Orientation

Rigid Body Motion

X
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Object coordinates

z World coordinates

Motion along a curve

Position + Orientation

(Rigid Body Motion)

Position: Translation of origin

Object coordinates

World coordinates
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Orientation: Rotation of axes

» Object coordinates

rotation

x World coordinates

Representation

How should we represent an orientation?

+ Rotation matrix
* Rotation angles
* Quaternions




Representation

How should we represent an orientation?

Desirable properties:
Able to represent any orientation in a

canonical way

* Intuitive
* Support interpolation

Interpolating Orientation

What is the orientation at t=1/2?

Rotation Matrix Representation

 Object coordinates

x World coordinates

Euler Theorem

Given a starting orientation S and ending
orientation T, there is
a single rotation that transforms S to T.

Representation

How should we represent an orientation?

+ Rotation matrix
* Rotation angles
* Quaternions

Complex Polar form

imaginary

unit circle

real

vi* v,

multiplication is equivalent to rotation




Rotations Quaternion Intro

q=qo+ Qi +Gyj +qsk

*1iljlk

Can we represent a 3D orientation by some extension multiplication . .
; i[-1|k|-j

of complex numbers? (non-abelian) - s

Jl-k|-1)i

k| j|-il-1

Product Shorthand

q* q": expand and multiply q = <s,v> where s is a scalar (the real part) and

v is a vector (the imaginary part)

Shorthand Magnitude squared

if g =<s,v>and q' = <s',v> then

|lql|2=ss+ vev
q*q = <ss’-veV', sV' + S'V + vxv'>




Complex Conjugate Dot product

qgeq =ss'+vev=|lqll |Iq'll cos (B) where B is the
angle between them

ﬁ =<S,-Vv>
Inverse Inverse
Suppose q is a unit quaternion. Suppose q is a unit quaternion.
What is the inverse of ¢? What is the inverse of q?
Hint try the conjugatel! Hint try the conjugatel
What if q is not a unit quaternion but rather ||q||=M?
Rotations Quanternions and Rotations
A rotation consists of an angle 6 and the We can “"encode” the rotation by 6
vector of rotation v. (Euler‘ Theor‘em) about the unit vector v = <Vy,V,,V3> @S

_ , the quaternion:
Orientation 2

q=[cos 06/2, v; sin 6/2, v, sin 6/2, v5 sin 6/2]

Orientation 1




Quanternions and Rotation

g=[cos 06/2, v; sin 6/2, v, sin 6/2, v5 sin 6/2]

What is the magnitude of g?

Quanternions and Rotations

What is s*q where

q=[cos 06/2, v; sin 6/2, v, sin 6/2, v5 sin 6/2]
and
s=[cos a/2, vy sin a/2, v, sin 0/2, v5 sin a/2]

Advice

Rembember your half angle trig formulas!

Quanternions and Rotations

More ?ener‘ally, the encoding of the rotation
q followed by the rotation s is s*q where:

q=[cos 6/2, v; sin 0/2, v, sin 6/2, v5 sin 6/2]
and

s=[cos a/2, u; sin a/2, u, sin 6/2, u; sin o/2]

(Remember v and u are unit vectors!)

Using quaternions

Orientation 2=q

X Orientation 1 =[1,0,0,0]

Using quaternions

z

7

Orientation 1=[1,0,0,0] Orientation 2=q




Orientation 1 =[1,0,0,0]

Using quaternions

Orientation 2=q

Using quaternions
[0w']=q[0wlq?!

Orientation 2=q

Orientation 1=[1,0,0,0]

Using quaternions

What is w' relative to world coordinates?

Orientation 2=q

Orientation 1 =[1,0,0,0]

Using quaternions

Now apply an additional rotation of o about the unit vector u.

Orientation 2=q

Using quaternions

Now apply an additional rotation of o about the unit vector u.
Let s=[cos /2, u sin a/2]

z
v
Orientation 3=gs

w" = s(q[0,wlq™)s = (sq)[0,1](sq)*

Orientation 2=q

Drawing in the pipeline

Quaternion orientation — Rotation Matrix

9=[90. 91, 92, 93]

1_2422 _2432 24,9,%249095  29,95-249,9,
29,4,-29,9; 1-2q7 =2q;  24,4,+29,4,
1-2¢7 —24;

29,9;+29,9, 249,95;-249,9,




Next time

slerping: quaternion interpolation




