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Recall the while rule

- In order to use the while rule in JAPE, it
IS necessary to supply an invariant, I.

{I AP}S{I}

{I} while(P)S {IA-P}

|



Inferring invariants

. There is no fully general automation for
inferring invariants (as there is for the
weakest pre-condition/assumption for
assignment statements).

- This is one of the things that makes totally
automated verification difficult.

- Finding the right invariant is still a human
intellectual activity.



Using the while rule

- In JAPE, an assertion implying the invariant
(by using the consequent(L) rule) is included
as an assertion before the while, and also
doubly serves as a post-condition for the
preceding statement.

{i=Kinj=KjAi=0}k:=0) |
(What does this | {i=0Ak+ixj=KixKj} T Should imply
code do?) o e the invariant
while i#0 do k:=k+j;i:=i-1 od

{k=KixKj} _ Invariant and
negation of test

should imply this.



Using the while rule

- Before using Jape’s while rule, this setup is
decomposed using Jape’s Ntuple rule.

| Ai=Kirj=KjAi=0}k:=0) PrC_>V€
{i=0Ak+ixj=KixKj} using
assignment rule
{iz0Ank+ixj=KixKj} Prove

2>while i#0 do k:=k+j;i:=i-1 od using
{k=KixKj} while rule
{i=Kinj=KjAi=0}k:=0)

(i O AK-+ix|=KixK[} Ntuple rule used
H{iz0nk+ixj=KixK]

3: Ntuple 1,2

while i#0 do k:=k+j;i:=i-1 od _

{k=KixKj}



"

A proof of a simple program

vi AW

10:
11:

12:
13:
14:

15
16

17:{i=10}while i>0 do i:=i-1 od){i=0}

li=10A1>0
:1i-1=10
(i=10A1>0—-i-1=10

H{i-1=10}i:=i-1){i=10}
Hi=T10AiI>0}(i:=i-1){i=10}
li=10A1>0
[1>0
(i=10A1>0—i>0
:linteger Km
i=10AI>0AI=Km
i-1<Km
i=10AI>0AI=Km—i-1<Km
{i-1<Km}(i:=i-1){i<Km}
{i=10Ai>0AI=Km}(i:=i-1){i<Km}

assumption
obviously

— intro 1-2
variable-assignment
consequence(L) 3,4
assumption

A elim6

— intro 6-7
assumption

assumption

obviously

—intro 10-11
variable-assignment

consequence(L) 12,13

{i=10}while i>0 do i:=i-1 od{i=10A—(i>0)} while 5,8,9-14

(i=10A—=(i>0)—i=0

obviously

consequence(R) 15,16



Subtleties about loop invariants

. Can the following be proved?

1 ly=0Ai=0An=0}j:=T){y=ixirni=nAi=0}
while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=nxn}

Provided:
DISTINCT i, j, n,y



The loop invariant is not strong
enough to enable induction

- This is more likely provable.

| Ay=0Ai=0Anz0}(:=1)}{y=ixiAi=nAiz0Aj=2Xi+1}

Provided:
DISTINCT i, j, n,y



"

- What is M for termination?

| Ay=0Ai=0Anz0}G: =1 {y=ixiAi=nAiz0Aj=2xi+1}
while i<n do y:=y+j:j:=j+2;i:=i+1 od{y=nxn}

Provided:
DISTINCT i, j, n, vy



" A
A Completed Proof (lines 1-24 of 51)

10:

11

ly=0Ai=0An=0

B owoN

:(n=0
ly=ixi

q1=2Xi+1

(ly=iXinisnAiz0A1=2Xi+1

y=0
i=0

i<n
i=0

y=0Ai=0AN=0—-y=iXiAISnAiZ0AT=2Xi+]

Ay=iXini=nAiz0A1=2Xi+1}(j:=1){y=iXiAi=nAi=0Aj=2Xi+1}

Initialization

assumption

Aelim 1

Aelim 1

Aelim 1

obviously, from 3,2
obviously, from 4,3
obviously, from 3
obviously, from 3

A intro 5,6,7,8

—intro 1-9

variable-assignment

12

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

{y=0Ai=0An=0}(j:=1){y=ixirni<nAi=0Aj=2Xi+1}

y=iXiAni=nAiz0Aj=2Xi+1Ai<n
y=iXi

i=0

j=2xi+1

i<n

y+j=(+1)x(i+1)

i+1<n

i+1=0

jH2=2Xx(+1)+1

y+j=>+1)X>[I+DAI+T1=nAT+T1=0Aj+2=2X(i+1)+1

First assignment
in loop body

23: y=iXiAISNAIZ0AJ=2Xi+TAI<N=y+]j=(i+ 1) X[+ 1)AI+T=NAT+1Z0Aj+2=2X(I+1)+]1

consequence(L) 10,11

assumption

Aelim13

Aelim13

Aelim13

Aelim13

obviously, from 16,14
obviously, from 17
obviously, from 15
obviously, from 16

Aintro 18,19,20,21

—intro 13-22

24:{y+j=(i+1)X>{A+DAI+1=nAI+120A]+2=2X(I+ 1)+ THy:=y+j{y=>[+T1)X(i+1)Ai+1=nAi+1=0Aj+2=2X(i+1)+1} variable-assignment



The Completed Proof (lines 25-51 of 51)

25:{y=iXiAnisnAiz0Aj=2Xi+1 Ai<n}(y:=y+){y=>{+1)X({+1)AiI+1=nAi+1=0Aj+2=2X(i+1)+1} consequence(l) 23,24 Other
26:{y=(f+l)x(f+l)/\f+1 sn/\fﬂ ZO/\J.+2=2.X(I+])+.] }(_!I=j+2){.y=.(ljf-])XFI+])/j\I+1 .sn/\|+l =0Aj=2%(i+1)+1} varfable-aSngnment assignments
27:{y=>+ )X+ DA+ =nAT+1Z0A]=2X(I+ 1)+ THi:=i+1){y=iXiAnisnAi=0Aj=2Xi+1} variable-assignment .
28:{y=iXinisnAiz0Aj=2Xi+1 Ai<niy:=y+j;j:=j+2;i: =i+ D{y=iXini=nai=0Aj=2Xi+1} sequence 25,26,27 In |OOp bOdy
29:[y=iXiAi=nAiz0Aj=2Xi+1Ai<n assumption L.

30:[i<n A elim 29 Condition
31:|n-i>0 obviously, from 30 on _M

32: y=iXiAi=nAiZ0Aj=2Xi+1 Ai<n—n-i>0 — intro 29-31

33:|integer Km assumption
34:||ly=iXini=nAiz0Aj=2Xi+TAi<nAn-i=Km assumption

35:|[n-i=Km A elim 34

36:||n-(i+1)<Km obviously, from 35 Termination
37:|y=iXiAi=nAi=z0Aj=2Xi+ 1 Ai<nAn-i=Km—-n-(i+1)<Km ~ intro 34-36 of |00p body
38:|{n—=(i+ 1) <Km}(y: =y+j}{n—-(i+1)<Km} variable-assignment
39:|{y=iXiAni=nAiz=0Aj=2Xi+1 Ai<nAn-i=Km}(y:=y+j){n-(i+1)<Km} consequence(l) 37,38
40:[{n-(i+1)<Km}(j:=j+2){n-(i+1)<Km} variable-assignment
41:[{n-(i+1)<Km}(i: =i+ 1){n-i<Km} variable-assignment
42:{y=ixXini=nAiz0Aj=2Xi+ 1 Ai<nan-i=Km}(y:=y+j;j:=j+2;i:=i+1){n-i<Km} sequence 39,40,41
43:{y=ixXini=nAi=0aj=2xi+1}while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=iXiAni=nAi=0Aj=2Xi+1A=(i<n)} while 28,32,33-42
44:|ly=iXiAISnNAiIZ0Aj=2Xi+1A=(i<n) assumption

45:|y=ixi A elim 44 Exit

46:[i<n A elim 44 consequence
47:|=(i<n) A elim 44

48:|ly=nXxn obviously, from 47,46,45

49
50
51

(Y=IiXiAIENAIZ0Aj=2Xi+ T A=(i<n)—y=nXn
Hy=ixXinisnaiz0aj=2Xi+1}while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=nxn}
H{y=0Ai=0An=0}(j:=1){y=ixXini=nAi=0Aj=2Xi+1}while i<n do y:=y+j;j:=j+2;i:=i+1 od{y=nxn}

— intro 44-48
consequence(R) 43,49
Ntuple 12,50



Verifying Array Programs

- Arrays present extra challenges and
Interesting issues.

. A useful dichotomy:

Programs with read-only arrays
Programs with modifiable arrays



Array Mathematics

- An array can be treated as a function:

It maps indices into values.

e.g. a 1-dimensional array with dimension 10
maps {0, ..., 9} into values of the type stored in the array.

ali] is the value of this function with argument I

- Because several indices can have the same
value, arrays are more susceptible to variable
aliasing, e.qg.

| :=5;3)=6-1; a[j] = ali]+1



Read-Only Array Example

This program sets j to the last index i such that a[i] = 0.
The array is assumed to be indexed 0..n-1.
If there is no such value, it leaves j at its initial value n.

{n =0 A length(a)=n}
i 1= 0;
ji=n;
while i < n
do

if al[i] = 0 What invariant do we need?

thenj:=i
else skip
fi
| 1= 1+1
od

{j<n—a[j] = 0}




Read-Only Array Example

This program sets j to the last index i such that a[i] = 0.
The array is assumed to be indexed 0..n-1.
If there is no such value, it leaves j at its initial value n.

: : program . .
assumption Invariant
, :{nzOAIength(a)=n{(i:=0;j:=nﬂ{isn/\izO/\Iength(a)=n/\(j<n—~a[j]=0)}

ENhiIe i<n do if a[i]=0 then j:=i else skip fi;i:=i+1 od}(j<n—-a[j]=0}
expectation

Provided:
DISTINCT a, i, j, n
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Read-Only Example (lines 1-15)

1:|n=0Alength(a)=n
2:n=0
3:|length(a)=n
4:/0=n

5:/0=0

6:/|ln<n
7.l L
8:/la[n]=0

9:|n<n—aln]=0

10:/0=nA0=0xlength(a)=nA(n<n—a[n]=0)

11:n=0xlength(a)=n—-0=<nA0=0Alength(a)=nA(n<n—a[n]=0)
12:{0=nA0=0xlength(a)=nA(n<n—a[n]=0)}(i:=0){i=nAi=0Alength(a)=nA(n<n—a[n]=0)}
13:{n=0Alength(a)=n}(i:=0){i=nAi=0Alength(@a)=nA(n<n—a[n]=0)}
14:{i=nAiz0Alength(@)=nA(n<n—a[n]=0)}(j:=n){isnAiz0Alength(@)=nA(j<n—a[j]=0)}
15:{n=0Alength(a)=n}(i:=0;j:=n){i=nAi=0Aalength(a)=nA(j<n—a[j]=0)}

assumption
Aelim1

Aelim1
A<B2B=zA 2
obviously
assumption
obviously, from 6

contra (constructive) 7

— intro 6-8

Aintro 4,5,3,9

—intro 1-10
variable-assignment
consequence(L) 11,12
variable-assignment

sequence 13,14



"
Read-Only Example (lines 16-37)

16:
17:
18:
19:
20:

21:
22:
23:

24:
25:

26:
27:

28:

29:
30:
31:
32:
33:
34:
35:
36:

37:

i=nAiz0alength(@)=nA(j<n—a[j]=0)Ai<n
i=0

length(a)=n

j<n—a[jl=0

i<n

afi]=0

i+1=<n

i+1=0

i<n
ali]=0

i<n—ali]=0
i+1=<nAi+1=0alength(a)=nAa(i<n—ali]=0)

a[i]=0—i+1=nAi+1=0Alength(a)=nA(i<n—ali]=0)
—(a[i]=0)
i+1<n

i+1=0
i+1<nAi+1=0xalength(a)=nA(j<n—al[j]=0)

—([i]=0)—i+1=nAi+1=0xalength(@)=nA(j<n—a[j]=0)
O=<i
i<length(a)

@[il=0—i+1=nAi+1=0alength(a)=nA(i<n—ali]=0)) A(—=(a[i]=0)—i+1=nAi+1=0Aalength(a)=nA(j<n—al[j]=0)) A0<ini<length(a)

i=naiz0alength(a)=nA(j<n—a[jl=0)Ai<n
—(a[i]=0—i+1=nAi+1=0alength(@)=nA(i<n—a[i]=0))A(=(a[i]=0)—i+1=<nAi+1=0xlength(@)=nA(j<n—a[j]=0)) A0 <iri<length(a)

assumption
Aelim16
Aelim16
Aelim16

Aelim16

assumption
obviously, from 20
obviously, from 17
assumption

hyp 21

— intro 24-25
Aintro 22,23,18,26
—intro 21-27
assumption
obviously, from 20
obviously, from 17
Aintro 30,31,18,19
— intro 29-32
obviously, from 17
obviously, from 20,18

Aintro 28,33,34,35

— intro 16-36



"

Read-Only Example (lines 38-47)

38:{i+1=nAi+1=0Alength(a)=nA(i<n—ali]=0)}(:=i){i+1=<nAi+1=0Alength(a)=nA(j<n—a[j]=0)}

39:{i+1=nAi+1=0xlength(a)=nA(j<n—al[jl=0)}skip{i+1=<nAi+1=0xlength(a)=nA(j<n—a[j]=0)}

40:{(a[i]=0—~i+l =nAi+1=z0alength(@)=na(i<n—ali]=0))A(=(a[i]=0)—i+1=nAi+1=0Alength(a)=nA(j<n—a[j]=0)) A0<iai<length(a)}
if a[i]=0 then j:=i else skip fi{i+1<nAi+1=0Alength(a)=nA(j<n—a[j]=0)}

41:{i=nAi=0xlength(a)=nA(j<n—al[jl=0) Ai<n}if a[i]=0 then j:=i else skip fi{i+1<nAi+1=0Alength(a)=nA(j<n—a[j]=0)}

42:{i+1=nAi+1z0nalength(@)=nA(j<n—a[j]=0)}(i:=i+1){isnAi=0Alength(a)=nA(j<n—al[j]=0)}

43:{i=nAi=0alength(@)=nA(j<n—a[j]=0)Ai<n}(if a[i]=0 then j:=i else skip fi;i:=i+1){i=nai=0Alength(@)=nA(j<n—a[j]=0)}

44:|lisnAiz0alength(@)=nA(j<n—a[j]=0)Ai<n
45:i<n
46:|n-i>0

47:i=nAiz0alength(a)=nA(j<n—alj]=0)Ai<n—n-i>0

variable-assignment

skip

choice 38,39

consequence(L) 37,40
variable-assignment

sequence 41,42

assumption
A elim 44

obviously, from 45

— intro 44-46
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Read-Only Example (lines 48-74

48:

49:
50:
51:
52:

53:
54:

55:

56:
57:

58:
59:
60:
61:

62:
63:
64:
65:
66:
67:
68:

69:

70:
71:

72:

73

74:{n=0Alength(a)=n}i:=0;j:=n)}{i=nAi=0Alength(a)=nA(j<n—a[j]=0)}while i<n do if a[i]=0 then j:=i else skip fi;i:=i+1 od{j<n—a[j]=0}

integer Km

i=naiz0alength(a)=na(j<n—a[j]=0)Ai<nAn-i=Km
i=0

i<n

n-i=Km
afi]=0
n-(i+1)<Km

afi]l=0—n-(i+1)<Km
—(a[i]=0)
n-(i+1)<Km
=(@[i]=0)—n-(i+1)<Km
O<i

i<length(a)

@[i]=0—n-(i+1)<Km)A(=([i]=0)—n-(i+1)<Km)A0<iri<length(a)

i=naiz0Aalength(@)=nA(j<n—a[j]=0)Ai<nAan-i=Km—(a[i]=0—n-(i+1)<Km)A(=(a[i]=0)—n-(i+1)<Km)A0=<iri<length(a)
{n-(i+1)<Km}(j:=i}{n-(i+1)<Km}

{n-(i+1)<Km}skip{n-(i+1)<Km}

{@[i]=0—n-(i+1)<Km)A(=(a[i]=0)—n-(i+1)<Km)A0=<iai<length(a)}if a[i]=0 then j:=i else skip fi{n-(i+1)<Km}
{i=nai=z0alength(@)=nA(j<n—al[j]=0)Ai<nAn-i=Km}if a[i]=0 then j:=i else skip fi{n-(i+1)<Km}

assumption
assumption
A elim 49
A elim 49

A elim 49

assumption

obviously, from 52
— intro 53-54

assumption

obviously, from 52

— intro 56-57
A<B2B=A 50
obviously, from 51

A intro 55,58,59,60

— intro 49-61
variable-assignment
skip

choice 63,64
consequence(L) 62,65
variable-assignment

sequence 66,67

assumption

Aelim 70

— intro 70-71

{n=(i+1)<Km}i:=i+1){n-i<Km}

{i=naiz0alength(@)=nA(j<n—a[jl]=0)Ai<nan-i=Km}(if a[i]=0 then j:=i else skip fi;i:=i+1){n-i<Km}

{i=naiz0alength(@)=nA(j<n—a[jl=0)}while i<n do if a[i]=0 then j:=i else skip fi;i:=i+1 od{i=snAi=0Alength(a)=nA(j<n—a[j]=0)A—(i<n)} while 43,47,48-68
i=nAi=0Aalength(@)=nA(j<n—a[j]=0)A—(i<n)

j<n—a[j]=0

i=naiz0Aalength(@)=nA(j<n—a[jl=0)A—-(i<n)—j<n—a[j]=0
{i=nAaiz0alength(a)=nA(j<n—al[jl=0)}while i<n do if a[i]=0 then j:=i else skip fi;i:=i+1 od{j<n—a[j]=0}

consequence(R) 69,72

Ntuple 15,73



Quantifiers

- Quantifiers are handy representing
information about arrays, e.g.

. Vi (0 <i)a(i<n))—a[i-1] < a[i]

. 3 ((0 < i) A (i <n)aali] =0)



Quantifier Example

assumption program
.. 13x.(0=xAx<length(a) Aa[x]=0) program
{Osi/\i<|ength(a)/\3x.(iSXAx<Iength(a)/\a[x]=0)[whi|e ali]#0 do i:=i+1 od}a[i]=0}
invariant expectation

This program assumes there is an array element having value 0.
It returns an index of such a value.

This is from the JAPE “factory samples”.
Will the invariant do the job?



Subtleties with Array Programs

{Ix.(0=xax<length(a)ra[x]=0)}(i:=0)
{O=<ini<length(a)A3Ix.(i=sxAax<length(a) Aa[x]=0)}while afi]+0 do i:=i+1 od{a[i]=0}

Look at part of the invariant here.
Note that the lower bound on x is a function of the index i.

This is important, because it says that the element such
that a[x] = 0 is yet to be found.

We need this invariant to prove termination.
The loop test will stop when a[i] = 0.

The expansion order is tricky.



Quantifier Example Proved

- Things go pretty routinely, until this ...

|0<iAi<length(a)A3dx.(isxAx<length(a)Aa[x]=0)Aal[i]+0
O<i

i<length(a)

dx.(i=xAx<length(a)Aa[x]=0)

-la[i]=0

g 9 U » W

8:[0<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a)Aa[x]=0)

How do we get i+1<length(a)?



J-elimination to the rescue

|0<iAi<length(a)Adx.(isxAx<length(a)Aa[x]=0)Aa[i]#+0
10<i

| PSSO

-la[i]=0

N O v W

8:|linteger i1, i<il Ail <length(a)Aa[i1]=0

9:[|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)

10:[0<i+1Ai+1<length(a)Adx.(i+1<xAx<length(a)Aa[x]=0)




"

Now case analysis

B A B

|0<iAi<length(a)Adx.(isxAx<length(a)Aa[x]=0)Aa[i]+0

O<i
i<length(a)
dx.(i=xAx<length(a)Aa[x]=0)

-1a[i]=0

integer il, i<il Ail <length(a)Aalil]=0

li<i1 |

10:
11:

12:

13:

i1 <length(a)
alil]=0

O<i+1Ai+1<length(a)A3dx.(i+1=<xAx<length(a)Aa[x]=0)

O<i+1Ai+1<length(a)Adx.(i+1<xAx<length(a)Aa[x]=0)




Setting up for case analysis

O<iAi<length(a)A3dx.(isxAx<length(a)Aa[x]=0)Aa[i]+0
O<i
i<length(a)

dx.(i=xAx<length(a)Aa[x]=0)

ali]#0

integer il, i<il Ail <length(a)Aalil]=0
9:||i<il

10:|[i1 <length(a)

11:||a[i1]=0

12:[i<i1vi=il ] from 9

NS e Ww

o

13:|[0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

14:[0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)




"

Strategy: v-Elimination

w

O<ini<length(a)A3x.(i=xAx<length(a)Aa[x]=0)Aa[i]+0
O<i
5:|i<length(a)

»

6:|Ix.(i=xAx<length(a)Aa[x]=0)

7:|ali]=#0

8:||integer i1, i<il Ail <length(a)Aalil]=0
9:|li=<il

10:|[i1<length(a)

11:||a[i1]=0

12:||i<il vi=il

13:]|]i<il

14:|[|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) Aa[x]=0)

15:]||i=i1

16:(||0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)

17:/|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)

18:|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)




" S
Upper branch: 3-introduction

12:|li<iT Vi=il

13:[|[i<il
14:][|0<i+]1
15:(||i+1<length(a)

16: [3x.(i+lsX/\x<Iength(a)Aa[x]=O)]

17:][|0<i+1Ai+1<length(a)AIx.(i+1 <xAx<length(a)Aa[x]=0)




"

Upper branch closure

(¥,]

10:
11:
12:

13:
14:
15:
16:
17:
18:
19:

SHwW

O<iai<length(a)A3dx.(i=sxAx<length(a)Aa[x]=0)Aa[i]+0
O<i

i<length(a)

dx.(isxAx<length(a)Aa[x]=0)

ali]=0

integer il, i<il Ail<length(a)Aa[i1]=0
i<il

i1<length(a)

alil]=0

i<ilvi=il

i<il

O<i+1

i+1<length(a)

i+1<il
i+1=<ilAil<length(a)Aalil]=0
dx.(i+1=<xAx<length(a)Aa[x]=0)

O<i+1Ai+1<length(a)A3dx.(i+1=<xAx<length(a)Aa[x]=0)
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Lower branch

:|0<ini<length(a)Adx.(isxAx<length(a)Aa[x]=0)Aa[i]+0
10<i

5:|i<length(a)

6:[Ix.(i=xAx<length(a)Aa[x]=0)

7:1ali]=0

Hw

8:|integer i1, i<il Ail <length(a)Aa[il]=0
9:[|i<il

10:|[i1<length(a)

11:[|ali1]=0

12:||i<ilvi=il

13:||[i<il

Collapsed detail

14:([[0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)

15:]||i=i1

16:}||0<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a)Aa[x]=0) ]
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12:
13:
14:
15:
16:

Closure of lower branch

-|a[i]=0

integer il, i<il Ail<length(a)Aalil]=0
i<il

alil]=0

i<ilvi=il

i<il
O<i+1Ai+1<length(a)A3dx.(i+1=<xAx<length(a)Aa[x]=0)

i=il

ali]=0

—(a[i]=0)

1
O<i+1Ai+1<length(a)A3dx.(i+1=<xAx<length(a)Aa[x]=0)

A elim3

assumptions
A elim6.2
A elim 6.2

A<B2A<BvA=B7

assumption

{cut}

assumption
equality-substitution 12,8
A+B2-(A=B) 5

- elim13,14

contra (constructive) 15
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14:
15:
16:
17:

18:
19:
20:
21:
22:

23:
24:
25:
26:
27:
28:
29:

30:
31:
32:
33:
34:

35:

36:

O<iAai<length(a)A3dx.(i=xAx<length(a)Aa[x]=0)Aa[i]+0
O<i

dx.(isxAx<length(a)Aa[x]=0)

ali]+0

integer il, i<ilAil<length(a)Aalil]=0
i<il

i1<length(a)

ali1l]=0

i<ilvi=il

i<il
O<i+1
i+1<length(a)

i+1=<il

i+1=<i1Ail<length(a)Aalil]=0
dx.(i+1=<xAx<length(a)Aa[x]=0)
O<i+1Ai+1<length(a)A3dx.(i+1<xAx<length(a)Aa[x]=0)
i=il

ali]=0

—(a[i]=0)

1

O<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a)Aa[x]=0)

O<i+1Ai+1<length(a)Adx.(i+1=<xAx<length(a)Aa[x]=0)

O0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a)Aa[x]=0)




Modifiable Arrays

- Arrays are like functions

- Assigning to an array element is like creating
a new function.

- The new function differs from the old in that
one element may be different from before.

- Jape Notation: a®i—v is the array that is like
a except that the value of a[i] is v.
. So (a®i—v)[i] = v, and
(a®i—vV)[j] = a[j] if j = i.



Jape’s Indexing rules

- (a®i—v)[i] = v, and
(a®@i—V)[j] = a[j] if j = 1.

Two rules below capture the two cases preceding.

The first rule simplifies an array modification expression when the

index of the new array is provably the same as the index to which
assignment was done.

The second rule simplifies in the case of a different index.
The buttons indicate the direction of substitution.

N N ™

Indexing
FROM E=G INFER (A®E—F)[G]=F
FROM E+G INFER (A®E~F)[G]=A[C]

{A - ’ [ - BJ




Array Bounds Guarantees

- If an array index value is used in an assumption, the same
index value can be used later on without requiring a bounds
check.

- Sub-formula select a hypothesis using the desired index.

t Backward Forward Programs m Window Help

®00 g A= B
\ A=
.=B
1:|afi]=2 assumption
obviously

2| @@iv-alil+ iil=3

3:0<i

4:li<length(a)
s5:|(asi—ali]+1)[i]=3A0<ini<length(a) Aintro 2,3,4

® 00 fali]=2}(ali]:=ali]+ 1){ali]=3}
Result: [

2:|0=<ini<length(a) bounded 1

assumption



Using the Array Rule

- Make sure the entire array sub-expression is sub-
formula selected.

. It should match the form in the rule in the menu:

®00 {ali]=2}alil:=ali]+ 1)}{ali]=3}

1:|afi]=2 e | ____assumption

2:|0<ini<length(a) —— ——————F— Here we |dent|fy:
3:|0<i FROM E+G INFERSRmT= = .

\4: i<length(a) A Wlth a
s:|(@a@i—ali]+1)[i]=3 p E Wlth I
6:|(@@i—a[i] + 1)[i]=3A0<iAi<length(@ Aintro 5,34 F with a [|] +1
7:ali]=2—(asi—ali]+1)[i]=3A0<iai<length(a) — intro 1-6 . .
8:{(asi—ali]+1)[i]=3A0=<ini<length(a)}(a[i]: =a[i]+ 1){a[i] =3} array-element-assignment [G ] Wlth [ I ]
9:{a[i]=2}ali]:=ali]+ 1){a[i]=3} consequence(L) 7,8 (SO E = G) .




Using the Equality Rule

« Two selections and a sub-formula selection
are needed:

Selection an equality hypothesis and a goal.
Sub-formula select an instance of the LHS of the equality.

hyp ] : Backward Forward Programs [R{rTl Window Help
\_:_ 00 . A=A -
A= |
1:(afi]=2 ..=B assumption
2:|0<ini<length(a) obviously bounded 1
iInstances:|o<i boundedness from (in)equality A elim 2

:li<length(a) A elim 2

/TY| -ali]+1)[i]=3 FROM E=G INFER (A®E—F)[... 5
goal



Result of the Equality Rule

5:2+1=3

6:|ali]+1=3 equality-substitution 1,5
7:|(@sdi—alil+1)[i]=3 FROM E=G INFER (A®E—~F)[G... 6
8:[(@asi—ali]+1)[i]=3r0=<ini<length(a) A intro 7,3,4
9:afi]=2—(asi—ali]+1)[i]=3A0=<ini<length(a) —~ intro 1-8

10: {(a@i—ali]+1)[i]=3A0=<ini<length(a)}a[i]:=a[i]+ 1){a[i]=3} array-element-assignment
11:{ali]=2}ali]:=ali]+1){a[i]=3} consequence(L) 9,10

The top simple equation
can be justified by “obviously”.
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Summary: Jape proof with array modification

1:|afi]=2 inf in-b g assumption
2:|0=<ini<length(a) - Inrers in- Ol’_m S bounded 1

. from usage in 1. _
3:(0<i A elim 2
4:li<length(a) A elim 2
5:12+1=3 - A=... rule obviously
6:|ali]+1=3 index equality-substitution 1,5
7:[(@a®i—a[i]+1)[i]=3 _ rule FROM E=G INFER (A®E—~F)[G])=F 6
8:[(asi—ali]+1)[i]=3A0=<ini<length(a) A intro 7,3,4
9:ali]=2—(asi—ali]+1)[i]=3A0=<ini<length(a) — intro 1-8

10: {(asi—ali]+1)[i]=3A0=<iri<length(a)}(a[i]:=a[i]+1){a[i] =3} array-element-assignment
11:{ali]=2}ali]:=a[i] + 1){a[i]=3}

consequence(L) 9,10

statement



How to get these rules to work in the GUI
(It isn’t so obvious.)

- Looking at the 2nd provided array program
example, we use sequence, then array-
assignment twice (from the bottom up) to get

to this point:

® 00 {ali]=0}alil:=ali]+ 1;a[i]:=ali] + 1){ali]=2} [1]

1:ai]=0—(asi—ali]+1@i—(asi—ali]+1)[i]+1)[i]=2A0=<iai<length(a)

- {@ei—ali]+1si—(asi—ali]+1)[i]+1)[i]=2A0=<inri<length(a)} array-slement-assignment
@[il:=ali]+ DH{(asi—ali]+1)[i]=2A0=<inri<length(a)}

3:{ali]=0}alil:=ali]+ DN{(asi—ali]+1)[i]=2A0=<inri<length(a)} consequence(L) 1,2

4:{(asi—ali]+1)[i]=2A0=<ini<length(a)}@[i]:=a[i] + 1){a[i]=2} array-element-assignment

s:{a[i]=0}alil:=ali]+1;a[i]:=a[i]+ 1){a[i]=2} sequence 3,4

Provided:
DISTINCT a, i




4:
5:

How to use GUI (continued)

—Introduction and aAlntroduction:

-|a[i]=0
((asdi—alil+1ai—(asi—alil+ 1)[i]+1)[i]=2

10=i

i<length(a)
(asi—alil+1si—(adi—ali]+1)[i]+1)[i]=2A0=<ini<length(a)

- The top line is pure logic, so we expand using

assumption

Aintro 2,3,4

6: a[i]=0—(asi—ali]+1@i—(adi—ali]+1)[i]+1)[i]=2A0=<iri<length(a) — intro 1-5



How to use GUI (continued)

We then conclude the two array index bounds (lines 4, 5)

by A Elimination, giving:

1:1afil=0

2:[(@si—ali] +1@i—(a®i—ali]+1)[i]+1)[i]=2
3:[{0<ini<length(a)

4:10<i
5:li<length(a)
6:|(@a@i—ali]+1@i—(asi—ali]+ 1)[i]+ 1)[i]=2A0=<isi<length(a)

assumption

bounded 1
A elim 3
A elim 3

Aintro 2,4,5
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How to use GUI (continued)

-  We are left with a nested array-modification expression. Carefully
sub-formula select the outer array-modification and apply the rule
shown (since we have a®i— ...[i]). Do not have anything else

(such as a goal) selected.
{ali]=0}a[i]:=ali]+ 1;a[i]:=ali]+ 1{a[i]=2} [1]

800 i
FROM E=G INFER (A®E—F)[G]=F

D)
D
)

FROM E+G INFER (A®E—F)[G]=A[G]
1:(afi]=0
2:|(asi—alil+1&i—(asi—ali]+ 1)[i]+1)[i]=2 4
giving: j,
1:(afi]=0 assumption

2:|(@asi—ali]l+1)[i]+1=2
3:|(adi—ali]+1®i—(asi—ali]+1)[i]+1)[i]=2 FROM E=G INFER (A®E—F)[G]=F 2




"
How to use GUI (continued)

- Repeat the preceding process on the new formula:

® 00 ' {ali]=0al[i]:=ali]+ 1;a[i]: =ali]4 i

FROM E+G INFER (A®E~F)[G]=A[C]

1: a[i]=‘(/ /
A=..1|...=B

2:|(@si—ali]+1)[i]+1=2 Y

3:|(asdi—ali]+1&i—(asi—ali]+1)[i]+1)[i]=2 , FROM E=G INFER (A®E~F)[G]=F 2
giving: j,

1:|afi]=0 assumption

2:|afi]+1+1=2
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How to use GUI (continued)

- Alternatively we could have selected the inner modification
expression first:

rm—ﬂﬂﬁ_
.
:|a[i]=0

FROM E+G INFER (A®E~F)[C]=A[C]

2:|(asi—ali]l+1si—(asi—ali]+1)[i]+1)[i]=2
3:|0<ini<length(a)

giving: j,

1:|afi]=0 assumption

2:|(@si—ali]+1si—ali]+1+1)[i]=2
3:[(adi—ali]+1®i—(adi—ali]+1)[i]+1)[i]=2 FROM E=G INFER (A®E—~F)[G]=F 2
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How to use GUI (continued)

- (Note that this is different from two slides ago).
Then simplify that result:

1

2:
3:
4:

:|afi]=0

(asi—ali]+1&i—ali]+1+1)[i]=2
(awi—ali]+1&i—(adi—ali]+ 1)[i]+1)[i]=2

O<ini<length(a)

giving (as before): j,

1

FROM E=GC INFER (A®E~F)[C]=F

FROM E+G INFER (A®E—F)[G]=A[C]

:|a[i]=0

Jali]+1+1=2
(@asi—ali]+1si—ali]+1+1)[i]=2

|(@ei—alil+1ei—(asi—ali]+1)[i]+1)[i]=2

assumption

F)[G]=F 2

FROM E=GC INFER (A®E~F)[C]=F 2
FROM E=G INFER (A®E~F)[C]=F 3



How to use GUI (continued)

- Use plain equality substitution to simplify the new goal. Note that
both the goal and the equation defining the substitution are
selected, and the sub-formula for which substitution is to occur is
sub-formula selected (3 selections).

pe File Edit ackward Forward Programs m Window Help

®00 alil=0}d A=A i
“j g A=
1:[alil=0 -8B ssumption
obviously
2: a[|]+l +l 2
boundedness from (in)eauality

\
giving: 1

1:/afi]=0 assumption

2:|10+1+1=2
3:|afi]l+1+1=2 equality-substitution 1,2
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Consecutive Array Modification

1:1afi]=0

0+1+1=2

alil+1+1=2

(asdi—ali]+1)[i]+1=2
s:[(asdi—ali]+1si—(asi—ali]+1)[i]+1)[i]=2

HwWwN

O<ini<length(a)

0<i

i<length(a)
(aei—ali]+1&i—(asi—ali]+1)[i]+1)[i]=2A0<iri<length(a)

v % N O

10: a[i]=0—(asdi—a[i]+1&i—(@si—ali]+1)[i]+1)[i]=2A0=<iri<length(a)

1 {@ai—ali]+1s&i—(asi—ali]+1)[i]+1)[i]=2A0<ini<length(a)}
@[i]:=ali]+ H{@ai—ali]+ 1)[i]=2A0=<iri<length(a)}
12:{ali]=0}al[i]:=ali]+ {(asi—a[i]+1)[i]=2A0=<iri<length(a)}
13:{(asi—a[i]+1)[i]=2A0<ini<length(a)}a[i]:=a[i] + 1){a[i] =2}
14:{a[i]=0}a[i]:=a[i]+1;a[i]:=a[i]+ 1P{a[i]=2}

original program

Provided:
DISTINCT a, i

assumption

obviously

equality-substitution 1,2

FROM E=G INFER (A®E~F)[G]=F 3
FROM E=C INFER (A®E~F)[G]=F 4
bounded 1

A elim 6

A elim 6

Aintro 5,7,8

— intro 1-9
array-element-assignment
consequence(L) 10,11

array-element-assignment

sequence 12,13



The following are more detail on an earlier example.

{Ix.(0=xax<length(a)ra[x]=0)}(i:=0)
{O=<ini<length(a)A3Ix.(i=sxAax<length(a) Aa[x]=0)}while afi]+0 do i:=i+1 od{a[i]=0}

- Look at part of the invariant here.

- Note that the lower bound on x is a function of the
index i.

- This is important, because it says that the element
such that a[x] = 0 is yet to be found.

- We need this invariant to prove termination.

- The loop test will stop when a[i] = 0.

« The expansion order is tricky.
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Key Step #1: Spliti < il

2: 0<ini<length(a)A3x.(i=xax<length(a)ra[x]=0)—0<iri<length(a)

3:|0<ini<length(a)A3x.(i=xAax<length(a)ra[x]=0)Aa[i]=0 assumption
4:10<i A elim 3

5:|i<length(a) = A elim 3
6:[IX.(i=xax<length(a)ra[x]=0) A=B2B=A A elim 3

. A=B2-(A+B)

7:1a[i]=0 A“BEBIA A elim 3
8:|linteger il :zi;::m assumption
9:[|i<ilail<length(a)Aalil]=0 assumption

.. A<B2BzA .

10:][i<il Aelim9
11:]|i<il vi=il A<B2A<BVA=B 10
12:||i1 <length(a) Aelim 9
13:]|af[i1]=0 Aelim9
14:(|0<i+1Ai+1<length(@)A3x.(i+1=xAx<length(a)ra[x]=0)
15:{0<i+1Ai+1<length(a)A3x.(i+1<=xAx<length(a)ra[x]=0) Jelim 6,8-14
16: O=<ini<length(a)A3dx.(i=xax<length(a)ra[x]=0)ral[i]#0 ~ Intro 3-15

—-0=<i+1Aai+1<length(a)A3x.(i+1=xax<length(a)ra[x]=0)

Then use vElimination.




10:
[1:
2:
[3:

|7:
| 8:

|ali]=0 <«

Key Step #2:

Aim for a contradiction in the i

‘|linteger il
|liil Ail<length(a)aalil]=0

i<il

i<ilvi=il
i1 <length(a)
afil]=0 =

i<il

]|0<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a) Aa[x]=0)

i=i1 <

1 <

O<i+1Aai+1<length(@)a3x.(i+1<xAx<length(a)aa[x]=0)

11 case.

A elim 3

assumption
assumption
Aelim9
A=<B2A<BvA=B 10
Aelim9

Aelim9

assumption

assumption

contra (constructive) 17

Now introduce a backward -Elimination.



Key Step #2, continued:

P00 wintro
A intro (all at once)

intro (one step) b .
1:{Ix.(0=xAx<ler f, intro (makes assumption) [@)AIx.(i=sxax<length(a)ra[x]=0)}

o v intro (preserving left)
:0<i

2 i<length(a] v intro (preserving right) lini<length(a)
— - intro (makes assumption A)
3:|0<ini<length(a v intro (introduces variable) 1+0 assumption
. 3 intro (needs formula) .

4:|10<i truth Aelim 3

5:|i<length(a) contra (classical; makes assumption —A) A elim 3

6:|Ix.(i<xAx<len contra (constructive) Aelim 3

i = elim (invents formulae)
7:|a[i]=0 Aelim 3
———————— hyp —

8:[|integer il assumption

9:|li<il Ail <length(a)Aa[i1]=0 assumption
10:||i<il Aelim9
11:||i<iTvi=il A=B2A<BVA=B 10
12:||i1 <length(a) Aelim9
13:||a[i1]=0 Aelim9
14:||[i<i] assumption
15:{[|0<i+1Ai+1<length(a) A3x.(i+1<=xAx<length(a) ra[x]=0)
16:||[i=i1 assumption
17: H
18:[[|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) ra[x]=0) contra (constructive) 17




Key Step #2, continued:

P00 wintro
A intro (all at once)

intro (one step) b .
1:{Ix.(0=xAx<ler f, intro (makes assumption) [@)AIx.(i=sxax<length(a)ra[x]=0)}

o v intro (preserving left)
:0<i

2 i<length(a] v intro (preserving right) lini<length(a)
— - intro (makes assumption A)
3:|0<ini<length(a v intro (introduces variable) 1+0 assumption
. 3 intro (needs formula) .

4:|10<i truth Aelim 3

5:|i<length(a) contra (classical; makes assumption —A) A elim 3

6:|Ix.(i<xAx<len contra (constructive) Aelim 3

i = elim (invents formulae)
7:|a[i]=0 Aelim 3
———————— hyp —

8:[|integer il assumption

9:|li<il Ail <length(a)Aa[i1]=0 assumption
10:||i<il Aelim9
11:||i<iTvi=il A=B2A<BVA=B 10
12:||i1 <length(a) Aelim9
13:||a[i1]=0 Aelim9
14:||[i<i] assumption
15:{[|0<i+1Ai+1<length(a) A3x.(i+1<=xAx<length(a) ra[x]=0)
16:||[i=i1 assumption
17: H
18:[[|0<i+1Ai+1<length(a)A3x.(i+1<xAx<length(a) ra[x]=0) contra (constructive) 17
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Key Step #2, continued: unify

15:|[0<i+1Ai+]

—

16:1lli=i1 Type a formula to unify with _B1

17:{|(-B1 afi]=0

i il SIS EEECEIEEE

20:[|[0<i+ 1 Ai+1]

21-1N<i+1 Al
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Key Step #2, continued: use comparison

menu to justify -(a[i] = 0)

1:{Ix.(0=xax<length(a) ra[x]=0)}i:=0){0<ini<length(a) AIx.(i=xAx<length(a) na[x]=0)}

2: 0<ini<length(a) Adx.(i=sxax<length(a)aa[x]=0)—0<iai<length(a)

3:|0<ini<length(a)A3x.(i=xax<length(a)ra[x]=0)Aa[i] =0 assumption
4:(0<i i A elim 3
5:[i<length(a) e A elim 3
) A=B2—(A+B)

6:[Ix.(i=xAax<length(a)ra[x]=0) A<BAB2A . Aelim3
7:|a[i]#0 A+B2-(A=B) ' Aelim3

. ) A<B2B>A ' )
8:||integer il assumption

A=B2A<BvA=B

9:||i<ilAil <length(a)Aa[il]=0 A<BAB=A assumption
10:||i<il A=B£—(A>B) Aelim9
1:{li<il vi=il A=BEA<BH] A<B2A<BVA=B 10

. A+1<B2A<B
12:(|i1 <length(a) A=BE—(A<B) Aelim9
13:{|afi1]=0 A=B2A>B-1 Aelim9

o A-1=B2A>B v )
14:|||i<il assumption
15:(||0<i+1Ai+1<length(@A3x.(i+1=X
16:||[i=i1 assumption

\17: ali]=0

18:{|| —(a[i]=0) A+B2-(A=B) 7
19:(|| L -elim17,18
20:|[|0<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a)ra[x]=0) contra (constructive) 19




Key Step #2, concluded:
a[i] =0

obviously

boundedness from (in)equality

1:{3x.(0=xAx<length(a) rna[x]=0)}(i:=0){0<iri<length(a)AIx.(i=x Ax<length(a) na[x]=0)}

2: 0<ini<length(a)A3Ix.(i=xax<length(a)ra[x]=0)—0<isi<length(a)

3:|0<ini<length(a)A3x.(i=xAx<length(a)ra[x]=0)Aa[i]+0 assumption
4:|0<i Aelim3
s:|li<length(a) Aelim3
6:|3Ix.(i=xax<length(a)aa[x]=0) Aelim 3
7:|a[i]=0 Aelim 3
8:||integer il assumption
9:|[i<il Ail <length(a)Aaali1]=0 assumption
10:||i<il A elim 9
11:||i<ilvi=il A<B2A<BVA=B 10
\vxﬂdength(a) Aelim9
13:(|afil]=0 Aelim 9
T4:(l{i<i] assumption
15:||[0<i+1Ai+1<length(a)A3x.(i+1=xAx<length(a)ra[x]=0)
\>16: i=il assumption
18: ||| —~(ali]=0) A+B2-(A=B) 7
19:]|| L -elim17,18
20:|[|0<i+1Ai+1<length(a) A3x.(i+1=xax<length(a)ra[x]=0) contra (constructive) 19




"

Status following key step #2

1:{Ix.(0=xax<length(a) ra[x]=0)}i:=0){0=<iri<length(a) AIx.(i=xAx<length(a) ra[x]=0)}

vi bW

16:
17:
18:
19:
20:
21:

22:

:0=<ini<length(a)A3x.(isxax<length(a) Aa[x]=0)—0<isi<length(a)

:|0<ini<length(a)A3x.(i=sxax<length(a)ra[x]=0)Aa[i]+0
0<i

:li<length(a)

|Ax.(i=xax<length(a)ra[x]=0)

:|afi]=0

:||linteger il

:|li<il Ail<length(a)salil]=0
il

Hli<iTvi=il

:|li1 <length(a)

||ali1]=0

i<il

0<i+1Ai+1<length(a)A3x.(i+1=xAx<length(a)Aa[x]=0)

i=il
ali]=0
—(a[i]=0)
1

0<i+1Ai+1<length(a)A3x.(i+1=xAx<length(a) ra[x]=0)

0<i+1Ai+1<length(a)A3x.(i+1=xax<length(a) ra[x]=0)

0<i+1Ai+1<length(a)A3x.(i+1=<xAx<length(a)ra[x]=0)

assumption
Aelim3
Aelim 3
A elim 3

Aelim3

assumption
assumption
Aelim9
A<B2A<BvA=B 10
Aelim9

Aelim9

assumption

assumption
equality-substitution 16,13
A+#B2-(A=B) 7
—elim17,18

contra (constructive) 19
velim11,14-15,16-20

Jelim 6,8-21



"
Completed Proof (lines 1-15)

1:]3x.(0=xAx<length(a) na[x]=0) assumption
2:/0=<0 obviously
3:||integer i2 assumption

4:(|0=<i2 ni2<length(a)Aa[i2]=0 assumption
5:(0<i2 A elim 4
6:||i2<length(a) Aelim 4
7:||0<length(a) obviously, from 6,5
8:|0<length(a) Jelim1,3-7
9:/0=0A0<length(a)A3x.(0=xax<length(a) ra[x]=0) Aintro 2,8,1

10: Ix.(0=xax<length(a)ra[x]=0)—0=<0A0<length(a)A3x.(0=xAx<length(a)Aa[x]=0) — intro 1-9

11: {0=0A0<length(a)A3x.(0=xax<length(@)Aa[x]=0)}i:=0){0<iri<length(a) AIx.(i=xAx<length(a) ra[x]=0)} variable-assignment
12:{Ix.(0=xAx<length(a)ra[x]=0)}(i:=0){0<iri<length(a) A3x.(i=xax<length(a) na[x]=0)} consequence(L) 10,11
13:|0<ini<length(a)A3dx.(i=xax<length(a) ra[x]=0) assumption
14:|0<ini<length(a) Aelim(L) 13

15: 0<ini<length(a)A3x.(i=sxAax<length(a)ra[x]=0)—0<iai<length(a) —intro 13-14



"
Completed Proof (lines 16-39)

6:|0<ini<length(a)A3Ix.(i=xax<length(a)ra[x]=0)Aa[i]+0
17:
18:
19:

20:
21:
22:
23:
24:
25:

26:
27:
28:
29:
30:
31:
32:

33:
34:
35:
36:
37:

38:

39:

0<i
Ix.(i=xax<length(a)aa[x]=0)
ali]=0

integer il
i<ilail<length(a)salil]=0
i<il

i<ilvi=il

i1 <length(a)
alil]=0

i<il

O<i+1

i+1<length(a)

i+1<il

i+1=<ilail<length(a)aalil]=0
Ax.(i+1=xax<length(a)ra[x]=0)
0<i+1Aai+1<length(a)A3x.(i+1=<xax<length(a)Aa[x]=0)

i=il

ali]=0

—-(a[i]=0)

1
0<i+1Aai+1<length(a)A3x.(i+1=xAx<length(a)Aa[x]=0)

0<i+1Aai+1<length(a)A3x.(i+1=xax<length(a)Ara[x]=0)

O<i+1Aai+1<length(a)A3x.(i+1=<xax<length(a)aa[x]=0)

assumption
A elim 16
A elim16

Aelim16

assumption
assumption

Aelim 21
A<B2A<BVvA=B 22
Aelim 21

A elim 21

assumption
obviously, from 17
obviously, from 26,24
obviously, from 26
Aintro 29,24,25
JFintro 30

Aintro 27,28,31

assumption
equality-substitution 33,25
A+B2-(A=B) 19

- elim 34,35

contra (constructive) 36

v elim 23,26-32,33-37

Jelim 18,20-38



"
Completed Proof (lines 40-60)

40: 0<ini<length(a)A3x.(isxax<length(a)ra[x]=0)Aali]#0—-0=<i+1Ai+1<length(a) A3x.(i+1=<xAx<length(a)Aa[x]=0) — intro 16-39
41:{0<i+1Ai+1<length(@)A3x.(i+1=xax<length(a)ra[x]=0)}(i:=i+1){0<iri<length(a) AIx.(i=xAx<length(a) ra[x]=0)} variable-assignment
42:{0<ini<length(a)A3x.(i=sxax<length(a) na[x]=0)Aa[i]#0}(i: =i+ 1){0<iri<length(a) AIx.(i=xAx<length(a) ra[x]=0)} consequence(L) 40,41
43:|0<ini<length(a)A3x.(i=xAx<length(a) Aa[x]=0)Aa[i]+0 assumption
44:|i<length(a) A elim 43
4s5:({length(a)-i>0 obviously, from 44
46: 0<ini<length(a)A3x.(i=xax<length(a)aa[x]=0)Aa[i]+0—length(a)-i>0 — intro 43-45
47:|integer Km assumption
48:||0<ini<length(a) A3Ax.(i=sxax<length(a) na[x]=0)Aa[i]=0Alength(a)-i=Km assumption
49:||length(a)-i=Km A elim 48
50:|[length(a)-(i+1)<Km obviously, from 49
51:]0<ini<length(@)A3x.(i=sxax<length(a) ra[x]=0)Aa[i]=0Alength(a)-i=Km—length(a)-(i+1)<Km — intro 48-50
52:/{length(a)-(i+1)<Km}(i:=i+1){length(a)-i<Km} variable-assignment
53:[{0<ini<length(a)A3x.(i=sxax<length(a)ara[x]=0)Aa[i]=0Alength(a)-i=Km}(i: =i+ 1){length(a)-i<Km} consequence(L) 51,52
54:{Osi/\i<Iength(a\)/\Elx.(isxx\x<length(a)/\a[x]=0)}whi|e afi]#0 do i:=i+1 od while 15,42,46.47-53
{0=<ini<length(a)A3dx.(i=xax<length(a) Aa[x]=0)A—(a[i]+0)}
55:|0<ini<length(@)A3x.(i=xax<length(a) ra[x]=0)A—(a[i]=0) assumption
56:|—(afi]=0) A elim 55
57:|a[i]=0 A=B2—(A+B) 56
58: 0<ini<length(a)A3Ix.(i=xAx<length(a) na[x]=0)A—(a[i]+0)—ali]=0 — intro 55-57
59:{0<ini<length(a)A3Ix.(i=xAx<length(a)Aa[x]=0)}while a[i]+0 do i:=i+1 od{a[i]=0} consequence(R) 54,58

60: {Ix.(0=xax<length(a)Aa[x]=0)}i:=0){0<iri<length(a)AIx.(i=xArx<length(a) ra[x]=0)}while a[i]=0 do i:=i+1 od{a[i]=0} Nwuple 12,59



