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Inferring invariants

- There is no fully general automation for
inferring invariants (as there is for the
weakest precondition of assignment
statements).

- This is one of the things that makes totally
automated verification difficult.

- Finding the right invariant is still a human
intellectual activity.

Approaching Invariants through
the “Back Door”

. Suppose A is an assertion that we desire to
be true after a while loop.

. Suppose the invariant I is unknown.
- We do know that whatever I is, it satisfies:

(IA-P)—=A
by comparing the template:
{I} whilePdoB <{IA-P}
{I} whilePdoB <{A}

Approximating I

. For starters, then, we could “over-approximate” I by
A.

- Then working backward through the body B, we
derive the “weakest pre-condition” corresponding to
A, denoted:

wpg(A)

- We also know that
(Ia =P) — wpg(A)
so we can use wpg(A) as another approximation to I.

- Continuing, I is approximated by
A v wpg(A) v wpg(Wpg(A)) v wpg(Wpg(Wpg(A))) v ...

" A " A
Example Proof Using JAPE
i :h='|0% WHERE DISTINCT i, n IS
whilei <n
<
o {osn}
ir=i+1 X
od (i:=0)
{i=n}
) . o ) {isn}
Wp; ._i41(i = n) is i+1 = n which is the same as i = n-1.
WP; . i+1(WP; .= i41(i = n)) is i+1 = n-1 which is i = n-2 o
e i whilei < n
So the continued approximation is: doi:=i+1od
(i=n)v(i=n-1)v(i=n-2)v ..
suggesting as the invariant i < n, which we know works. {I = n}
Moreover, for n =0, i < n is implied by i = 0, which is also required.




Proof Steps
1:%(-).sn}(i::0){isn}while i<n do i:=i+1 od{i=n}
nTuple rule
1:{0=nKi: ~0)i=n} Initialization

2:{i<n}while i<n do i:=i+1 od{i=n} Wh”e Ioop
3:{0=n}i:=0){i<n}while i<n do i:=i+1 od{i=n} Ntuple 1,2

Proof of Initialization

1:{0=<n}i:=0){i<n} variable-assignment

2:{i<n}while i<n do i:=i+1 od{i=n}
3:{0=<n}(i:=0){i<n}while i<n do i:=i+1 od{i=n} Ntuple 1,2

Expand the while

s bod :
2:(i5n,\i<n}(i;=i+¥m5n; Body partial correctness

3.i<nAi<n—_M>0 Variant continuation condition

4:/integer Km

bodY
s:|[{isnAi<nA_M=Km}i:=i+1){_M<Km}

assumption

Body decreases variant

6:{i<n}while i<n do i:=i+1 od{icnA—(i<n)}  while 2,3,4-5

7isnA-(i<n)—-i=n  loop exit implies final expectation

8:{i<n}while i<n do i:=i+1 od{i=n}

consequence(R) 6,7

Body Partial Correctness

2:|li<nAi<n assumption

3:|i<n Aelim2
4:|li+1<n A+1=B2A<B3
s:ignAi<n—i+l<n — intro 2-4
6:{i+1=<n}i:=i+1){i=n} variable-assignment

body

Set the Variant: n-i

s:isn/\i<n0

9:|integer Km

body
0: {isn/\i<n@Km}(i:=i+1)Km}

assumption

11:{i=n}while i<n do i:=i+1 od{isnA-(i<n)}  while 7,8,9-10

Prove the Variant Continuation Condition

8:|li<nAi<n assumption
9:|i<n Aelim8
10:(n-i>0 i<n - n-i>09
11:i=nAi<n—n-i>0 — intro 8-10

Prove Body Decreases Variant

N

:{integer Km

13:||li=nAi<nAn-i=Km
14:||n-i=Km
15:[n—=(i+1)<Km

16:[i<nAi<nAn-i=Km—n-(i+1)<Km

17: (n—(i+l)<Km}(i:=i+lt))(83<l<m}

16 |fi<nAi<n fni=Km)( =i (i <Km)

19:{i<n}while i<n do i:=i+1 od{i=nA-(i<n)}

assumption
assumption

Aelim13

n-i=X = n-(i+1)<X 14
—intro 13-15
variable-assignment
consequence(l) 16,17

while 7,11,12-18




" JEE
Loop exit implies final expectation
20:[isnA=(i<n) assumption
21:|i=n Aelim 20
22:|=(i<n) A elim 20
23:[i=n i=n, =(i<n) ~ i=n 21,22
24:i=nA—(i<n)—i=n — intro 20-23
o Lm0t} wdsbessemen _ Initialization triple]
< sssumpton
Completed 3fi<n Aelim2 X
Proof elivizn PRI ngr\écpt:::l
s:isnAi<n—i+l=n ~ intro 2-4
6:{i+1<n(i:=i+1){i<n} variable-assignment
_ i<nMic=i+Diisnk _ _ _ _ _ _ _comsequencewss _ _ _ _ _ _ _ _ _ _ _ |
- '“:'"’:"’" Variant
e 0o continuation
e condition

<n—n-i>0 —intro 8-10

12:|integer Km assumption
13:|[isnAi<nAn-i=Km assumption
14:[|n-i=km Aelim13 Body decreases

variant

15: |n—(i+1)<Km =X -+ 1)<X 14

16:i=nAi<nAn-i=Km—n-(i+1)<Km
17:|{n=(i+1)<Km}(i Din-i<Km}
{i=nAi<nAn-i=Kmj(i:=i+1){n-i<Km} consequence(l) 16,17

~inro 13-15

variable-assignment

i<nA—(i<n) assumption

while exit

@1:(i=n A elim 20 N N I

22:|~(i<n) A elim 20 implies final

23{i=n izn, ~G<n) - 1= 2122 expectation
- intro 20-23

program nTuple

Subtleties About Loop Invariants
. Can the following Ntuple be proved?
{0=n}
(G:=1;,i:=0;y:=0)

{y=ixi A Osi a isn} Is the invariant

while i < n truly invariant?
do
y i=y+;
j j+2;
iz i+l

od

{y=nxn}

1:{0=n}(i:=0){i=n} variable-assignment

Completed < assumption
Proof 3/i<n Aelim2
4li+1=n A+1=B2A<B3
s:isnAi<n—i+l=n ~ intro 2-4
Can you 6 (i1 <ni=i+1)i=n} varible-assignment
identify 7i{i=nAi<nkiz=i+ )i} consequence(l) 5.6
all the parts? s|i= assumption
aili<n neims
10:|n-i>0 i<nrn-i>09
1:i=nAi<n—n-i>0 ~ intro 8-10
12:|integer Km assumption
13:/isnAi<nAn-i=Km assumption
14:|[n-i=Km Aelim13
15:|n=(i+1)<Km n-i=X - n-(i+1)<X 14
16:|/i=nAi<nAn-i=Km—n-(i+1)<Km ~intro 13-15
17:/{n=(i+1)<Km! 1in-i<Km} variable-assignment
18: |{isnAi<nAn-i=Km}(i:=i+1){n-i<Km}| consequence(l) 16,17

19:{i<njwhile i<n do i=i+1 odfisnA~(i<n)}  while7,11,12-18

20:|isnA~(i<n) assumption
21:fi=n »elim 20
22:|~(i<n) nelim20

23:fi=n isn, ~i<n) - i=n 21,22
24i=nA~(i<n)~i=n - intro 20-23
25:{i<njwhile i<n do i:=i+1 od{i=n} consequence(®) 19,24

26:{0<nki:=0){i<nlwhile i<n do i:=i+1 od{i=n} Nwple 1,25

Proof as Trees

Partial Correctness Tree

pure logic
. 24:i=snA-(i<n)—i=n  19:{i<n}while i<n do i:=i+1 od{isnA—(i<n)}
assign
1:{0<n}(i:=0){i<n} 25:{i<n}while i<n do i:=i+1 od{i=n}
26:{0<n}(i:=0){i<n}while i<n do i:=i+1 od{i=n}

Termination Tree

_ pure logic assign
pure logic 16:|[i<nAi<nAn-i=Km—n-(i+1)<Km 17 ‘(nf(|+1)<Km}1 +1){n-i<Km}

11:i5n/\i<n@0 18 \{isnAi<nhn—iﬂKm}(i::i+1

19:{i=n}while i<n do i:=i+1 od{isnA—(i<n)}

Loop Body Correctness Proof Reduces to

11:|y=iXiAO<iAinAi<n

12:|y+j=(i+1)X(i+1)A0=<i+1Ai+1<n

This cannot be proved.
j is not even mentioned in the hypothesis.

What went wrong?




Important: Strength of Invariants

. Our invariant was “too weak” to enable its
own inductive proof.

- In making an invariant stronger, we get more
information from which to derive the post
condition.

. At the same time, however, we have more to
prove with a stronger invariant, so we don't
want to go too far.

The Lattice of Invariants

T very weak, implies nothing but itself,

1 but implied by everything

I other invariants, implied by I*, but
too weak in themselves to enable

inductive proof

An Inductive Invariant

{0=n}

whilei < n
do

j+2;

Y=y
) :
i r=i+1

od

{y=nxn}

i
I* an inductive invariant, “just right”,
but not necessarily unique
1 implies
1 very strong, implies everything,
but implied by nothing but itself
" JEE

Now the Body Proof Works

14 y:ixl{j:Zle/\l)si/\isn/\l<n

15:|y=ixi
16:|j=2xi+1
17:|0<i

18:(i<n
19:ly+j=(i+1)x(i+1)
20:[j42=2x(i+1)+1
21:{0<i+1
22:[i+1=n

yH=(+1)X(+1)Aj+2=2%(+1)+1 A0<i+1 Ai+1<n

assumption
Aelim 14

Aelim 14

Aelim 14

Aelim 14

y=ixi, j=2xi+1 - y.. 15,16
=241 - 42=2X(i+... 16
A<B - A<B+117
A<N-A+1=N18

Aintr0 19,20,21,22

S
The Completed Proof (lines 1-24)

(From a different run, so there may be minor differences.)

The Completed Proofr(lines 25-51)

25idy-ix ny: =y ply=G+ Dxti+ Dy Other
umpi . K
1 - assignments
m in loop body
Continuation
condition
on_M
1 = Dly=xiniznniz0nj=2xi+11 Initialization Termination
AIZNAIZ0. of loop body
13:fy=i i20nj=2xi
Taly=ixi
15120 " .
Jo]j2xien First assignment -
17i<n in loop body T oty 082141 Atm)
18|y DG+ ) ]
19(i+1=n Exit
204120 consequence
2ufje2=2xe 141
22|y 4=+ DX+ DA 1 SR 2004222+ 1)+
23y = IXIAIERAIZOAJ=2XI L A<N—y 4=+ DX+ DA 1<nAi+1200)+2=2X(+1)+1 e i 141 odiy=nxn)
2420y +=(£ 1)+ DAL AT 1 20A]+2 =251+ 1) 1Hy: =y HMY=(+ 1)+ DALE] ST+ 1 20012 =2(1+ 1)1} S0y =0A1=01n=00 = y=xiniznAi=0nj=2xi+ | while i<n do yimy s =) s 2i=i+1 odly=nxnl nupte 1250




Verifying Array Programs

- Arrays present extra challenges and
interesting issues.

- A useful dichotomy:
Programs with read-only arrays
Programs with modifiable arrays

Array Mathematics

- An array can be treated as if a
function:

It maps indices into values.

e.g. a 1-dimensional array with dimension 10

maps {0, ..., 9} into values of the type stored in the
array.

a[i] is the value of this function with argument I

Read-Only Array Example:

Finding a zero element
{n=0 A length(a)=n}

{i=n A i=0 A length(a)=n A j<n— a[j] = 0}

while i < n do
ifalil]=0
thenj:=i
else skip fi;
i:=i+1lod

{i<n—> a[j] = 0}

Salient Parts of Proof
Initialization

1:|0=<nAlength(a)=n
2:/0=n
3:|length(a)=n
4:(0<0
5:||n<n
6L
7:/|aln]=0

)

n<n—a[n]=0
9:/0=nA0<0Alength(a)=nA(n<n—a[n]=0)

10: 0=nAlength(a)=n—0<nA0<0Alength(a)=nA(n<n—a[n]=0)
11:{0=nA0=0Alength(a)=nA(n<n—a[n]=0)Ki:=0)}{i=nAO0<iAlength(a)=nA(n<n—a[n]=0)}
12:{0=<nAlength(a)=n}i:=0){i=nAO<iAlength(a)=nA(n<n—a[n]=0)}
13:{i=nAO<iAlength(@)=nA(n<n—aln]=0)}(:=n){i=nAO<ialength(@)=nA(<n—alj]=0)}
14:{0=nAlength(a)=n}(i:=0;j:=n)}{i=nA0<iAlength(a)=nA(j<n—a[j]=0)}

JAPE Type-in (for reference)

WHERE DISTINCT i,j,n,a IS
{0<nalength(a)=n}

(i:=0;j:=n)
{i<naO<irlength(a)=na(j<n—a[j]=0)}
whilei < n

do

if a[i] = 0 then j := i else skip fi;
ii=i+1

od

{i <n—a[jl =0}

Loop Body Partial Correctness

5 [i=nA0zinlength@)=nG<n-alj=0)ri<n assumption

5. |(@l1=0-i+15nA0=i+1 Alength(a) =nA(i<n-ali}=0) (Collapsed) :m‘
A(~(ali]=0)~i+1nA0=i+1 Alength(a)=nA(<n~alj]=0) AO=ii<length(a)

. =nA0ilength i [1-0-1+12n10<1+1 Alength i o516
A(~(ali]=0)i+1nA0=i+1 Alength(a)=nA(j<n~a(j]=0) AO=iAi<length(a)

5141 <nA0<i+ 1 1nA0<i+1 Alength il aiable-sssignment

9:(1+12nA0=i+1 Alength(@)=nAG<n~aljl=O)lskip{i+1 <nAO=i+1 Alength(@)=nA(<n--ail=0)} o

o, {(@l]=0-i+1=nAO=i+1 12nA0=i+1 e 1819

~alj]=0))A0<ii<length(@)if ali]=0 then j:=i else skip fifi+1<nA0<i+1Alength(a)=nA(<n—aljl=0}
b1:{i<nAOsilength(a)=nA(<n-alj]=0) Ai<n}if alil=0 then j:=i else skip fi{i+1<nA0<i+1 Alength(@)=nA(<n—alj]=0)} consequence(t) 17,20
2:i+1 <nA0<i+1 Alength(a)=nA(<n-alj]=0))i:=i+1){isnAOsiAlength (j<n—a[j]=0)} variable-assignment

t3([=AO=TAength{@I=nAG<n—all=O)AT<KF alT=0 then J:=T else sKip =T+ D<A AO<IATengtAt@-nAT<n—all=0M Jeauence 21.22




Variant Continuation and Decrease

be:/i=nAO<iAlength(a)=nA(j<n—aljl=0)Ai<n assumption
5: [ n-i>0 {eut}
(Collapsed)

6:i<nAO<iAlength(a)=nA(i<n—a[jl=0)Ai<n—n-i>0 ~ intro 24-25|

7 integer Km assumption
|ti=nnosial ) alil=0 then j:=i else skip fi;i:=i+1){n-i<Kml| fan
5.{i<nAOsiAlength(a)=nA(<n-—alj]=0)lwhile i<n do if ali]=0 then ji=i else skip fiji:=i+1 od whie 23262728

{i=nAOsialength(a)=nA(j<n-a(j]=0)A~(i<n)}

bo:[i<nA0<iAlength(a) =nA(j<n—~aljl=0)A~(i<n)| assumption
1:[i<n—aljl=0 A elim 30

2 <n--a(j]=0)A j<n-a(j]=0 ~intro 30-31
3:{i<nAOxiAlength(a) =nA(<n—aljl=0)lwhile i<n do if ali]=0 then j:=i else skip fi;i:=i+1 od{j<n—alj]=0}

consequence(®) 29,32|

. i =0: <nA0s 1= Nuple 14,33
while i<n do if a[i]=0 then j:=i else skip fi;i:=i+1 od{j<n—a(j]=0}

Without collapsing, the proof is about 74 lines.

" JEE
Read-Only Example with Quantifiers

A program whose correct working depends on
values stored in the array.

{3x.(0=xAx<length(a) ra[x]=0)}(i:=0)

{0<ini<length(a)A3x.(i=xAx<length(a)Aa[x]=0)}while a[i]=0 do i:=i+1 odf{a[i]=0}

. The assumption is that the array contains a zero
element.

. The expectation is to find the index of such an element.
. Termination critically depends on this assumption.

. The invariant says that the element such that a[x] = 0 is
still to be found.

Consequence for Initialization

1:/3x.(0=xAx<length(a) Aa[x]=0) assumption
2:/0=0A0<length(a) A3x.(0=xAx<length(a) Aa[x]=0)

We'll use 3 elim.

1:{3x.(0=xAx<length(a) Aa[x]=0) assumption
2:||integer i1 assumption
3:/|0<i1 Ail<length(a)Aali1]=0 assumption
4:/|0=0A0<length(a)A3x.(0=xAx<length(a)Aa[x]=0)
5:/0=0A0<length(a)A3x.(0=<xAx<length(a) Aa[x]=0) Jelim1,2-4

"
Quantifiers
« Quantifiers are handy representing
information about arrays, e.g.
« Vi ((0<i)a (i <n))—ali-1] < a[i]
«3i((0<i)a(i<n)aali]l]=0)
"
Start of Proof
{Ei.x.(Osx/\x<length(a)Aa[x]=0))(i:=0)
1:{0<ini<length(a)A3x.(i<xAx<length(a)Aa[x]=0)}
while a[i]+0 do i:=i+1 od{a[i]=0}
n

Done with Initialization

1:|3x.(0=xAx<length(a) Aa[x]=0) assumption
2:||integer il assumption

3:||0<il Ail <length(a)Aali1]=0 assumption
4:{|0=i1 Acelim 3

5:(|i1 <length(a) Aelim3

6:/0<0 AsA
7:||0<length(a) A<B,B<C - A<C 4,5
8:/|0=0A0<length(a)A3x.(0=xAx<length(a)Aa[x]=0); Aintro 6,7,1
9:/0=0A0<length(a)A3x.(0<xAx<length(a) Aa[x]=0) Jelim1,2-8

Ix.(0=xAx<length(a)Aa[x]=0)
—~0=<0A0<length(a)A3x.(0=xAx<length(a)Aa[x]=0)

~intro 1-9

{0=<0A0<length(a)A3x.(0=xAx<length(a)Aa[x]=0)}
(i:=0){0<iAi<length(a) A3x.(i=xAx<length(a) Aa[x]=0)}

n variable-assignment

12: 13x.(0=xAx<length(a) Aa[x]=0)}(i:=0)
{0=<iAi<length(a)A3x.(i=xAx<length(a) Aa[x]=0)}

consequence(l) 10,11




On to the while loop

13. {0=<iAi<length(a)A3x.(i=xAx<length(a) Aa[x]=0)}

while a[i]#0 do i:=i+1 od{a[i]=0}

A subtlety arises in proving this invariant.

If the loop does not stop, it means a[i] = 0.

This is used to re-establish the invariant.

Use Forward a Elimination

16:|0<ini<length(a)A3x.(i=xAx<length(a) Aa[x]=0)Aa[i]=0 assumption
17:|0=<i Aelim16
18:|i<length(a) Aelim16
19:|3x.(i=xAx<length(a) Aa[x]=0) Aelim 16
20:|a[i]+0 Aelim16
21:/0=<i+1Ai+1<length(a) A3x.(i+1=xAx<length(a) Aa[x]=0)
"
To get i2=i
- Set up a bifurcation using i < i2, i.e.
i<i2vi=i2.
- Then use v Elimination:
20alil+0 Aelim16
21:||integer i2 assumption
22:(i=i2ni2<length(a)Aali2]=0 assumption
23:li<i2 Acelim22
24 i<i2vi=i2 AsBEACBA-823
25:|[i2<lengthia) nelim2z
26:ali2]=0 relim22
27:i<i2 assumption
28:(|[0=i+1 Ai+1 <l h Ix.(i+1=: [x]=0)
29:i=i2 assumption
30:{[|0<i+1 Ai+1 <le th (i+1=; [x]:
31:(|0=i+1Ai+1 <length(a) A 3x.(i+1 =xAx<length(a) Aa[x]=0) v elim 24,27-28,29-30
32:|0<i+1Ai+1<length(a) A3x.(i+1 =xAx<length(a) Aa[x] =0) Jelim 192131

Body Partial Correctness

14: O<iAi<length(a)A3x.(i=xAx<length(a) Aa[x]=0)Aali]+0}
(i:=i+1){0=<ini<length(a) AIx.(i=xAx<length(a) Aa[x]=0)!

Use the assignment rule.
This generates a consequent implication.

6:|0<ini<length(a) A3x.(i=xAx<length(a)Aa[x]=0) Aa[i]+0 assumption

7:{0=i+1Ai+1<length(a) A3x.(i+1=xAx<length(a) Aa[x]=0)

18 0=ini<length(a)A3x.(i=xAx<length(a) Aalx]=0) Aali]+0
—0=i+1Ai+1<length(a) A3x.(i+1=xAx<length(a) Aa[x]=0)

~intro 16-17

It is tempting to try backward A Introduction now. Don’t!

Y

2

2

N

2

o

2

17:
18:

e w©

22:

kS

Now use 3 Elimination, introducing i2

:|0<iAi<length(a)A3x.(i=xAx<length(a) Aa[x]=0)Aali] =0 assumption
O=i Aelim16
i<length(a) Aelim16
3Ix.(i=xAax<length(a)Aa[x]=0) Aelim16
ali]#0 Aelim16

:||linteger i2 assumption
i<i2ai2<length(a)Aali2]=0 assumption

:||0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

:|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0) Jelim19,21-23

Note that i2 cannot equal i. Why?
We need to show this, to get the post-condition.

:[||0<i+1
:|[[i+1<length(a)

:[||3x.(i+1=xAx<length(a)Aa[x]=0)
:[||0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)

Now try backward a Introductions.

- What to use for x in 3x...?

ali2]=0 Aelim 22

H[li<i2 assumption

Aintro 28,29,30




i2 is the obvious choice for x

23:||i<i2
24:(|i<i2vi=i2
25:||li2<length(a)
26:||ali2]=0
27:||[i<i2

28: (|| 0<i+1

29:||[i+1<length(a)

30:||[i+1=<i2Ai2<length(a)Aali2]=0
:[[| 3x.(i+1 =xAx<length(a) Aa[x]=0)
:[[|0<i+1Ai+1<length(a) A3x.(i+1<xAx<length(a) Aa[x]=0)

N

A elim 22
A<B2A<BVA=B23
A elim 22

A elim 22

assumption

Jintro 30
Aintro 28,29,31

Bottom Half: We want a contradiction

20afil<0 \

21:||integer i2
22:(|i<i2Ai2<length(a)Aali2]=0
23:|[i<i2

24:|[i<i2vi=i2

25:|[i2<length(a)

26:||ali2]=0

34:||[i=i2

35:([|0=<i+1Ai+1<length(a)A3x.(i+1=xAx<length(a) Aa[x]=0)

Aelim16
assumption
assumption
Aelim22
A<B2A<BVA=B23
Aelim 22

Aelim22

Introduce 1, then figure out how to get it.

For Bl useali]=0

34:(||i=i2

35:||ali]=0

36:{|| =(a[i]=0)

37:[| L

38:([|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

Then use a comparison rule to get the

second conclusion from a[i] = O:

A+B2-(A=B)

:|[i<i2
1||i<i2vi=i2
:||i2<length(a)
:|[ali2]=0

Closure of the top half

1|||i<i2

:||0<i+1

:||[i+1<length(a)

:||[i+1=<i2
:|li+1=<i2Ai2<length(a)Aa[i2]=0

:|[|3x.(i+1 =xAx<length(a) Aa[x]=0)

0<i+1Ai+1<length(@)A3x.(i+1=xAx<length(a) Aa[x]=0)

Aelim 22

A<B2A<BVA=B 23

A elim 22

Aelim 22

assumption

A<B+ A<B+117

i<i2, i2<length(a) r-... 27,25
A<N+~A+1=N27

Aintro 30,25,26

Jintro 31

Aintro 28,29,32

How to pick _B1?

20:|ali]=0

21:||integer i2

22:||i<i2 Ai2<length(a)Aali2]=0
23:(|i<i2

24:||i<i2vi=i2
25:(|i2<length(a)

26:||ali2]=0

34:|/i=i2
35:(||-B1

36:||| ~_B1
37:|[| L

38:|||0<i+1Ai+1<length(@)A3x.(i+1=xAx<length(a) Aa[x]=0)

assumption

- elim 35,36

contra (constructive) 37

Status

26:[|ati21=0

:|[i=i2

:|llali]=0

||| —(alil=0)

(L
:|[0=<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

A elim 22

assumption

A+B2-(A=B) 20
- elim 35,36

contra (constructive) 37

Now use equality, to get 35 from 26 and 34.




Closure

26:[|ali21=0 |

33:
34:|lalil=0
35:|||—(a[i]=0)
36:||[ L

37:([|0<i+1Ai+1<length(a)A3x.(i+1=xAx<length(a) Aa[x]=0)

Aelim 22

assumption
equality-substitution 33,25|
A+B2~(A=B) 19

- elim 34,35

contra (constructive) 36

What about termination?

- What to use for _M?

Completed proof, using several lemmas 1/3

1:|3x.(0=xAx<length(a)Aa[x]=0) assumption
2:||integer i1 assumption

3./ 0<i1 Ail <length(a) Aali1]=0 assumption
4:(0=i1 Aelim3

5:||i1 <length(a) Aelim3

6:(/0=0 A=A
7:/|0<length(a) A<B, B<C - A<C4,5
8:/|0=0A0<length(a) A3x.(0=xAx<length(a) Aa[x]=0) A intro 6,7,1
9:/0=0A0<length(a)A3x.(0=xAx<length(a)Aa[x]=0) Jelim1,2-8

0: 3x.(0=xAx<length(a) Aa[x]=0)—0<0A0<length(a) A3x.(0=xAx<length(a)Aa[x]=0) - intro 1-9

{0=0A0<length(a)A3x.(0=xAx<length(a) Aalx]=0)}
(i:=0){0=<iAi<length(a) A3x.(i<xAx<length(a) Aa[x]=0)}

variable-assignment

2:{3x.(0=xAx<length(a) Aa[x]=0)}i:=0){0=iAi<length(a) A3x.(i<xAx<length(a) Aa[x]=0)} consequence(L) 10,11

i ror Oalil«0 assumpton
17 osi aim 16

183 (ixAx<length(@)ralx]=0) aim 16

19, alil+0 ~elim6

20 integer i2 assumpton
21:isi2ni2<length@)Aali2] =0 assumpton

22 isi2 aim21
23|i<i2vi=i2 AssAcovA-822

24| i2<lengthia) reim21

25:{ali2=0 reim21

26 fi<iz assumpton

27 j0si+1 AsB - AB1 17

28.i+1 <length@) 2,2 lengihte) . 2624
20i+15i2 AN-ANIINZE

30, i+1=i2ni2<length@)Aali2] =0 Ainro 202425

31| 3x.(i+1 2xax<length(a) nalx]=0) 3o 30

32)|0<i+1Ai+1 <length(@)A3x.(i+1 <xAx<length(a) alx]=0) Ainro 272831

33 fi=i2 assumpton

34 alil=0 caualty-substiution 3325
351 ~(alil=0) ArB2-A-8)19

e - elim 34,35

37.[|0si+1 Ai+1 <length(@)A3x.(i+1 sx Ax<length(a) Aalx]=0)| contra (construcive) 36

38:(/0=i+1 A1+ 1 <length(@)A3x.(i+1 <xAx<length(a) na[x]=0) v elim 23,26-32.33-37

390=i+1 7141 <length(@)A3x.(i+1 =xAx<length(a) Aalx]=0) 3elim18.20-38

2/3

<ini<length(a) A3x.(i<xAx<length(a) Aa[x]=0) assumption
4:|0<ini<length(a) AelimL 13
s: 0=ini<length(a)A3x.(i=xAx<length(a) Aa[x]=0)~0=<iAi<length(a) —intro 13-14
5 (x1=0)Aali]
- inr0 16-39

40:0%
—0si+1Ai+1<length(a) A 3x.(i+1 sxAx<length(a) Aalx]=0)

41.{0<i+1 Ai+1 <length(a) A 3x.(i+1=xAx<length(@)Aalx]=0)}

(i=i+1){0s (x]
3 lengthi 1-0)nali}<0}

«:10s =

(i:=i+1){0=iAi<length(a)A3: (x1=0)
43.|0=ini<length » |
44:[i<length(a)
45:[length(a)-i>0
46.0ini<length (X1=0)ralil 2 0—length

47integer Km

o< ength 1
length(a)-i=Km
length(a)-(i+1)<km

<i 3 [xI=0)Aali] —Km
~length(a)-(i+1)<Km
1)<Km}(i:=i+ 1){length(a)-i<K;

, 3
(iz=i+1){length(a)-i<Km}

.0 3 ength ali}+0 do i:=i+1 od
- 3 1=0)A~(alil+0)}
[ozini<tength <xAX< [x]=0)A~(alil+0)
56| ~(alil«0)
s7./alil=0
55.0<ini<length Jengthi@) Aax]=0)A—(@ali1#0)~alil=
3 length ali}+0 do i:=i+1 odfalil=0}

g0.(3%.(0=xAx<length(a) Aa[x]=0)}(i:=0)
< 3x. length alil+0 do i:=i+1 odfali]=0}

3/3

variable-assignment
consequence(l 40,41

assumption
Aelima3

I<length(a) - lengtha... 44
~intro 43-45
assumption

assumption

elimes

length(aj-i=X - leng... 49

~ intro 48-50

variable-assignment

consequence(l 51,52
while 15,42,46.47-53

assumption
Aelimss
A-B2-(A+B) 56

~ intro 5557
consequence(®) 54,58

Nuple 12,59

Modifiable Arrays

. Arrays are like functions.

a new function.

Assigning to an array element is like creating

« The new function differs from the old in that
one element may be different from before.




JAPE Array Modification Notation

. Jape Notation: a®i—»v is the array that is like a except
that the value of a[i] is v.

. (a@i—V)[i] = v

same index, new value

« (a@i—v)[j]l = a[jlif j=i different index, old value

Array Element Assignment

. Consider a triple

. If this is viewed mathematically as an array
replacement:
{??}
a := (a®i—E)
{B}
- then it is obvious what ?? should be.

Isn't it?

. If this is viewed mathematically as an array
replacement:
??
a 1= (a®i—E)
{B}
- then it is obvious what ?? should be:

B[(a®i—E)/a]

. i.e. replace all free instances of a in B with (a®i—E)/a.
{B[(a®i—E)/al}
a 1= (a®i—E)

{B}

Example

{??}
a[1] :=99
{a[0] = 98 A a[1] > 50}

{(a®1—-99)[0] = 98 A (a®1—99)[1] > 50}
a = (a®1-99)
{a[0] = 98 A a[1] > 50}

JAPE Example

1:{_Unknown}a[1]:=99){a[0]=98Aa[1]>50}

{27}
a[l] :=99
{a[0] = 98 A a[1] > 50}

{(a®1-99)[0] = 98 A (a®1-99)[1] > 50}
a = (a®1-99)
{a[0] = 98 A a[1] > 50}

1.{@®1~99)[0]=98A(a®1~99)[1]>50A0=<1A1<length(a)}
(a[1]:=99){a[0]=98Aa[1]>50}

array-element-assignment

Bornat’s Array Assignment Rule in JAPE
assignment

| { (a[E] computes) A (F computes) ABlp, . } alE] = F{B} |
— T
Formula B with each B
free a replaced with a®E—F

What a/E] computes means:

E computes 0 < E < length(a)
a[E] computes

10



Simplifying Array Indexing Expressions

- JAPE Provides two equality rules for simplifying
indexing expressions.

. These are needed for proving just about any array
program. They are in the Indexing menu:

Indexing

FROM E=G INFER (A®E~F)[G]=F
| FROM E+G INFER (A®E—F)[G]=A[C]

A:...‘ ‘...:B‘

Simplification Example

- Prove
a[0] =98 ~ a[1] =5
i[:{]]: 99 ~alt] ¥ l:{a[o]:98/\a[1]:5}(a[l]::99)

{a[0] = 98 a a[1] > 50} {al0]=98Aa[1]>50}

Candidates for Simplification
al0]=98Aal1]=5" ",

1:
4(a®l ~99)[0]=98A(a®1~99)[1 ]}50/\051 Al<length(a)

5. {(@®1-99)[0]=98A(a®1~99)[1]>50A0=1A1<length(a)}
(a[1]:=99){a[0]=98Aa[1]>50}
3:{a[0]=98Aa[1]=5Ka[1]:=99){a[0]=98Aa[1]>50}

array-element-assignment

consequence(l) 1,2

Result

‘when 0=1, (a®1—99)[0] is same as a[0]

1120 whatever that happens to be.

2: a[O]:98Aa[1]=5—M§ZA(a$] ~99)[1]>50A0=<1A1<length(a)

3.2[0]=98Aa[1]=5
—(a®1~99)[0]=98A(a®1~99)[1]>50A0=1A1T<length(a)

4 {(a®1~99)[0]=98A(a®1~99)[1]>50A0=<1A1<length(a)}
(a[1]:=99){a[0]=98Aa[1]>50}

s:{a[0]=98Aa[1]=5Ka[1]:=99){a[0]=98Aa[1]>50}

FROM E+G INFER... 1,2|

array-element-assi...

consequence(l) 3,4

" JEE
Simplifying Array Indexing Expressions
000 Indexing
FROM E=G INFER (A®E~F)[G]=F
| FROM E+G INFER (A®E—F)[G]=A[G]
‘A:...‘ ‘...:B‘
« The first rule deals with the case where the index G on the
“new” array is the same as the index E that was modified.
. The second deals with the case where they are not the
same.
- One of these cases needs to be established to perform any
simplification.
" JEE
Using Indexing Rule where E=G
Note that the entire indexed
expression must be selected,
not just the array portion
l:a[O]=98/\a[1]=5k//
—(a®1~99)[0]=98A(a®1~99)[1]>50A0=1A1<length(a)
5. {(2@1-99)[0]=98A(a®1~99)[1]>50A0=<1A1<length(a)} array-element-assignment
(a[1]:=99){a[0]=98Aa[1]>50}
3:{a[0]=98Aa[1]=5}a[1]:=99){a[0]=98Aa[1]>50} consequence(l) 1,2
800 Indexing
FROM E=G INFER (A®E~F)[C]=F
A= =8|
" JEE

Using Indexing Rule where E=G

1:1%0

2:a[0]=98Aa[1]=5—a[0]=98A(a®1~99)[1]>50A0=<1A1<length(a)

3.a[0]=98Aa[1]=5
—(a®1~99)[0]1=98A(a®1~99)[1]>50A0=1A1<length(a)

4 [(a®1-99)(0]=98A(a@1~99)[1]>50A0<1 A1 <length(a)}
(a[1]:=99){a[0]=98Aa[1]>50}

s:{a[0]=98Aa[1]=5}a[1]:=99){a[0]=98Aa[1]>50}

FROM E+G INFER... 1,2

array-element-assi...

consequence(l) 3.4

11



Result

where 1=1, (a®1-99)[1] is
same as RHS of assignment

1:1£0
2:a[0]=98Aa[1]=5-a[0]=98 50A0<1AT<length(a)
3:a[0]=98Aa[1]=5-a[0]=98A(a®1~99)[1]>50A0=<1A1<length(a) FROM E=G INFER (... 2
4:a[O]=98/\a[l]=5

—(a®1~99)[0]=98A(a®1~99)[1]>50A0<1A1<length(a)
5. {(2®1~99)[0]=98A(a®1~99)[1]>50A0<1A1 <length(a)}

(a[1]:=99){a[0]=98Aa[1]>50}
6:{a[0]=98a[1]=5}(a[1]:=99){a[0]=98Aa[1]>50}

FROM E+G INFER... 1,3

array-element-assi...

consequence(l) 4,5

Using Bounds Inference
Once an index is used, it is assumed to be valid.

Iaﬁ Window Help

Select only indexed expression,

not entire statement A=A
A=
= =B
" .a.[r]zz Rule obviously
2:[a[i]l+1=3A0<iAi<length(a) ‘ boundedness from (in)equality

3:a[i]=2—ali]+1=3A0=<iAi<length(a)
4:a[i]=2—(asi—ali]+1)[i]=3A0=<iAi<length(a) FROM E=G INFER (A®E~F)[G]=F 3
s:{(a@i—ali]+1)[i]=3A0=iAi<length(a)}(ali]: =a[i]+ 1){a[i]=3} array-element-assignment

6:{ali]=2}ali]:=alil+1){ali]=3}

—intro 1-2

consequence(l) 4,5

[N

w

N w b

Result

:[alil=2

-‘05i/\i<length(a) bounded 1
ali]+1=3A0=<iAi<length(a)

a[i]=2—ali]+1=3A0=<iAi<length(a) —intro 1-3

:ali]=2—(as®i—ali]+1)[i]=3A0<iAi<length(a) FROM E=G INFER (A®E~—F)[G]=F 4
{(@a@i—ali]+1)[i]=3A0=iAi<length(a)}(ali]:=ali]+1){a[i]=3} array-element-assignment
{ali]=2Kali]:=a[i]+1){ali]=3}

consequence(l) 5,6

Result

ali]=2 assumption

1

2:|0=ini<length(a) bounded 1
3:|0<i Aelim2

4

i<length(a) Aelim2

was

sf2l-3

6:|ali]+1=3 equality-substitution 1,5
7:|ali]+1=3A0=<iAi<length(a)| Alintro 6,3,4
8:ali]=2—alil+1=3A0<ini<length(a) ~intro 1-7

9:ali]=2—(asi—ali]+1)[i]=3A0=<iAi<length(a) FROM E=G INFER (A@E—F)[C]=F 8
10:{(asi~ali]+1)[i]=3A0=iAi<length(a)}ali]:=ali] + 1){ali]=3} array-element-assignment
11:{ali]=2}ali]:=ali]+1){ali]=3}

consequence(l) 9,10

"
Completion of Proof, using Equality
(complex)
®00 {alil=2)alil:=alil+ 1){alil=3}
Iam Window Help
Equation
T
2:|0<iAi<length(a) obviously
3:(0=<i boundedness from (in)equality
4:[i<length(a) lim 2
o Goal selected, and hem
5. E [1+1 =3] expression selected
6:|a[i]+1=3A0=<iAi<length(a) Aintro 5,3,4
7:a[i]=2—ali]+1=3A0<iAi<length(a) —intro 1-6
8:a[i]=2—(adi~alil+1)[i]=3A0<iAi<length(a) FROM E=G INFER (A@E~F)[G]=F 7
9:{(a@i—ali]+1)[i]=3A0=iAi<length(a)}(ali]:=ali]+1){a[i]=3} array-element-assignment
10:{afi]=2}ali]: =ali]+1)}ali]=3} consequence(l) 8,9
n

Completed Proof

1:(afi]=2 assumption
2:|0=<iAi<length(a) bounded 1

3:(0=i Aelim2
4:|i<length(a) Aelim2

5:[2+1=3 obviously
6:|ali]+1=3 equality-substitution 1,5
7:|afil+1=3A0<iAi<length(a) Aintro 6,3,4
8:ali]=2—ali]+1=3A0=<iAi<length(a) —intro 1-7

9:afi]=2—(a®i~ali]+1)[]=3A0=<iAi<length(a) FROM E=G INFER (A®E~F)[C]=F 8
10:{(a@i—alil+1)[i]=3A0<iAi<length(a)}(ali]:=a[i]+1){ali]=3} array-element-assignment
11:{alil=2}ali]:=ali]+1){ali]=3}

consequence(l) 9,10
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Consecutive Array Modifications

. Could simplify array-modification
expressions as soon as they arise, or

- Wait, and deal with nested expressions.

. The first is probably better.

Consecutive Modification Example
{a[i] = 0}
ali] :=a[i] + 1;
ali] :=a[i] + 1;

{al2] = 2}

1:{ali]=0Nali]:=ali]+1;ali]:=a[i]+1){a[i]=2}

1:{a[i]=0}ali]:=a[i]+1){_B2}

2:{_B2}(ali]:=ali]+1){ali]=2}
3:{ali]=0Xali]:=ali]+1;ali]:=ali]+1){ali]=2} sequence 1,2

Early Simplification

1:{a[i]=0}al[i]:=ali]+ 1){(a®i—ali]+1)[i]=2A0=<iAi<length(a)}
2:{(a@i—ali]+1)[i]=2A0=iAi<length(a)}(ali]:=ali]+1){a[i]=2} array-element-assignment
3:{ali]=0}ali]:=a[i]+1;ali]:=a[i]+1){a[i]=2} sequence 1,2

1:{a[i]=0Nali]:=ali]+1){ali]+1=2A0=<iAi<length(a)}
2:{ali]=0}ali]:=ali]+1){(asi—ali]+1)[i]=2A0=<iAi<length(a)} FROM E=G INFER (A@E~F)[G]=F 1
3:{(asi~ali]+1)[i]=2A0=iAi<length(a)}(a[i]:=a[i]+ 1){ali] =2} array-element-assignment
4:{alil=0}(a[i]:=alil+1;ali]:=ali]+1){ali]=2} sequence 2,3

Early Simplification, step 2

1- ali]=0—(a®i—alil+1)[il+1=2A0<iri<length(a)

2. {@ei—alil+1)[i]+1=2A0=iAi<length(@)}
(@lil:=alil+1)alil+1=2A0<iAi<length(a)}

3:{ali]=0}alil:=alil+1){alil+1=2A0<iAi<length(a)} consequence(l) 1,2

4:{ali]=0}ali]:=a[i]+1){(a®i~a[i]+1)[]=2A0=<iAi<length(a)} FROM E=G INFER (AeE~F)[G]=F 3

5 {(a@i—alil+1)[i]=2A0<ii<length(@)}alil: =alil+ 1){ali] =2} array-element-assignment

6: {ali=0Kalil:=alil+1;alil:=ali] + ){alil=2} sequence 4,5

array-element-assignment

1:ali]=0—ali]+1+1=2A0=iAi<length(a)
2:ali]=0~(asi~alil+ )[i]+1=2A0=iAi<length(a)
5. {@@ialil+ Dlil+1=2A0=ii<length(@}
(alil:=ali]+1){ali]+1=2A0<=iAi<length(a)}
4:{ali]=0Kalil:=alil+ 1 )ali]+1=2A0<iAi<length(@)} consequence(l) 2.3
5:{ali]=0}(alil:=ali] +1){(a@iali]+1)[i]=2A0iAi<length(a)} FROM EG INFER (AE~PIGI-F 4

FROM E=G INFER (A®E—F)[G]=F |

array-element-assignment

6:{(a@iali]+1)[il=2A0<iAi<length(a)Kalil:=a[i] +1){a[i] =2} array-element-assignment
7:{ali]=0Kali]:=ali]+1;alil:=ali]+1){ali]=2} sequence 5,6

Completed Proof

1:|ali]=0 assumption
2:[0<ini<length(a) bounded 1

3:|0=i Aelim2
4i<length(a) Aelim2
5:0+1+1=2 obviously.
6:alil+1+1=2 equality-substitution 1,5
7:/ali]+1+1=2A0<ini<length(a) Alntro 6,34
8:a[i]=0—ali]+1+1=2A0=iAi<length(a) - intro 1-7

o-ali]=0~(a@i—alil+ )[il+1=2A0<iAi<length(a) FROM E~G INFER (AE~(GI~F §
0. (@@ialil+Dli]+1=2A0<ini<length(@)}
(alil:=ali}-+1){alil+1=2A0iAi<length(a)}
11:{ali]=0}ali):=ali]+ 1){alil+1 =2 A0<iAi<length(a)} consequence(l) 9,10
12:ali]=0}ali):=ali]+ 1){(ai~alil+ )i} =2AO<ini<length(a)} FroM E~C INFER (AeE-FIGI-F 11
13:{(@@i-alil+ )l =2A0<ini<length(a)}alil:=alil+1}alil=2} array-element-assignment
14:{ali]=0}ali]:=ali]-+1;alil: =alil+ {alil=2} sequence 12,13

array-element-assignment

Deferred Simplification Alternative

- Use sequence, then array-assignment twice
(from the bottom up) to get to this point:

®00 (alil=0Kali):=alil+ Lialik=alil+ ali}=2} (1]

messy
1:ali]=0—fa@i—ali]+1 @i D[i]+D[if=210=<iri<length(a)
2 {@ei-ali]+1 (asi—ali]+ D[]+ N[i]=210=<iri<length(a)}

(a[i):=ali]+ i(asi~ali]+1)[i]=210<iri<length(a)}

array-element-assignment

3:{a[i]=0Kali]:=ali] + ){(a@i—ali]+ 1)[i]=2A0<iri<length(a)} consequence(l) 1,2
4:{(a@i—ali]+1)[i]=210<iri<length(a)}(ali]:=ali]+ 1 {ali] =2} array-element-assignment
s:{ali]=0}ali]:=ali]+ 1;ali]:=a[i]+ 1){a[i] =2} sequence 3,4

Provided

DISTINCT a, 1
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Completed Proof,
using Deferred Simplification

'
2
sfalil+1+1=2
+|@ai-alil+Dlil+1=2
s
&

(@@i-alil+1 @i (@@i-ali+ Dlil+ D{il=2
0<ini<length(a) bounded |
7|osi elims

FROM E-G INFER (AGE-FIGI-F 4

&i<length(a)
sf@ai-alil+1i-@ai-alil+ DIil+ DT} 210<ini<length(a)|

-alil+1@i-(@ai-alil+ Dlil+ Dlil=2A0=iri<length(@)
1. (@ei-alil+1 -alil+ Dlil+ Dlil=20<iAi<length(a)}
(@lil:=alil+ i(@ei-alil+ Dlil=2A0<iAi<length(a)}
12:{alil=0}(alil:=ali]+ ){(a@i--alil + Dlil=2A0<iAi<length(a)}
13:{(@si-ail+ i} length(@)}(alil: =alil + falil=2}

14:{ali]=0}ali]:=alil+ 1 alil:=ali}+ ali]=2}

original program

Provided:
DISTINCT 2,1

Read-Write Example

. Suppose we wish to copy one array a
into another b.

- We'll assume both arrays are the same
length.

. We need to assert that they have the
same elements in the same positions.

Assumption and Expectation

{n=length(a) An=length(b) A0<n}
... array-copy program ...

{Vi.((0sjAj<n)—(bl]=ali)}

assuming indices run 0, ... n-1

Proposed Program

{n=length(a) A n=length(b) A0<n}
(i:=0)
whilei<n

do

bl[i] := ali];

i=it1

od

{Vi.((0sjAj<n)—(bli}=alil))}

One would hope for a short proof, but ...

Program with Invariant (for JAPE)
WHERE DISTINCT n,a,b,i IS
{n=length(a) An=length(b) A 0<n}
(i:=0)

{n=length(a) An=length(b) A0Sn A 0<iAisn
A Vj.((0sj Aj<i)—b[j]=ali]))}

while i < n do b[i] := a[i]; i := i+1 od

{Vi.((0sjAj<n)—(bl]=ali)}

2 (0=}
—n=length(@)An=length(b) AOSNAOSI+1 Ai+1 SNAV.(0=jAj<i+1)~((b

2 <
(blil:=alilin=length(a) An=length(b)A

Invariant Part of Loop Body

5|n=length(a) An=length(b)A0<nA0=iAISnAV].(Osjaj <)~ (blil=ali)Ai<n
9:|n=length(a) An=length(b)A0<nA0<i+1 Ai+1 <nAV}.(O<jAj<i+] <i

{n=length

NAV}.(0=jAj<i+1)~(blI=alD)}

{n=length i
=
A1 20AY;
» A1 20AY;
(i=ie1 <AV,
b <iAi<nAV.(0<) cauence 2223
ol =alili=i+ Din=length <iAI<A V] (0sjAj<)~ (bll=al}
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(@ n=length(E) 02 0IAT=0A V1 (O=)A)<)~(L1-alDIAI <.
@

-

Exercises

- Provide assumption and expectation
specifications for a sorting program, then
prove its total correctness.

« Work through the minimal sum-section
(Huth&Ryan, Example 4.19). Note the
implications for algorithmic efficiency (linear
for the given method vs. O(n3) for the naive
method).
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