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S T  C
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If these are the answers, what is the question?
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D  P   S
Assumption ǖ: Inputs are ènite strings from some ènite alphabet of characters.

✓ "37"

✓ "3*7=21"

✓ "sort([3,1,4,1,2], [1,2,3,4])."

Assumption Ǘ: We care about decision problems (i.e., answer is just yes or no)

✓ Is ǘǜ prime?

✓ Does 3× 7 = 21?

✓ Is [1, 2, 3, 4] the result of sorting [3, 1, 4, 1, 2]?

✓ ...

How can we justify making these assumptions?
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J  A
Assumption ǖ: Inputs are ènite strings from a ènite alphabet of characters.

✓ Generalizes “everything’s just a string of bits”

Assumption Ǘ: We care about decision problems (i.e., answer is just yes or no)

✓ We can solve other problems by asking enough questions.

✓ E.g., how could I sort [3, 1, 4, 1, 2] by asking yes/no questions?
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C  A
Any decision problem is equivalent to asking

“Is the input a member of the set L?”

for a suitable set L.

✓ For primality testing, L = {2, 3, 5, 7, 11, 13, 17, 19, . . .}.

✓ For multiplication-correctness,

L = { 0×0=0, 0×1=0, . . .

1×0=1, 1×1=1, . . .

2×0=1, 2×1=2, . . .

}
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C

A one-to-one correspondance:

(computational) problems to solve

↕

sets of ènite strings.

These sets are called “formal languages”
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A

An alphabet Σ is a nonempty set.
The elements ofΣ are called leers or symbols.

✓ We will always assume a ènite alphabet.
✓ Examples?
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S

A string overΣ is a sequence

c1c2 · · · cn

wheren ⩾ 0 and each ci ∈ Σ.

✓ Every string is ènite
✓ We will write strings without quotation marks

xyzzy

✓ We write the empty string as ε
Note: ε ̸∈ Σ !

What about my
alphabet?
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L

A language L overΣ is a set of strings overΣ.

✓ Σ∗ (the set of all strings overΣ) is a language.

✓ The empty set ∅ is a language.

✓ The singleton set ε is a different language.

✓ Languages may be ènite or inènite, but they contain only ènite strings!

✓ Other examples?
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S ( )

The setΣ∗ can be deèned inductively:
✓ ε ∈ Σ∗

✓ If a ∈ Σ and x ∈ Σ∗ then a • x ∈ Σ∗

The setΣ∗ can be deèned inductively:
✓ ε ∈ Σ∗

✓ If a ∈ Σ and x ∈ Σ∗ then ax ∈ Σ∗
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R I P
✓ Structural induction on strings: If P(ε) and

∀x ∈ Σ∗. ∀a ∈ Σ. P(x) → P(ax)

then ∀w ∈ Σ∗. P(w) .

✓ Induction by length: If P(ε) and

∀n > 0. (∀w ∈ Σ∗.length(w) = n−1 → P(w))
→ (∀w ∈ Σ∗.length(w) = n → P(w))

then ∀w ∈ Σ∗. P(w) .Strong induction by length: If

∀n ⩾ 0. (∀w ∈ Σ∗. length(w) < n → P(w))
→ (∀w ∈ Σ∗. length(w) = n → P(w))

then ∀w ∈ Σ∗. P(w) .

The inductive deènition of strings also justièes deèning functions by
induction/recursion.
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O  S

append(ε,y) := y
append(ax,y) := a•append(x,y)

length(ε) := 0
length(ax) := 1 + length(x)

rev(ε) := ε

rev(ax) := append(rev(x),a)

εy := y
(ax)y := a(xy)

|ε| := 0
|ax| := 1 + |x|

εR := ε

(ax)R := xRa

Prove

✓ ∀w ∈ Σ∗. (wε = w)

✓ ∀w ∈ Σ∗.∀y, z ∈ Σ∗. (wy)z = w(yz)

✓ ∀w ∈ Σ∗.∀z ∈ Σ∗. length(wz) = length(w) + length(z)

✓ ∀w ∈ Σ∗.∀z ∈ Σ∗. (wz)R = zRwR
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O  L

L ∪M

L ∩M

L \M

LM := { xy | x ∈ L, y ∈ M }

Ln L0 := {ε}

Ln+1 := LLn

L∗ := L0 ∪ L1 ∪ L2 ∪ · · ·
L+ := L1 ∪ L2 ∪ · · ·
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E

Assume L = { ba, da } and M = { da, rk, ε }.

L ∪M =

L ∩M =

L \M =

LM =

L3 =

L∗ =

L+ =
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L E (   L)

✓ L∅ =

✓ L{ε} =

✓ {ε}∗ =

✓ {ε}+ =

✓ ∅∗ =

✓ ∅+ =

✓ (L ∪M)N =

✓ (L∗)∗ =
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