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Locics WE'VE SEEN S0 FAR

1. Classical Propositional Logic

2. Classical Predicate Logic

For each, you've seen many sets of rules, all proving the same theorems. What

about other choices?
v Same logical language but different theorems?

v" New operators?
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SELECTIVE BIOGRAPHY OF MODERN LOGIC

Aristotle
Boole
Frege
Russell
Hilbert Brouwer
Godel Heyting

Kolmogorov
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THE BHK INTERPRETATION OF LOGIC

What is a proof?
V' Aproofof p A\ q consists of a proof of p and a proof of q.
v Aproof of p = qis a method of converting proofs of p into proofs of q.
V' Aproof of V. p(z) is a method that when given any x produces a proof
of p(x).
A proof of =pis a method of converting proofs of p into a proof of L.
A proofof p V qis either a proof of p or a proof of q.
A proof of Jx. p(x) is a value x and a proof that p(x) holds.

SNIENENEN

There are no proofs of L.
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BHK ExAMPLES

Which are constructively plausible?

vV p—=p v pV-p v (Fz. P(z)) —
(V. ~P(z
ERIEY) o) (Ve ~Pl))
v =(Vz.-P(x)) —
v p— o v' (mpVq) — (p—
p P (=pVva) (p—q) (3z. P(z))
v omp—p v (p—q) = (-pVa)
v Aproofofp A g consists of a proof of p and a proof of q.
v Aproofof p = qis amethod of converting proofs of p into proofs of q.
v Aproof of V. p(z) is a method that when given any x produces a proof of p(x).
V' Aproof of ~pis a method of converting proofs of p into a proof of L.
v Aproofofp V qis either a proof of p or a proof of q.
v Aproofof 3z. p(x) is a value x and a proof that p(x) holds.
V" There are no proofs of L.
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CONSTRUCTIVE Locic

The BHK interpretation leads to constructive logic (a.k.a. intuitionistic logic).
Essentially, classical logic without the law of the excluded middle.

Pv-P

As a consequence, we no longer have

-P
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Theorem
There exist irrational numbers r and s such that r® is rational.

Proof.

We khow that a := ﬂ is irrational.

A similar argument shows that b := logy 9 is too.

Thenab = 3. 0
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CONSTRUCTIVE REASONING

v If youwant to prove 3z.p(z), you have to show how it can be found.

V' If youwant to prove p V q, you have to show how to figure out which of
the two holds.

v Ifyouwant to prove Va. Jy. R(x, y). you have to provide a method of
turning ='s into suitable y's.

V' Some predicates (called the decidable predicates) might satisfy
Vz. P(x) V —P(z)

but we don't assume that every predicate is decidable.
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CONSTRUCTIVE MATH = MATH DEFINITIONS + CONSTRUCTIVE
KEASONING

There are at least three “versions” of Constructive Mathematics!
V' Bishop-style: classical mathematics without excluded middle

» Anything you prove is classically true.
» Not every classical theorem is provable.
» Proofs can be often harder, but yield “stronger” results.

V' Brouwer-style (Bishop + Extra Axioms)
» E.g.,any function NN — Nis continuous.

V' Russian-style (Bishop + Other Axioms)
» E.g.,everyfunction N — Nis computable by a Turing Machine.
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CONSTRUCTIVE MATH CONSEQUENCES

V' Cant assume all properties are decidable
» Greater-than-zero on the integers is decidable
» Greater-than-zero on the reals is not.

v Classical definitions often “split” into inequivalent definitions.

For example:
» o(@=y) (e (@=y)—1)
> T#y (e. In. |Jz—yl>1)
Or:
» Aset Sis finite if there is a bijective function from {1,...,n} — S.
» Aset Sis finitely enumerable if there is a surjective (onto) function from
{1,...,n} = S.

V' Some seemingly obvious things might not be provable
[_171] = [_170]U[0’ 1]

Bishop: can't show whether non-continuous functions on R exist.
Brouwer/Russian: Every function on R is provably continuous!
Nonsense? No, we have computable mathematics.

ANENEN
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COMPUTABLE MATHEMATICS

Traditional CS is closely connected to discrete mathematics

Data is finite (though arbitrarily large)
v Lists

v Trees

v Hash tables

v’ Bigints (arbitrarily large integers)

But what if you want to compute with
v Real numbers
v Infinite sequences and limits
v’ Integration and differentiation
v Arbitrary continuous functions
V' Arbitrary open (or closed, or compact) subsets of the plane
v Differential equations
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SoME Torics OF COMPUTABLE MATHEMATICS

1. How can a computer represent
» “Real” real numbers
“Real” complex numbers?
Infinite sequences of reals?
Differentiable functions?
Arbitrary open (or closed, or compact) subsets of the plane?

vV vy vVvYVvYy

2. What operations are computable?

» Multiplication of reals?

» Square root of a complex?

Finding a zero of a function?

Integral of a function over a closed interval?

»
>
» Intersection of two open sets?
»

3. Canwe do these efficiently (at least in practice)?
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PROBLEMS WITH FLOATING-FOINT: LIMITED RANGE
Floating-point numbers are a finite subset of the rationals, ie,

0<m<?2#

:l: 224 27’l
(27 4m) {—140§n§ 103

340282346638528859811704183484516925440
340282326356119256160033759537265639424

1/2.126
+0
—0

1/2126

—340282326356119256160033759537265639424
—340282346638528859811704183484516925440
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Round-off and cancellation matter!

/7 11+ 1/2 + ..+ 1/(N-1)

float sum1 = 0.0;

for (int n = 1; n < N; ++n)
suml += 1.0 / float(n);

// 1/(N-1) + ... +1/2 + 1/1

float sum2 = 0.0;

for (int n = N-1; n > 0; --n)
sum2 += 1.0 / float(n);

PROBLEMS WITH FLOATING-FPOINT: APPROXIMATE ANSWERS
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Computable Math

Round-off and cancellation matter!

/7 11+ 1/2 + .0+ 1/(N-1)

float sum1 = 0.0;

for (int n = 1; n < N; ++n)
suml += 1.0 / float(n);

// 1/(N-1) + ... +1/2 + 1/1

float sum2 = 0.0;

for (int n = N-1; n > 0; --n)
sum2 += 1.0 / float(n);

When N =108, sum1 = 15.4037 and sum2 = 18.8079

PROBLEMS WITH FLOATING-FPOINT: APPROXIMATE ANSWERS
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REPRESENTING REAL NUMBERS

What does it mean for a computer to *have” a real number?
What is a reasonable representation for a “real” real number?

First idea: infinite sequence of decimal digits

1/2 = [5,0,0,0,0,0,0,...]
1/30 = [0,3,3,3,3,3,3,3,.. ]

In practice, wed have to produce digits on demand, e.g.,

real = nat— {0,...,9}
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The operation “‘Multiply by 3" is not!
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Constructive Math

Computable Math

CRITIQUE

The operation “Divide by 10" is computable! (How?)

1,4,1,5,9,2,6,5,3,5,...

The operation “‘Multiply by 3" is not!

0,3,1 X3= 00973
0,331 X3= 09093
0,2331 X3= 099953
0,39 X3= 117
0.3,3,9 X 3= 1,01,7
0.3,339 X3= 1,001,7

Suppose you check 100 digits and see 0, 3, 3, 3, 3, ...

What's the first digit of the output?
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BETTER REPRESENTATIONS OF REALS

As just a few examples among many

v Infinite sequences of signed digits (e.g., -9 to 9)

v' Rapidly converging Cauchy Sequences:
{acQV|V0<i<j lai—aj| <2}

(even better: use dyadic rationals!)

V' Converging infinite sequences of open intervals (with rational endpoints)
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Key REsuULTS

Given ‘good” representations of reals:

1. The basic operations (+, —, X, <) are computable.
So are square-root, exponential, sine, ...
Comparisons (=, <, <, etc.) on R are not computable.
Every computable function R — R is continuous
The floor function || : R — Nis not computable.
Every computable function R — Nis constant.

NS ;s »N

There is no computable operator that finds a zero of every continuous
f:]0,1] = Rwith f(0) < 0 < f(1).

8. Integrals on finite intervals are generally computable; derivatives of
computable functions may not be.
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Key REsuULTS

Given ‘good” representations of reals:

1. The basic operations (+, —, X, <) are computable.
So are square-root, exponential, sine, ...
Comparisons (=, <, <, etc.) on R are not computable.
Every computable function R — R is continuous
The floor function || : R — Nis not computable.
Every computable function R — Nis constant.

NS ;s »N

There is no computable operator that finds a zero of every continuous
f:]0,1] = Rwith f(0) < 0 < f(1).

8. Integrals on finite intervals are generally computable; derivatives of
computable functions may not be.

These are the same results that one can get by constructive reasoning.
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WHY CONSTRUCTIVE LOGIC?

v Every classical proof can be turned into a constructive proof
» Largely a matter of adding some ~—'s.

» E.g.,aclassical proof that a solution exists, might become a constructive
proof that not all values are non-solutions.

v" When you're proving things about computation, it's much nicer to say
Theorem
Every function f : [0, 1] — R is continuous
than to say
Theorem

Every computable function f from the computable reals between 0 and 1 to the
computable reals is continuous with a computable modulus of continuity.
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THE RZ SYSTEM

Program developed in collaboration with Andrej Bauer, University of Ljubljana

v Input: Specifications in constructive logic

» Sets, functions, predicates exist
» Certain (constructive) axioms hold

V" Output: Interfaces describing code

» Representations must exist
» Functions operating on these representations must exist
» They must satisfy certain (classicall) properties.

Upshot: A translation of constructive logic statements into normal
programmer-speak.
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FORMAL BAsis: REALIZABILITY

Realizability dates back to Kleene, as an attempt to interpret constructive
logic classically.

Embarrassingly short summary of a rich topic:

v Arealizer of a mathematical object
(e.g.. set, vector, tuple, group, smooth manifold)
is an implementation.

V' Arealizer of a mathematical proposition
VeeR dJyeR.z=yxy
is its ‘constructive” content:
real_t sqrt(real_t x);
// forall x:real_t, x = sqrt(x) * sqrt(x)

Realizers are tedious to describe by hand. Hence, RZ.
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RZ EXAMPLE: FINITELY ENUMERABLE SETS

The axioms (not shown) imply a data structure for supporting:
v' The empty set
V' Away to add an element to a set
v Afold” or “reduce” operation, for binary operators that are

» Commutative (f(x,y) = f(y,x))
> ldempotent (f(x,x) = x)
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RZ EXAMPLE: FINITELY ENUMERABLE SETS

The axioms (not shown) imply a data structure for supporting:
v' The empty set

V' Away to add an element to a set

v Afold” or “reduce” operation, for binary operators that are
» Commutative (f(x,y) = f(y,x))
> ldempotent (f(x,x) = x)

Interpretation: “finite sets” of items without decidable equality.

V' Suppose you want to code up a “set” of exact real numbers
Only possibility: unordered list, possibly with duplicates (why?)
Can't reliably compute the sum (not idempotent)

Can't reliably compute the size
Can't bound the size (as a deterministic function of the set)
Can compute the max or min

SNENENENENEN

Can compute empty/non-empty
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AN UNRELATED APPLICATION OF CONSTRUCTIVE LoGIC

Curry-Howard Isomorphism: The rules for type-checking are isomorphic to
constructive proof rules.

a:T b:U e T'xU e: T'xU
(a,b) : TxU fst(e) : T snd(e) : U

P Q PAQ PAQ
PAQ P Q

Practical application: Proofs-as-programs
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