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C S A

ǖ. Encoding inputs as ènite strings.
▶ Generalizing “everything’s just bits”

Ǘ. A focus on decision problems
▶ Described as the set of inputs (strings) where the answer is “yes”
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A

An alphabet Σ is a nonempty set.
The elements ofΣ are called leers or symbols.

✓ We will always assume a ènite alphabet.
✓ Examples?
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S

A string overΣ is a sequence

c1c2 · · · cn

wheren ⩾ 0 and each ci ∈ Σ.

✓ Every string is ènite
✓ We will write strings without quotation marks

xyzzy

✓ We write the empty string as ε
Note: ε ̸∈ Σ !

What about my
alphabet?
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L

A language L overΣ is a set of strings overΣ.

✓ The set of all strings overΣ is wrienΣ∗.

✓ The empty set ∅ is a language.

✓ Languages may be ènite or inènite, but they contain only ènite strings!

✓ Other examples?
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S ( )

The setΣ∗ can be deèned inductively:
✓ ε ∈ Σ∗

✓ If a ∈ Σ and x ∈ Σ∗ then a • x ∈ Σ∗

✓
Am I inΣ∗ ?
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R I P
✓ Structural induction on strings: If P(ε) and

∀x ∈ Σ∗. ∀a ∈ Σ. P(x) → P(ax)

then ∀w ∈ Σ∗. P(w) .

✓

The inductive deènition of strings also justièes deèning functions by
induction/recursion.
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O  S

append(ε,y) := y
append(ax,y) := a•append(x,y)

length(ε) := 0
length(ax) := 1 + length(x)

rev(ε) := ε

rev(ax) := append(rev(x),a)

εy := y
(ax)y := a(xy)

|ε| := 0
|ax| := 1 + |x|

εR := ε

(ax)R := xRa

Prove

✓ ∀w ∈ Σ∗. (wε = w)

✓ ∀w ∈ Σ∗.∀y, z ∈ Σ∗. (wy)z = w(yz)

✓ ∀w ∈ Σ∗.∀z ∈ Σ∗. length(wz) = length(w) + length(z)

✓ ∀w ∈ Σ∗.∀z ∈ Σ∗. (wz)R = zRwR
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O  L

L ∪M

L ∩M

L \M

LM := { xy | x ∈ L, y ∈ M }

Ln L0 := {ε}

Ln+1 := LLn

L∗ := L0 ∪ L1 ∪ L2 ∪ · · ·
L+ := L1 ∪ L2 ∪ · · ·
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E

Assume L = { ba, da } and M = { da, rk, ε }.

L ∪M =

L ∩M =

L \M =

LM =

L3 =

L∗ =

L+ =
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L E (   L)

✓ L∅ =

✓ L{ε} =

✓ {ε}∗ =

✓ {ε}+ =

✓ ∅∗ =

✓ ∅+ =

✓ (L ∪M)N =

✓ (L∗)∗ =
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