A occurs < 3j € [m..i-1] x[j] = y}
{-(i<n)ai<n+laoccurs < 3j€[m..i-1] x[j] = y}
{i = n+1 A occurs < 3Jj € [m..i-1] x[j] = y}
{occurs < 3j € [m..n] x[j] = vy}



Exercise: Optimized Version of the Previous Program

- Determine whether a specific value y occurs in
the sub-array x[m..n], using = comparison.

e« 1 :=m;
occurs : = false;
while( —occurs Ai < n)

if( x[i] =y)
occurs := true;
| 1= 1+1;



Example Read-Only Array Program

Find the index of a maximal value in the sub-array x[m..n],
using > comparison.

{m < n} Assumption
K:=m;
i:=m+1;
while(i<n)

if( x[i] > x[k] )

k=i

1:=i+1;

{Vje [m..n] x[j] < x[k]} Expectation

Note that we don’t need to anchor the initial array values here, since the
array never changes.



Step 1: Find the loop invariant

- {Mm < n}

K:=m;
1 := m+1;
{Vj e [m..i-1] X[j] < X[k] A (i < n+1)}
while(i < n)

iIf( x[i] > x[k] )

K:=1;

1:=1+1;

{Vj e [m..i-1] x[j] < x[k] A (i < n+1)}
{Vj e [m..n] x[j] < x[k]}



Step 2: Begin Filling In

{m < n}
K:=m;
= m+1;
{Vje [m..i-1] x[j] < x[k] A (i < n+1)}
while(i<n)

{Vije [m..i-1] x[j] < x[k] A (i<n+1) A (i<n)}

if( x[i] > x[k] )

K:=1i;

:=1+1;

{Vje [m..i-1] x[j] < x[k] A (i < n+1)}
{Vje [m..i-1] x[j] < x[k] A (i<n+1) A =(i<n)}
{Vje [m..n] x[j] < x[k]*



Step 2: More Filling In

{m < n}
K:=m;
{Vie[m.m+1-1] X[j] < X[k] A (m+1 < n+1)}
i:=m+1;
{Vj e [m..i-1] x[j] < x[k] A (i < n+1)}
while(i<n)
{Vie [m..i-1] x[j] < x[k] A (i<n+1)A(i<n)}
if( x[i] > x[k] )

K:=1;
{Vje [m..i+1-1] x[j] < x[k] A (i+1 < n+1)}
1:=i+1;

(Vi e [m..i-1] x[§] < x[k] » (i < n+1)}
{Vie [m..i-1] x[i1 < x[k] A (i < n+1) A =(i < n)}
{Vje[m..n] x[j] < x[k]}



Step 2: More? Filling In

{m < n}
k:=m;
{vj € [m..m] x[j] < x[k] » (m < n)}
{Vie [m.m+1-1] X[j] < X[k] A (m+1 < n+1)}
i:=m+1;
{Vje [m..i-1] X[j] < X[k] A (i < n+1)}
while(i<n)
{Vie [m..i-1] X[j] < xX[k] A (i<n+1)Ar(i<n)}
if( x[i] > x[k] )
=i
~ {vie[m.il x[j] < x[k] A (i <n)}
{vj € [m..i] x[j] < X[k]'A(i<n)}
{Vje [m..i+1-1] x[j] < x[k] A (i+1 < n+1)}
i:=i+1;
{Vje [m..i-1] X[j] < X[k] A (i < n+1)}
{Vie [m..i-1] X[j] < X[k] A (i<n+1) A =(i<n)}
{Vje[m..n] x[j] < x[k]}



Step 2: More3 Filling In

{m < n}
k:=m;
{vj € [m..m] x[j] < x[k] » (m < n)}
{Vie [m.m+1-1] X[j] < X[k] A (m+1 < n+1)}
i:=m+1;
{Vje [m..i-1] X[j] < X[k] A (i < n+1)}
while(i<n)
{Vie [m..i-1] X[j] < xX[k] A (i<n+1)Ar(i<n)}
if( x[i] > x[k] )
(v) € [m..i] x[j] <[] a (1< )
=i
~ {Yjem.i] x[j] < x[k]a (i<n)}
{vj e [m.il x[j] < x[kI'x (i <n)}
{Vje [m..i+1-1] x[j] < x[k] A (i+1 < n+1)}
i:=i+1;
{Vje [m..i-1] X[j] < X[k] A (i < n+1)}
{Vie [m..i-1] X[j] < X[k] A (i<n+1) A =(i<n)}
{Vje[m..n] x[j] < x[k]}



Are We Done Yet?

m < n
Vj € [m..m] x[j] < x[m] A (m < n)}
= m;
{vj € [m.m] x[j] < x[k] a (m < n)}
{Vie [m.m+1-1] X[j] < X[k] A (m+1 < n+1)}
i:=m+1;
{Vje [m..i-1] X[j] < X[k] A (i < n+1)}
while(i<n)
{Vie [m..i-1] x[j] < X[k] A (i<n+1) A (i<n)}
if( x[i] > x[k] )
{Vj e [m..i] x[j] < X[k] A (i <n) A x[k] < x[i]}
() € [m..i] x[] <x[Ta (1<)
=i
~ {vjie[m..il x[j] < x[k] A (i < n)}
{vj € [m..i] x[j] < X[k]'A(i<n)}
{Vje [m..i+1-1] x[j] < x[k] A (i+1 < n+1)}
i:=i+1;
{Vje [m..i-1] X[j] < X[k] A (i < n+1)}
{Vie [m..i-1] X[j] < X[k] A (i<n+1) A =(i<n)}
{Vje[m..n] x[j] < x[k]}

R A



Assignment to Arrays

. A way to think about arrays in terms of
assignment, such as

x[i] := 5*x[i-1];
is as if;

The assignment installs a new function
as the value of the variable x.



What is this new function?

- The function x before the assignment had
values:
X[j] = X,[]] for each j

- The function x after the assignment
x[i] := E;
has values:

X[j1=((=1i)?E:x,[jl] foreachj



Array-Update Shorthand Notation

. Let x be an array. By
X(i:V)

we mean the array that is like x, except that
X[i] has been replaced with value V.

. In other words

x(i:V)jl = =

Vo ifj=i

_ x[j] ifj =i



Some Axioms for Array Update Notation
« X(i:V)[i] =V

» =i = x(i:V)[]] = x[]j]

« X(i:V)(i:V") = x(i:V")

e J=i—=X(:V)(G:W) = x(5:W)(i:V)



Example Using in a Proof Rule
+ {22} x[5] := 99; {V¥j (j > 5 - x[j] < 100)}

- According to the assignment rule,
?22isVj(j > 5 —=x(5:99)[j] < 100)
which is seen to be implied by

Vi (>4 — x[j] < 100)) since 99 < 100



Assignment Rule for Arrays in Hein

{¢" »x[i(l=E {o}
where
¢’ is like ¢ except

Any occurrence of expression x[i] (the LHS) in ¢
is replaced with expression E.

Any occurrence of x[j]
where j is not the variable i is replaced with

(G=1)7?E:x[j].



Example (illustrates both cases)

« {??} X[5] :=99; {X[5] > x[6]}
Identify i with 5, x[i] with x[5], E with 99

. ??2is 99> (6 =57?99 : x[j])

(false ? 99 : x[6])

99 > x[6] when simplified



Example

{??} x[5] :=99; {Vj (j>5—x[j] <£100)}
?? s

Vig>5—=(G=5799: x[j]) <100)

which doesn’t seem as helpful as the one derived
earlier, since it is equivalent to:

Vi (G > 5 — (false ? 99 : x[j]) < 100)
l.e.
Vi (> 5—x[j] <100)



Dis-Allowed Case

The rule doesn’t allow the array index to be a function
of the array itself, as in:

X[X[1]] := 2;

Consider {??} x[x[1]] = 2; {x[x[1]] = 2}
??2would be (j =x[1]? 2 :x[jD[1] =2
But if x[1] were 1 before assignment, then x[1] would

be 2 after,
whereas ?? says that x[1] must be 2 before the

assignment.



