CS 142 and Math 167
Spring 2008
Homework 2

Due Wednesday, September 17

1. [20 Points] The Recursion Theorem Revisited. Your task in this problem
is to use the Recursion Theorem to prove that each of the following languages
is not recursive. (We know how to show this using Rice’s Theorem or similar
reduction techniques, but here the point is to do the proofs using the Recursion
Theorem.)

(2) Lyecursive = {< M > |M is a TM and L(M) is recursive}.

(b) Ligpe = {< M,w > | M uses a finite amount of tape when run on w}.

2. [15 Points] Proving Rice’s Theorem using the Recursion Theorem!

Recall that Rice’s Theorem states that “Every non-trivial property of the re-
cursively enumerable languages is undecidable.” We proved this theorem by
a general reduction from the halting problem. Your task is to prove Rice’s
Theorem again, this time using the Recursion Theorem. To do this, make sure
you understand what is meant by a non-trivial property and make sure that
you fully understand the proof of Rice’s Theorem. Write your proof carefully
and precisely.

3. [20 Points] LTM’s: The “Limit” of Computation!

In this problem we’ll investigate a class of languages richer than the recursively
enumerable languages but not as rich as the set of all languages.

A Limiting Turing Machine, referred to henceforth as an LTM, is a Turing
Machine that never halts on any input w. Instead, after each step of compu-
tation, an LTM writes the symbol “Y” (standing for “Yes”) or “N” (standing
for “No”) on a special write-only (no reading from this tape head) right-only
(the tape head can only be moved to the right) output tape indicating whether
the TM “currently believes” that w is in the language. Thus, an LTM may
“change its mind” any number of times (even an infinite number of times) as to
whether the word should be accepted. The LTM, of course, has other regular
tapes on which it can write and move both right and left.

If M is an LTM and w is a word, we say that M accepts w in the limit if there
exists some point in the computation beyond which M always writes “Y” on
the tape at each subsequent computation step. Conversely, we say that M



rejects w in the limit if past some point in the computation M writes “N”
at each subsequent computation step. If neither of these things happen (that
is, M changes its mind an infinite number of times) then M is said to have
undefined behavior on input w. Finally, we say that M decides a language L
in the limit if for all inputs w € ¥*, M accepts w in the limit if w € L, and M
rejects w in the limit if w ¢ L. (Thus, M does not have undefined behavior on
any input string.)

(a) Show that every recursively enumerable language L has an LTM M that
decides L in the limit. (Thus, you are showing that LTM’s are at least as
powerful as TM’s.)

(b) Show that there exists a language L that is not recursively enumerable
such that L is decided in the limit by some LTM.

(c) Prove that there still exists a language which is not decided by any LTM
in the limit.

. [45 Points] A Self-Printing Program! Write a self-printing program in
python, C++, or Java in the spirit of the proof of the Recursion Theorem that
we saw in class. (There are other ways to write self-printing programs, but
we want a recursion theoretic solution.) When run, your program should print
out precisely its own code. Most computers don’t have infinite tapes, so you’ll
need to use something else to simulate the tape. An array, a string, or a list
can work very well for this purpose. If you find yourself bumping your head
against the wall, please feel free to come and visit me for a modest suggestion
that will get you rolling in the right direction.

Your submission should include the following:

e A printout of the code.

e (Circle the part of the code that corresponds to “A” in the Recursion
Theorem proof and the part of the code that corresponds to “B” in that
proof.

e A printout of the program running. The best way to do this is using
script on a Unix machine. (See the man pages.)



