Articulated Figures &
Kinematics

Articulated Figure

k-

very pleasan’r

+ nodes correspond to body parts

+ links correspond to joints

exercise: draw the hierarchical representation
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object i ‘ pelvis

transformation .
hip

object j
leg
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revolute joints - transformation is a rotation




revolute joints - transformation is a rotation with
up to three degrees of freedom

(d.p.0)

tree structure

revolute joints - transformation is a rotation with
up to three degrees of freedom

Gl E=e

prismatic joints - not used (often) in animation

Animating an Articulated
Figure

specifying change

+ Forward kinematics: Specify node

parameters as a function of fime

- Keyframe (motion capture or manually
generated)

- Physically-based simulation

- Inverse kinematics: Specify "end-effect

and let system compute remaining

parameters subject to constraints

"

forward kinematics

rotate 0° rotate 0°




inverse kinematics

rotate 0° rotate 0°

T

rotate so “"end effector” is here

Denavit-Hartenberg (DH) notation

a;: link length

can be extended to non-planar body parts

exercise: draw the hierarchical structure and augment
with DH notation

what is wrong with this picture?

T

axis position (AP):
joint position, orientation, pointers to connected
body parts




our simple model: single linkage, planar body parts,
revolute joints with one degree of freedom

what are possible orientations assuming part O is fixed?

FORWARD KINEMATICS

lo P 0,

0,
write E in terms of P=(0,0), 6;, 6,, I, I,

E, = l,cos(0y) + |, cos(6; + 6,)

E, = lisin(8y) + I, sin(8; + 6;)

INVERSE KINEMATICS

E=(xy)

02
write 0y, 6, in terms of I, |, X,y

0; = cos(x2y2+l2-1,2)/ (21 (x2+y2)V/2)
B,=cos (12 + 1,2 -(x?+y?)0/(21,,)




In general

change in change in
angles——— easy computation Joint
9 ¥ comp positions/

orientations

dX=J(6)d0  problem: invert J(0)

E, = l,cos(0y) + |, cos(6; + 6,)
E, = I;sin(8,) + I, sin(6, + 6,)

write dE in terms of do

dE, = -l;sin 6, d6, - I,sin(6, + 6,)(d6, + d6,)

dE, = l,cos 6, o, + I,cos(0; + 6,)(d0; + do,)

Jacobian
-lysin 0, - 1,sin(6; + 6,) - ,sin(0; + 6,) do,
dE =
licos 0; + l,cos(0; + 6,) 1,cos(0; + 6,) do,

note this gives position but not orientation at E

In General ...

de,
do,

dE, | dE, | dE, | dE, | dE, | dE, | = J(0)
do,,

6Xm

We need an algorithm for computing J(6)!

Intuition: The Jacobian represents velocity of
end-effector
in terms of state velocities

rotation




rotation rotation

All that is going on is a
translation and rotation of frame

All that is going on is a
translation and rotation of frame

.Q:raﬂon 2

orientation
rotation 1




rotation do,,

'&b‘ouT (0,01)

rotation do,, ;
about (0,0,1)

change in orientation of end-effector is
simply the sum of the rotations at all joints!

that was easy
- what about

position?

do n

suppose v is rotated about n by dé to yield u

write u in terms of v, n, and do

v n

A |
v
w:v-}v-n* (ven) n

we only need to rotate w=v-(ven)n




w

do
/ nXw

let w'=w/||w|| then rotated w is
wcosdo +sindd (n X w)

v n
»

w=v—‘(v-nx (ven) n

u=(ven)n+wcosdo+sindd (nXw)=
v cos do + (1-cos dO)(v en)n + sin dO (n X v)

suppose v is rotated about n by do to yield u

write u in terms of v, n, and 0

u=vcos do+ (1-cos do)(v en)n + sin do (n X v)

when do is small cos do~1 and sin d0=~d0 so

u~xv +do(nXv)

v
the change in v when rotated some small 6 about n

LINEARI!

when do is small
Av = dO (n X V)

the change in v when rotated some small d6 about n

d0,,(<0,0,1> X X, l)




a

rotation df,,,
about (0,0,1)

rotation do,,

'{bouf 00,

L

rotation do,, ;
about (0,0,1)

/ rotation do,,
about (0,0,1)

_

k

O rotation do,,

about (0,0,1)

rotation df,,
about (0,0,1)

Question: What is the difference?

Hint: What vector are we rotating?




rotation do,, rotation do,
about (0,0,1):

about (0,0,1):
,do\m(z<0,0,1>x Xl

,d&m(@,o,l) X Xple)
subtlety 1: need to be

sure thﬁ' frame we are
% inl O %

/ rotation do, % / rotation do,
about (0,0,1): about (0,0,1):
d6,,(<0,0,1> X x|, d6,,(<0,0,1> X Xyl,)

what vector are we rotating?

subtlety 2: want
hange from initial
position

%

rotation do,, ;
about (0,0,1):
d6,,4(<0,0,1> X v)

rotation df,,
w about (0,0,1):

d6, 4(<0,0,1> X v')
what vector are we rotating?




% rotation do,
about (0,0,1):

do,(<0,0,1> X p,)

.

rotation df,,

w about (0,0,1):
d6,.4(<0,0,1> X p,.1)

where

* p;is the vector from joint i to
the end effector in its
initial position

« all p; are computed in a common
frame

effects are

rotation do,, ¥
about (0,0,1): Gddlflve

do,(<0,0,1> X p,)

rotation do,
about (0,0,1):
de, 4(<0,0,1> X p,. 1)

We need an algorithm for computing J(8)!

Intuition: The Jacobian represents velocity of
end-effector
in terms of state velocities

dE,

dE,

dE

z

dE,

dE,

dE,

In General ...

de,
= J(0) %,

de,,
6Xm

In General ...

dE,

E dE/do, | dE/do, | .. | dE/de, do,
&, dE,/do, | dE,/do, dE, /do,, @,
A :

dE,

dE, do,,




remember change in angles are small

write column m-1 write column m-1
of the Jacobian of the Jacobian
in terms of frame m-1 in terms of frame m-1

rotation do,,
about (0,0,1):
rotation do,, de, 4(<0,0,1> X p,. 1)
about (0,0,1):
do, 4(z X ppg)

write column m-1

of the Jacobian
in terms of frame m-1 change in position

(001> X X 1,Yim-1,Zm 1)

change in position (001> X X1 Y1 Znt)y

(<0,0,1> X <Xp.1.Yin-1.Zm-1%);

rotation do,,
about (0,0,1):

d0,,1(<0,0,1> X X 1Y 1,Zm 1)

1

rotation do,,

about (0,0,1):

d0,,.1(<0,0,1> X <Xpy1.Ym1,Zm-1>)




