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Recall the while rule

- In order to use the while rule in JAPE, it
is necessary to supply an invariant, I.

{I AP}SA{I}

{I} while(P)S {Ia-P}

Inferring invariants

. There is no fully general automation for
inferring invariants (as there is for the
weakest pre-condition/assumption for
assignment statements).

- This is one of the things that makes totally
automated verification difficult.

Finding the right invariant is still a human
intellectual activity.

(What does this

Using the while rule

- In JAPE, an assertion implying the invariant
(by using the consequent(L) rule) is included
as an assertion before the while, and also
doubly serves as a post-condition for the
preceding statement.

{i=Kinj=KjAi=0}k:=0)

. I l=KIxKI Should imply
1 liz0Ak+ixj=KixKj} = the invariant

Using the while rule

Before using Jape’s while rule, this setup is
decomposed using Jape’s Ntuple rule.

1 li=KiAj=KjAi=0}(k:=0) Prove
{i=0Ak+ixj=KixKj} using
assignment rule
{i=0Ak+ixj=KixKj} Prove

2 while i#0 do k:=k+j;i:=i-1 od using
{k=KixKj} while rule

{i=KiAj=Kjri=0}(k:=0)

3. {iz0Ak+ixj=KixKj}
while i=0 do k:=k+j;i:=i-1 od
{k=KixKj}

Ntuple rule used

Ntuple 1,2 -

code do?) while i#0 do k:=k+j;i:=i-1 od
{k=KixKj} Invari;nt and
negation of test
should imply this.
" JEET

A proof of a simple program

assumption

3:i=10Ai>0-i-1=10
4:4i-1=10}i:=i-1){i=10}
10Ai>0)i:=i-1)1{i=10}

consequence(l) 3.4

assumption
Aelim6

8i=10Ai>0—~i>0 intro 6-7

o|integer Km

10:(/i=10Ai>0Ai=Km assumption
11:/|i-1 <km obviously

12:[i=10Ai>0Ai=Km—i-1<Km - intro 10-11

13:[{i-1<Kmli:=i-Nfi<km} | vanial ble-assignment
14:[{i=10Ai>0AI=Km}(i: =i-1}i<Km}| consequence(l) 12,13
15:{i=10}while i>0 do i:=i-1 0d{i=10A~(i>0)} while 5,89-14

16:i=10A~(i>0)~i=0

17:{i=10Kwhile i>0 do i:=i-1 od){i=0}

obviously

consequence(R) 15,16




Subtleties about loop invariants

« Can the following be proved?

1 {y=0Ai=0An=0}(:=1){y=ixini=nAi=0}
while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=nxn}

Provided:
DISTINCT i, j,n,y

. What is _M for termination?

]:{y:OAi:OAnzO}(j::])(y:ixi/\isn/\izOAj:ZXiH}
while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=nxn}

Provided:
DISTINCT i, j, n, y

The Completed Proof (lines 25-51 of 51)

Znaie1= "

I
J=2X(0+ D411 DHy=ixiAISnAIZ0Aj=2x1+ 1)
hy: oy e 214 Dy 25141}

Other
assignments
in loop body

amas

Condition
on_M

n-i=Kmiy: =y +in-(1+ 1) <Km}
40 [in-(1+1) <Kmi(i:=j+ -G+ 1) <Km}
a1 fin-Gi+ 1) <Kmii=i+ Din-i<km}

2xi+1 A<}

Termination
of loop body

Vel =+ 2ik=i41 odly=nxn)
2xi+ 1while i<n do y:=y +}f =} +2ik=i+1 odiy=nxn)

Exit
consequence

" JEE
The loop invariant is not strong
enough to enable induction
- This is more likely provable.
]:{y:OAi:OAnzO}(j::])(y:ixi/\isn/\izOAj:ZXiH}
while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=nxn}
Provided:
DISTINCT i, j, n,y
" JEE
A Completed Proof (lines 1-24 of 51)
O S Initialization 7o'
12:{y=0A1=0An=0}(: = D{y=IxIAI=nAI=0Aj=2xi+1} consequence(L) 10,11
b First assignment """
1mfi<n in loop body veim13
18:[y+j=(i+1)x(+1) obviously, from 16,14
ofren e rom17
o YA DA DA 1 120052225
24:{y+j=(i+ DX+ D) AI+] <nAI+120Aj+2=2x(+ 1) +1Hy: =y+Hy=(i+ DX+ DAI+] SAAI+120Aj+2=2%(+1)+1}
n

Verifying Array Programs

- Arrays present extra challenges and
interesting issues.
- A useful dichotomy:

Programs with read-only arrays
Programs with modifiable arrays




Array Mathematics

- An array can be treated as a function:
It maps indices into values.

e.g. a 1-dimensional array with dimension 10
maps {0, ..., 9} into values of the type stored in the array.

a[i] is the value of this function with argument I
. Because several indices can have the same
value, arrays are more susceptible to variable
aliasing, e.g.

i :=5;j=06-1; a[jl = a[i]+1

Read-Only Array Example
This program sets j to the last index i such that a[i] = 0.
The array is assumed to be indexed 0..n-1.
If there is no such value, it leaves j at its initial value n.

{n =0 A length(a)=n}
i:=0;
ji=n;
whilei < n
do

if a[i] = 0 What invariant do we need?

thenj:=i
else skip
fi
ir=i+1
od
{i<n—a[jl=0}

Read-Only Array Example

This program sets j to the last index i such that a[i] = 0.
The array is assumed to be indexed 0..n-1.
If there is no such value, it leaves j at its initial value n.

) program ) )
assumption invariant
1 (nzO/\Iength(a):ni(i::O;j::ni{isnAiZOAIeng(h(a):n/\(j<n«a[j]:())}
ENhiIe i<n do if a[i]=0 then j:=i else skip fi;i:=i+1 od]j<n—~a[i]=0}
expectation

Provided:
DISTINCT a, i, j, n

11:n=0Alength(a)=n—~0=n0=0Alength(@=nA(n<n~aln]=0)

Read-Only Example (lines 1-15)

[n20Alength(@)=n
=0

length(a)=n

14:{15nAi=0Alength(@)=n(n<n-aln]=O)}:=n)i<n Ai=0Alength(a)=nA( <n-aljl ~0)}

aljl=0)}

Read-Only Example (lines 16-37)

=nni=0nlength(@—nnG<n—all-Oni<n assumpton
12120 aimts
aimis

lengtha)=nAG<n-alil-0)
120nlengtha)=nA(<n-alil-0)

length@)=nA(<n-aljl-0)

T=0nlength(@=nAG<n-a(l=0)

35i<lengthta)
56 (@ll]=0-~1+1 511 i+ 120 length(a) =nA(i<n-all]=0) A(~(ali]=0)~I+1 =nAI+1 20Alength(@)=nA( <n-al]]~0) A0<ini<lengtha)

17, 1=AAIZ0Alength@=nA(<n—al]=0)ri<n

Read-Only Example (lines 38-47)

381141504141 20Alength(a)=nA(i<n--alll=0)(: =i+ <Al +1 20Alength@ =nAG<n--ali=0)}
sefi+1 =i 1= IR
0 (G100 1 £nAi 4120 Alength(@)=nA(

17 al1=0 then J:=i else skip fill+1 =nAi+120,

42:{1+1511+120length(@)=nA(<n~all=0)Ki: =1+ 1 {i<nAi=0length(@)=nAG<n-~a] -0}
& 0) <k ali]=0 then J:=I else skip = 120 lengthia)=nA(<n—al]=0}

471ZnAI=0Alength(@)=nAG<n~all-O)Al<n~n-i>0




Quantifiers

- Quantifiers are handy representing
information about arrays, e.g.

« Vi ((0 <i)a (i <n))—ali-1] < ali]

. 3 ((0<i) A (i <n)aali] =0)

"
)-j<n-aljl=0
n

Quantifier Example

assumption program
1:{3x.(05></\x<Iength(a)/\a[x]:0) program

{0=<iAi<length(a)A3x.(i=xAx<length(a) Aa[x]=0)}while a[i]+0 do i:=i+1 odjali]=0}

invariant expectation

This program assumes there is an array element having value 0.
It returns an index of such a value.

This is from the JAPE “factory samples”.
Will the invariant do the job?

Subtleties with Array Programs

{3x.(0=xAx<length(a)ra[x]=0)}(i:=0)
{0=<ini<length(a) A3x.(i<xAx<length(a) ra[x]=0)}while a[i]#0 do i:=i+1 odf{a[i]=0}

« Look at part of the invariant here.
- Note that the lower bound on x is a function of the index i.

- This is important, because it says that the element such
that a[x] = O is yet to be found.

« We need this invariant to prove termination.
- The loop test will stop when a[i] = 0.

« The expansion order is tricky.

Quantifier Example Proved

- Things go pretty routinely, until this ...

w

:|0<iAi<length(a) A3x.(i<xAx<length(a)Aa[x]=0)Aa[i]+0
O<i

:|li<length(a)

:|3x.(i=xAx<length(a) Aa[x]=0)

ali]#0

N @ v »

:|0<i+1Ai+1<length(a) A3x.(i+1<xAx<length(a) Aa[x]=0)

o

How do we get i+1<length(a)?

J-elimination to the rescue

:|0<ini<length(a)A3x.(i<xAx<length(a) Aa[x]=0)Aa[i]=0
O<i

i<length(a)

v s ow

6:[Ixcli= =
:|a[i]#0

integer i1, i<il Ail<length(a)Aali1]=0

b

*

:||0<i+1Ai+1<length(a) A3x.(i+1<xAx<length(a) Aa[x]=0)

©

10:|0<i+1Ai+1<length(a) A3x.(i+1<xAx<length(a) Aa[x]=0)




"

Now case analysis

3:|0<iAi<length(a) A3x.(i<xAx<length(a) Aa[x]=0)Aa[i]+0
4:|0<i
i<length(a)

o w

Ix.(i=xAx<length(a)Aa[x]=0)
a[i]+0

N

kel

integer i1, i<il Ail <length(a)Aali1]=0

10:||i1<length(a)
11:|[afi1]=0

12:[|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

13:|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

"

Setting up for case analysis

O<i

i<length(a)
3x.(i=xAx<length(a) Aa[x]=0)
afi]#0

NV aw

:|0<iai<length(a)A3x.(i<xAx<length(a) Aa[x]=0)Aa[i]+0

©

:||integer i1, i<il Ail<length(a)Aalil]=0
9:|i<il

10:(|i1<length(a)

:|[ali1]=0

12:[i<ilvi=i1 | from 9

:||0<i+1Ai+1<length(a) A3x.(i+1=<xAx<length(a) Aa[x]=0)

14:|0<i+1Ai+1<length(a) A3x.(i+1<xAx<length(a) Aa[x]=0)

"

Strategy: v-Elimination

O=ini<length@nd length@ ralx]=0)Aali]=0
4|0si

5:[i<length(a)

&|3x.(isxAx<length(a) Aalx]=0)

7:[alil<0

&:integer i1, i=i1 Ail <length(@)Aalil]=0

9:li=il

10:/[i1 <length(a)
11:|[alin=0
12:(|i<ilvi=il

13: li<it

14:|||0<i+1Ai+1<length(a) A3x.(i+1=xAx<length(a) Aa[x]=0)|

15: [i=i1

16:|||0<i+1Ai+1<length(a) A3x.(i+1=xAx<length(a) Aa[x]=0)|

17:|0<i+1AI+1 Ix(i+1= [x]

18:|0<i+1Ai+1 <length(a) A3x.(i+1<: length(a) Aa[x]=0)

"

Upper branch: 3-introduction

12:i<il vi=il
13:||i<il
14:/|0<i+1

s:|||li+1<length(a)

16: [Elx‘(iﬂsx/\x<length(a)/\a[x]=0)]

17:|[[0<i+1Ai+1<length(a) A3x.(i+1<xAx<length(a) Aa[x]=0)

"

Upper branch closure

0=i x.(i lengthi [x]=0)Aali]£0

O=i

P
5:|i<length(a)
6:|3x.(i=xAx<length(a) Aa[x]=0)
7:|ali]#0
8
o

integer i1, i<il Ail <length(a)Aali1]=0
i<il

10:/[i1 <length(a)

11:|[alit}=0

12:|[i<il vi=il

13:li<il

14:[0<i+1

15:||[i+1<length(a)

16:|i+1<i1

17:|[i+1<i1 Ail <length(a)Aa[i1]=0
18:(||3x.(i+1=xAx<length(a) Aa[x]=0)
0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

"

Lower branch

O<i

i<length(a)
Ix.(i=xAx<length(a)Aa[x]=0)
afi]+0

N ow s ow

O=<ini<length(a)A3x.(i<xAx<length(a) Aa[x]=0) Aa[i]=0

8:||integer i1, i<i1Ail<length(a)Aa[i1]=0
9|i=il

10:||i1 <length(a)

11:|afi1]=0

12:\li<ilvi=il

13:||[i<il

14:(||0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

15: ||[i=i1

16:(]|0=<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

Collapsed detail




10:
1n:

12:
14:

15:
:|||0<i+1Ai+1<length(a) A3x.(i+1=<xAx<length(a) Aa[x]=0)

Closure of lower branch

alil<0 Aelim3

° ® NS

integer i1, i<il Ail<length(a)Aalil]=0 assumptions

i<il A elim 6.2
lim 6.2

a[il]=0 neim

il A<BEA<BVA=B7

i<ilvi=il

i<il

feut)
0<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a) Aa[x]=0)

i=il equality-substitution 12,8
ali]=0 A#B2-(A=B) 5
—(alil=0) ~elim13,14

i contra (constructive) 15

0= 3 I i
15:{0si

16:|3x.(isxAx<length(a) Aalx]=0)

17:|ali]*=0

18: integer i1, i=i1 Ail <length(@)Alil]=0
19:isit

20:{i1 <length(a)

21:(ali1]=0

22:{liilvi=il

23:fi<il

2¢:{|0<i+1

25:[i+1 <length(a)

26:{li+1<i1

27:{[i+1i1 Aill <length(a)Aalil]=0
28:|3x.(i+1 xAx<length(a) Aalx]=0)

29:0<i+1Ai+1 <lengthy (i+1 =xAx<length(a) Aa[x] =0)
30:i=i1

31:|[ali}=0

32:|| —~(ali]=0)

331

34: | 0i+1 Ai+1 <length(@A3x.(i+1 < [x]

35:/|0<i+ 1 Ai+1 <length(a) A3x.(i+1 <xAx<length(a) Aa[x]=0)

36:|0i+1 Ai+1 <length(@)A 3x.(i+1 =xAx<length(a) Aalx]=0)

Jape’s Indexing rules

« (a®i—v)[i] = v, and
(a®i—=v)[j] = a[jlif j = i.
« Two rules below capture the two cases preceding.
The first rule simplifies an array modification expression when the

index of the new array is provably the same as the index to which
assignment was done.

The second rule simplifies in the case of a different index.
« The buttons indicate the direction of substitution.

000 Indexing

FROM E=G INFER (A®E~F)[G]=F
FROM E+G INFER (A@E~F)[G]=A[G]

" JEE
Modifiable Arrays
. Arrays are like functions
- Assigning to an array element is like creating
a new function.
- The new function differs from the old in that
one element may be different from before.
. Jape Notation: a®i—v is the array that is like
a except that the value of a[i] is v.
. So (a®i—V)[i] = v, and
(a®i—=v)[j] = a[j] if j = i.
n

Array Bounds Guarantees

. If an array index value is used in an assumption, the same
index value can be used later on without requiring a bounds
check.

« Sub-formula select a hypothesis using the desired index.

t_Backward_Forward _Programs JIEZTH Window _Help.
@800 0 AA

———
~— A-
M a2 -t assumpton
ooty
» (@it -3

s{0si

+ilength(@)
(@ai-alil+1)i]=370<ini<length(a)

inro 234

eno =2
Result: [ assumpton
2:|0=ini<length(a) bounded 1

Using the Array Rule

. Make sure the entire array sub-expression is sub-
formula selected.

« It should match the form in the rule in the menu:

=2l D =3)

alil=2 ] assumaton

2[osini<lengtha) - Here we identify:

i<tength(a) A with a

E with i
F with a[i]+1
oo [G] with [i]
- {alil=2Kalil:=alil+ alil=3) (so E = G).




Using the Equality Rule

- Two selections and a sub-formula selection
are needed:
Selection an equality hypothesis and a goal.
Sub-formula select an instance of the LHS of the equality.

hyp. Backward _Forward _Programs JEET)] Window _Help
®00 A=A

EE——

A

1:{ali]=2| =B assumption

2:|0=ini<length(a) obviously bounded 1
instances:|o=i boundedness from (injequality | A elim 2

N i<length(a) Aelim2

-

s:[ali]+1=3)

¥i—ali]+1)[i]=3 FROM E=G INFER (AGE—F)[... 5
goal 1

Summary: Jape proof with array modification

1 . " assumption

N - infers |n—boL_|nds bounded 1

S from usage in 1. eima2

4:(i<length(a) Aelim 2

5:[2+1=3 « obviously

6:(ali]+1=3 equality-substitution 1,5
7:|@ei—alil+1)i]=3 . FROM E=G INFER (A®E~F)[G]=F 6
s:|(a@i—ali]+1)[i]=3A0=iAi<length(a) Alintro 7.3.4
9:a[i]=2—(a@i~ali]+ [i]=3A0=ini<length(a) - intro 1-8

10:{(@ei—ali]+1)[i]=310=<iAri<length(a)}(al
11:{afi]=2}ali]: =ali]+1){ali]=3}

+1){ali]=3} array-element-assignment

consequence(l) 9,10
statement .

"
Result of the Equality Rule

5:2+1=3
6:[afi]+1=3 equality-substitution 1,5
7:|[(@@i~ali]+1)[i]=3 FROM E=G INFER (A@E~F)[G... 6
8:[(@@i—a[i]+1)[i]=3A0=iai<length(a) Alintro 7,3,4
9:ali]=2—(asi—ali]+1)[i]=3A0=<iAi<length(a) ~ intro 1-8
10:{(a@i—ali]+1)[i]=3A0=ini<length(a)}(ali]:=a[i] + 1){a[i] =3} array-element-assignment
1:{ali]=2)alil:=a[i]+1){ali]=3} consequence(L) 9,10
The top simple equation
can be justified by “obviously”.

"

How to get these rules to work in the GUI
(It isn’t so obvious.)

. Looking at the 2nd provided array program
example, we use sequence, then array-
assignment twice (from the bottom up) to get
to this point:

®00

1:li]=0~(a®i-a[i]+1@i-(asi—afil+ D]+ ){i]=2A0=iAi<length(a)
, l@ei-alil+1si~(@si~ali]+ )i+ )li]=2A0=ii<length@}
(alil:=alil+ ){(@ei~alil+ Dlil=2A0=ini<length(a)}
3:{alil=0}(ali]:=a[i] + 1){(aei-alil+ 1)[i]=2A0=ii<length(@)}
4:{(@@i~alil+)[i]=2A0=ini<length(a)}ali]:=ali] + 1 {ali]=2}
s:{ali]=0}(ali]:=ali] + 1;a[i]:=ali] + 1 {ali]=2}

array-element-assignment

consequence(l) 1.2
array-element-assignment

sequence 3,4

Provided:

How to use GUI (continued)

- The top line is pure logic, so we expand using
—Introduction and aIntroduction:

1:]a[i]=0 assumption
2: ;;eaiwa[ilﬂeaiH(aaaiHa[iHI)[i]+l)[i]=2

o<

4 }.<.Iength(a)

s:[(@ei—ali]+1ei—(asi—a[i]+ 1)[i]+1)[[]=2A0=<iAi<length(a) Aintro 2,3,4

6:a[i]=0—(asi—ali]+1@i—(a@i—ali]+1)[i]+1)[i]=2A0=<isi<length(@) — intro 1-5

" JEE
How to use GUI (continued)
- We then conclude the two array index bounds (lines 4, 5)
by A Elimination, giving:
1:|ali]=0 assumption
2:|(a®i—a[i]+1®i— ae)i»-a[i]ﬂ)[i]ﬂ)[i]‘:z
3:|0<ini<length(a) bounded 1
4:10<i Aelim3
s:|i<length(a) Aelim3
6:|(asi—ali]+1@i—(@ei~ali]+1)[i]+1)[i]=2A0=<iri<length(a) Aintro 2,4,5




"

How to use GUI (continued)

- We are left with a nested array-modification expression. Carefully
sub-formula select the outer array-modification and apply the rule
shown (since we have a®i— ...[i]). Do not have anything else
(such as a goal) selected.

00 ali}=0Kali): =ali}+ Lialil:=alil+ Diali}=2} [1]

w N

FROM E=G INFER (.
FROM E+G INFER (A®E~P)[G]=A[G]

ali]=0

(aei’alil+1i-@ai-alil+ Dlil+ Diil-2 =
giving: l,

:|alil=0 assumption

:|@ei—ali]+D[i]+1=2
;| (@@i—ali]+1 ei-(a@i—ali]+ D[i]+1)[i]=2

FROM E=G INFER (A@E~F)[G]=F 2

' S
How to use GUI (continued)

- Repeat the preceding process on the new formula:

CYe) fal}=0Hali):=al}+ ;al):-ai

FER (As 3
FROM £+ INFER (ASE~P)ICI=AIC]

INFER (AOE-PIG]-F 2

alil=0

(@i-alil+ DIl +1=2
3|(@ei-alil+1 &i-@si-alil+ Dlil+ D=2 o

giving: l,

1:{alil=0 assumption

2ali]+1+1=2

"

How to use GUI (continued)

- Alternatively we could have selected the inner modification
expression first:

FROM E=G INFER (A®E—P)[G]=F

1:[alil=0 FROM E+G INFER (A®E—F)G] =A[G]

2:|@si—ali]+1ei—-(@ei-ali]+ D[]+ 1)[i]=2
3:[0<ini<length(a)

giving: l,

ali]=0 assumption

(@si-ali]+1@i~ali]+1+1)[i]=2
3:|(@@i—alil+1 @i~ (@@i~alil+ )]+ Dli]=2

FROM E=G INFER (A®E—F)[G=F 2

* S
How to use GUI (continued)

- (Note that this is different from two slides ago).
Then simplify that result:

1:[alil=0 F

FROM E+G INFER (A®E~F)[G]=A[G]

(@@i-alil+1@i-alil+1+1)[i]=2
3:|@@i—alil+1ei-(@ei-ali]+1)[i]+1)[i]=2
4:|0<ini<length(a)

giving (as before): l,

1:|ali]=0 assumption
2[alil+1+1=2
3:|@@i-ali] +1@i-ali]+1+ Dlil=2 FROM E~G INFER (AGE-PI(G]-F 2

(agi—alil+1®i~(@ai~alil+ D]+ Dli]=2

"

How to use GUI (continued)

- Use plain equality substitution to simplify the new goal. Note that
both the goal and the equation defining the substitution are
selected, and the sub-formula for which substitution is to occur is
sub-formula selected (3 selections).

e o brupr ST vt

800 {alil=0ka A=A "
1{alil=0 e ssumption
: abviously
2[alil+1+1=2]
boundedness from (meauality

giving: !,

1:[alil=0 assumption
2[0+1+1=2
3falil+1+1=2 equalty-substiution 1.2

"

Consecutive Array Modification

1:{ali]=0 assumption
2[0+141=2 obviously
sfalil+1+1=2 equaliy-substition 1.2
+|(@eialil+Dil+1=2 FROM E=G INFER (AGE~F)(GI=F 3
5:|(@@i-alil+1 ei-(@ai-alil+ Dlil+ Dlil=2 FROM E=G INFER (AGE~-FIGI-F 4
&{0<ini<lengtha) bounded 1
7:|osi ~elims
&|i<length(a) A el

il +1 ialil+ i)+ il =2A0< int05.7.8
10:ali]= i1 ]+ )il + DEil=2A0=: ~intro 1-9

1y {@ei-ali]+1@i-(@ei-alil+ DIil+ D[i]=2A0sixi<length@}
(@li]:=ali] +1){@@@i~alil+ Di]=2A0siAi<length(@}
12:{ali]=0}(ali]:=alil + D){(a@i-ali] + [} =2A0siri<length(a)}
(i]+ Dli]=2A0=, Malil=2}

14:{ali]=0)ali]:=alil +1 alil:=ali}+ Halil=2} sequence 12,13

original program

array-element-assignment

consequencen 10,11

Provided:
DISTINCT 2,1

F[GI=F 2

FROM E=G INFER (A@E~F)[G]=F 3




"

The following are more detail on an earlier example.

{3x.(0=xAx<length(a)ra[x]=0)}i:=0)

{05i/\i<length(a)while a[i]=0 do i:=i+1 od{a[i]=0}

« Look at part of the invariant here.

- Note that the lower bound on x is a function of the
index i.

- This is important, because it says that the element
such that a[x] = 0 is yet to be found.

- We need this invariant to prove termination.

« The loop test will stop when a[i] = 0.

« The expansion order is tricky.

"

Key Step #1: Spliti < il

length@A3x.(i I [

< assumprion
+{osi Aelim3
s:[i<length(a) Aelim3
&{3x.(i=xAx<length(a) nalx]=0) Aelim3
7[alil=0 Aelim3
&|/integer it assumption

o{li<i1 i1 <length(@aalin]=0 .| assumption
ro|fi<in *| neimo
neffi<nvisin A<BIABAB10

12 [i1<length@)
13 [ali1]=0

14:[0<i+1Ai+1 <length(@)A3x.(i+1 <xAx<length(a) Aa[x]=0)

15:/0<i+1 i+ 1 <length(a) A 3x.(i+1 <xAx<length(@) Aalx]=0)

length(@ A 3x.(i=xAx<length(@ Aalx]=0)rali] =0

16:0% =
—0<i+1Ai+1 <length@A3x.(i+1 xAx<length(a) Aa[x]=0)

Then use vElimination.

Aelimo

Jelim6-14

- intr0 3-15

"
Key Step #2:
Aim for a contradiction in the i = i1 case.

7:/ali]=0 Aelim3
&|/integer i1 assumprion

o[lii1 Ai1 <length(@nalil=0 assumprion
10:fli<in A elim9
in:fli<invi=in A<BRABVA=B10
12:[[i1 <length(@ A elim9
13:[ali)=0 «———— A elim9
1aefli<in assumption

15:[[0<i+1Ai+1 <length(@)A3x.(i+1 <xAx<length(@) Aax]=0)

16:fi=it «———— assumption
flr e——

18:[[0<i+1Ai+1 <length(@A3x.(i+1 <xAx<length(@) Aa[x]=0) conura (construciive) 17

Now introduce a backward -Elimination.

"

Key Step #2, continued:

<tengtna
3 Gxaxcter
ati=o0

meger 1
i

ninvi-n
12| <tenginta)
wfatmi=o

"

Key Step #2, continued:

12| <tenginta)

s fatni-o0
A = f—
]

"

Key Step #2, continued: unify

- 800 Unify
15:[|0<i+1Ai+1

16 li=i Type a formula to unify with _B1

17:|[| 81 alil=0

20:|([0<i+1Ai+])

or-lln<istaist

A el IS[E[SEIEEEEIEEIE




"

Key Step #2, continued: use comparison

menu to justify -(a[i] = 0)

[REAUE < <

fosi
s fictengtha)
\: 3x.(i=x Ax<length@)ralx]=0)
7:[ali]+0
s imeger it

o/i<i1 Ai1 <lengtht@)alit}=0

15:[|05i+1 211 <length(@) 3x.(1+1

16:fi=n

\u [t
15| i

191

o

20:[[05i+1 211 <length(a) 3x.(i+1 sxAx<length(@) nalx]=0)

assumption
ams

neim3

neim3

reim3

assumption

assumption

reima

A<BLACBA-B10
ams

neimo

assumption

assumption

Aske-a-87
- eim17.8

conra constructive) 19

"

Key Step #2, concluded:
substitute to j‘t_J“sJ:Ey_a[i] =0

—

(021t <lengthiar .- x<lengthta) alx]-0)ali=0

oa
.

[ ennecinginanata-o

+[imegern

H e p—

wln

i i

Iy <tengihia)
atin-0

"

Status following key step #2

1{3x(02 <

20s 0)

3o=
+fosi

5 i<length(a)
& [3x.(=xAx<lengthi@)ralx|=0)
7

alil=0
s integer i1

o [isi1 Ail <length@aalit}=0
1ofisin

nefienny

12.[i1 <length(a)

13{atin=0

1affi<n

15:[0si+1 Ai+1 <length(a)a 3x.(i+1 sxax<length(@) nalx]=0)

18| ~Gli=0)
1]
20[[0=i+1 4141 <length(@)A 3x.(+1 sxAx<length(@ ralx]=0)

21:{o=:

1711 <length(@)A3x.(i+1 sxAx<length(@ Aa[x]=0)

22:|0i+1 71+ <length(@ A 3x.(i+1 =x Ax<length@Aalx]=0)

assumption

nelim3
aim3

neim3

Aelim3

assumption

assumption
equaly-substtution 16,13
B8 7
~em17.18

contra constructve) 19
Velim 1114151620

3eim65-21

"

Completed Proof (lines 1-15)

1[3x.0xAx<length(@ ralx]=0)
z[0=0

3:[integer i2

s:[osiz
& |i2<length@
7:|[0<length(a)

assumption
obviously
assumption
assumption
eima
Aelims

obviousl. from 6.5

"

17{o=i
18{Ix.(i=xAx<length(@)ralx|=0)
19alil=0

20 [integer i1

21:[ii1 Al <lengtha) ali1}=0
22 fisit

2xfi<it

2411 <length(a)

25:[ali1]=0

26:fi<in

27:[[osi+1

2:[i+1 <length(a)

20/ffi+1si

s0{|i+1 51 Ai1 <length@) ralil]=0
31| 3x.041 2xAx<length@) nalx=0)
32.{|0<i+1 Ai+1 <length(a) 3x.(i+1 sxx<length(a) Aalx]=0)

ati
35:{| ~Gal
sef| L

57.{|0i+1 A1+ 1 <length(@) 3x.(i+1 =xAx<length(a)Aalx]=0)

38{/0<i+17i1+1 <length(@ A 3x.(1+1 xAx<length(@)ralx|=0)

390<i+12i+1 <length(@) A 3x.(1+1 <xAx<length(a) nalx]=0)

Completed Proof (lines 16-39)

assumpion
relim 16

a6

eimis

assumpton

assumption

Aelm21
AcaiAchvA-822
reim21

reim21

assumpion

obviousty, from 17
obviousty, from 26,24
obviousty, from 26

» i 29.24.25

3inwo 30

im0 272831
assumprion
equaliy-substiution 33.2

A

a-p19
eim 3435

conta (constructve) 36

v elim 23.26-32.33-37

3eim1820-38

52{{length(a)-(i+1)<Kmi(i:=i+ 1 flength(a)-i<Km}

&|0<length(@) seim137
Ao 281
10305 [x=0)~0=( <o 19
12:43x -0} consequence(t 10,1
i<length(@) 3x assumption
1 lengtha) Aeimi13
< = = o 1514
"
< 0Aali]+0-0si+1 7141 s 0 -mweiess
A0z 1A+ 41 - 0)i:= -0}
[ B | assumption
44 i<length@@ »elim 3
45 length@@)-i>0 obviusty. rom 44
< (110~ lengtha)-i> o 43-45
47 [integer km assumpton
[os ] assumption
49 lengtha)-i=km helimss
50| length(a)-(i+ ) <km obviousty, rom 49

~ inwro 45-50

\ariable-sssignment

54002 alil+0 do i=i+1 od
{0=ini<length(a) A 3x.(i=xAx <length(a) nalx]=0)A ~(ali|+0)}
o= -0]
~Glil=0)

jatl=0

58 0<ini<length(a) A 3x.(i<x/ x<length(@ nalx]=0) ~(lil+0)~alil=0

alil+0 do it=i+1 od{alil=0}

56

57

50:{3x.(0< <

alil<0 do

52

While 15,62.45,47-53

assumpion
»elmss
AsBi-eB 56

~ o 55-57
consequencelR) 54,55

+1 odfalil=0} euple 12,59

10



