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Let what you say be simply “Yes'or No’ anything more than this comes from

evil.
Matthew 5:37 (English Standard Version)

It from bit. Otherwise put, every it—every particle, every field of force, even
the space-time continuum itself—derives its function, its meaning, its very
existence entirely ... [from] answers to yes or no questions, binary choices,

bits.
John Archibald Wheeler



THEOCOMP

Computability: What can and can't we compute?

Complexity: How fast can we compute it?



COMPUTABILITY

v" How can | prove that a computer can solve some specific
problem?

» E.g. sorting or the Traveling Salesperson Problem

V" Howcanl prove that no computer can solve a specific problem?
» [fIprove it today, will it still be true tomorrow?



DESCRIBING THE PROBLEMS TO BE SOLVED

Assumption 1: Inputs are finite strings from some finite alphabet of
characters.

\/ ||37||
v "3¥7=21"
v "sort([3,1,4,1,2], [1,2,3,4])."

Assumption 2: We care about decision problems (i.e., answer is just yes
or no)

v’ 1537 prime?
v Does3 x7 =212
v 1s[1,2,3,4] the result of sorting [3, 1,4, 1, 2]2

v o



JUSTIFYING THE ASSUMPTIONS

Assumption 1: Inputs are finite strings from a finite alphabet of
characters.

V' Generalizes “everything's just a string of bits”

Assumption 2: We care about decision problems (i.e., answer is just yes
orno)

v" We can solve other problems by asking enough questions.
v' E.g. how could | figure out 3 X 7 by asking yes/no questions?



COMBINING THE ASSUMPTIONS

Any decision problem is equivalent to asking
“Is the input a member of the set L7

for a suitable set L.

v Forprimality testing, L ={2,3,5,7,11,13,17,19,...}

v' For multiplication-correctness, L =2



CONCLUSION

A one-to-one correspondance:

(computational) problems to solve

)

sets of finite strings.

These sets are called “formal languages”



FORMAL LANGUAGES: ALPHABETS

An alphabet L is a finite, nonempty set.
The elements of X are called letters or symbols.

v’ Examples?



FORMAL LANGUAGES: STRINGS

A string over L is a sequence

C]Cz...cn

wheren > Qandeachc; € 2.

v’ Every string is finite, but could be arbitrarily long!
v We will write strings without quotation marks

xyzzy
v' We write the empty string as € or A
Note: e, A & X
=
What about my

alphabet?



LANGUAGES
A “language L over X" is a set of strings over L.

v The set of all strings over L is written L*.

V' Theempty set () is alanguage.

V' Thenon-empty set {e} is a language.

v’ Languages may be infinite, even if they contain only finite strings!
v' Other examples?



A FIrsT UNCOMPUTABILITY RESULT

v Every computer program can be represented as a string in{0, 1}*.
v" There are as many string/programs as there are natural numbers

v’ There are as many languages as there are real numbers!

If you choose a language “at random,” what is the probability it can be
decided by some program?



IDEALIZED COMPUTERS IDEAL

We need a precise (mathematical) definition, abstracting away details
that might change.

Operating System

Processor speed

Memory capacity

Fower source (electricity, natural gas, dilithium, ...)
Construction materials (silicon, graphene, legos, ...)
Programming language (Java, Racket, Prolog, HMMM, ...)

Architecture (single core, multicore, manycore, GFU, VLIW, ...)

NN NN NN

Data representation (ASCII, Unicode, binary, trinary, ...)



TODAY'S IDEALIZED COMPUTER

State Machine, which
V' Aset of possible “configurations” (states)

v" Rules for how the system proceeds from one state to another
» Depends on current state and current input

V' Accept or reject, based on the input this far.



WHAT IS A STATE?

The state of a system at some instant consists of the all internal
information needed to figure out how to proceed.

State?

http://www.flickr.com/photos/alexbrn/5035170693 http://www.flickr.com/photos/cambodiaskidsorg/3019948738

Many systems have .t
more than 50 states! il



FINITE STATE MACHINES

A finite state machine is a state machine with finitely many possible
states.

2

Finite State?

Finite State

http://www.flickr.com/photos/alexbrn/5035170693 http://www.flickr.com/photos/cambodiaskidsorg/3019948738



DETERMINISTIC FINITE STATE MACHINES (DFAS)

Every state has one transition for every possible input symbol.
Often represented graphically:

0
/—1\
\/’
/ /!
start state ) transition final (accepting) state(s)
input funnel “where to go” double circled

Does this machine accept 1002 10107

What is the language of this machine?

Finite states = finite memory. What are we “remembering” in each
state?



DFAS ARE EVERYWHERE!



DFAS ARE EVERYWHERE!

Open Door

There's a lot
missing here!

[

DO How many states total

Nt in this kind of lock?




DFAS ARE EVERYWHERE!

FSM == FearSoMe?

The FSM controlling
Shambler monsters. ..

Shambler
Monster

Finish Spawning

Lost goal

Zera heaith v L
I Melee Attack | I Missile Attack |

Located goat

Idle State Attack State

Zera heaith

I'm Quaking in

my AstroBoots
B | m ] pesae o [ ] [ | [ ]
~




DFAS ARE EVERYWHERE!

Computers: State changes over time

“States*,
\ |10101010001000

’_Ummmmmmo 0
10101010001000}010

10101010001000 0|0 PO
10001010101010}0 po PO
00101010101010 )0 po |0
10101011010100p0|g P1

00000010010000 |0 p1
11110000000010 1_/

00000101011101

Time



ANOTHER DFA

What is the language of this machine?

Finite states = finite memory. What are we “remembering” in each
state?



‘QuiZz” NAME:

What DFA accepts L ={w € {0, 1}* |[wis a binary number that's even }

DFA for L ={w € {0, 1}* | w does not contain the substring 101 } 2



MORE EXAMPLES
What DFA accepts

L={w e{0,1}"|ws third characterisa 1}



MORE EXAMPLES
What DFA accepts

L ={w €{0, 1} | ws third-to-last characteris a1 }




DFA sizEs

How can we know whether a DFA is as small as possible?

O
o

A DFA is minimal if every state is necessary (all states are
distinguishable)



DISTINGUISHING STRINGS

Recall
L ={w e{0,1}"|ws third characteris a1}

Meet our four string couples for today:

Couple #1 Couple #2 Couple #3 Couple #4
wi =011 wi =011 wi =01 w1 =0
wo =111 wy =110 wy =10 wy =10

If we continue on with more digits, are the “fates” of these couples the
same or different?



STRING MATCHMAKING, FORMALIZED
Given alanguage L C L*
Two strings wy and w; are distinguishable if
there exists z € L* such that wiz € Land wyz ¢ L (or vice versa)
Aset S ={wy,...,...}is pairwise distinguishable with respect to
language L if

wj and wj are distinguishable for all i # j.



MORE DISTINGUISHABILITY PRACTICE

L={0'7|iiseven, jisodd}
Are the following distinguishable?
. 00and0

2. 0000 and 00
3. 010 and 1
4

Y

. Aand 001



DISTINGUISHABILITY THEOREM

Key insight: if wy and w; are distinguishable, they cannot both lead
to the same state in our state machine.

Theorem
If there is a pairwise distinguishable set of N states for a language L, then
a DFA accepting L must have > N states.



EXAMPLE

Prove that any DFA recognizing
L={w e{0,1}"|ws third characterisa 1}
must have at least 5 states.

Proof: { A, 1,0, 11,10} Proof: { A, 0, 00, 000, 001 }

Theorem

If there is a pairwise distinguishable set of N states for a language L, then a DFA accepting L must have > N
states.



NONREGULAR LANGUAGE THEOREM

Alanguage is said to be regular if it can be recognized by some DFA.
Consider the language
L={0"1"n>0}

To show it's not regular, ...



NONREGULAR LANGUAGE THEOREM

Alanguage is said to be regular if it can be recognized by some DFA.
Consider the language of correct multiplications of natural numbers:

L={ 0x0=0, 0x1=0, ...
1x0=1, 1x1=1, ...
2x0=1, 2x1=2, ...

}

(What is the alphabet?)

Prove that this language is not regular.



CONCLUSION

We can identify problems that no finite state machine can solve.
Vv L={0"1"n>0}
v L={ww]|w e {0,1}}

If computers are finite state machines, then no computer can solve
them either!



A HMC DFA (AUTHOR UNKNOWN)

Complete the finite-state machine below with at least three states and transitions of your own design.
Feel free to ignore or modify the sample states/transitions provided.

ol deke hinl oo
Secionsly ()

lf. Lake
uw il O,
Sl

self. sk i
ek,.‘,P ! ‘ sel€, asle for ?
Vel ("
2, wahe Friendst) {i‘n‘“ S ohroedl) 60, selC. shdyy, Friendls
\asss af

wle, bestupbraandtry to
Jo workt YcugelF(), self

I




