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C
✓ How can I prove that a computer can solve some specièc problem?

▶ E.g., sorting or the Traveling Salesperson Problem

✓ How can I prove that no computer can solve a specièc problem?
▶ If I prove it today, will it still be true tomorrow?
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D  P   S
Assumption ǖ: Inputs are ènite strings from some ènite alphabet of characters.

✓ "37"

✓ "3*7=21"

✓ "sort([3,1,4,1,2], [1,2,3,4])."

Assumption Ǘ: We care about decision problems (i.e., answer is just yes or no)

✓ Is ǘǜ prime?

✓ Does 3× 7 = 21?

✓ Is [1, 2, 3, 4] the result of sorting [3, 1, 4, 1, 2]?

✓ ...
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C  A
Any decision problem is equivalent to asking

“Is the input a member of the set L?”

for a suitable set L.

✓ For primality testing, L = {2, 3, 5, 7, 11, 13, 17, 19, . . .}.

✓ For multiplication-correctness,

L = { 0×0=0, 0×1=0, . . .

1×0=0, 1×1=1, . . .

2×0=0, 2×1=2, . . .
...

}
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C

A one-to-one correspondance:

(computational) problems to solve

↕

sets of ènite strings.

These sets are called “formal languages”
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I C
We need a precise (mathematical) deènition, abstracting away details that
might change.

✓ Operating System

✓ Processor speed

✓ Memory capacity

✓ Power source (electricity, natural gas, dilithium,…)

✓ Construction materials (silicon, graphene, legos,…)

✓ Programming language (Java, Racket, Prolog, HMMM,…)

✓ Architecture (single core, multicore, manycore, GPU, VLIW,…)

✓ Data representation (ASCII, Unicode, binary, trinary,…)
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I C
State Machine, which

✓ A set of possible “conègurations” (states)
✓ Rules for how the system proceeds from one state to another

▶ Depends on current state and current input

✓ Accept or reject, based on the input this far.
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W   
The state of a system at some instant consists of the all internal
information needed to ègure out how to proceed.

State?

hp://www.éickr.com/photos/alexbrn/ǚǕǘǚǖǜǕǛǞǘ

State?

hp://www.éickr.com/photos/cambodiaǙkidsorg/ǘǕǖǞǞǙǝǜǘǝ

Many systems have  
more than 50 states! 
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S M  
Computers: State changes over time

10101010001000 
10001010101010 
00101010101010 
10101011010100 
00000010010000 
11110000000010 
00000101011101 

10101010001000 
10001010101010 
00101010101010 
10101011010100 
00000010010000 
11110000000010 
00000101011101 

10101010001000 
10001010101010 
00101010101010 
10101011010100 
00000010010000 
11110000000010 
00000101011101 

10101010001000 
10001010101010 
00101010101010 
10101011010100 
00000010010000 
11110000000010 
00000101011101 

Time 

�States� 
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O F C  M: S M
Mathematically, a statemachine consists of:
ǖ. an alphabetΣ
Ǘ. a collection of statesK
ǘ. a transition relation → ⊆ K× (Σ∪ {ε})× K

(where q σ→q ′ means that (q, σ, q’) is in the relation)
Ǚ. one initial/starting state s ∈ K.
ǚ. a set of ènal/accepting statesA ⊆ K.

ènite statemachine:
K is ènite

deterministic statemachine:
a transition function δ : K× Σ→ K.

BA

C D

ε

b a

b

a

a,b

b
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M B

✓ The machine starts in state q0.
✓ It can change from state q to state q’ on input σ

provided that q σ→ q ′.
✓ It can change from state q to state q’ spontaneously

provided that q ε→ q ′.
✓ The machine accepts a stringw ∈ Σ∗ if there is at

least one path spelling outw, that starts at q0 and
ends at a state∈ F
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D
Given a language L, deène

∂wL := {y ∈ Σ∗ |wy ∈ L }

That is,
∀y ∈ Σ∗. y ∈ ∂wL←→ wy ∈ L

These sets are called “derivatives” of the language.

Note that
∂abL = ∂b(∂aL)
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I S
The derivatives of a language L are less commonly called its “intrinsic states,”
because they encode the smallest deterministic state machine for the
language L.

Key idea: given what I’ve seen already, what further input string would make
me happy?

✓ States: the derivative sets

✓ Start state: L

✓ Accept states: any derivative containing ε (“I’m already happy”)

✓ Transitions:
S

a−−−−→ ∂aS
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E
Use intrinsic states to construct the minimal deterministic machines for:

✓ L = { bbc, bc, cccb }

✓ L = { a3n |n ⩾ 0} = { ε, aaa, aaaaaa, . . . }

✓ L = { a2n
|n ⩾ 0} = { a, aa, aaaa, aaaaaaaa, . . . }
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F S M
We care mostly about ènite state machines, also known as “Finite Automata”

Terminology:
✓ DFA = Deterministic Finite Automaton = Deterministic FSM = DFSM

✓ NFA = Nondeterministic Finite Automaton = Nondeterministic FSM = NDFSM
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W’ A

q3q0

q1 q2

q5 q4

a

a

a

a

a

a
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W’ A ( bb b aaab ba )

BA

C D

ε

b a

b

a

a,b

b
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A J  T C S

The following are equivalent:

✓ There is a DFA accepting the language L
✓ [Rabin and Sco] There is an NFA accepting L
✓ [Kleene] L is a regular set.
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