
CS 81: Computability and Logic, Fall 2012

Worksheet: Proofs in Predicate Calculus

Syntax

A,B,C ::= ⊤ | ⊥ | p | ¬A | A∧ B | A∨ B |A → B | P(t1, . . . , tn) | ∀x.A | ∃x.A

t,u ::= x | c | f(t1, . . . , tn)

Additional Rules: Simplióed Form

x0
...

P(x0)

∀x. P(x)
∀i

(x0 “fresh”)

∀x. P(x)
P(t)

∀e

P(t)

∃x. P(x)
∃i

∃x. P(x)

x0 P(x0)
...
C

C
∃e

(x0 “fresh” and not inC)

Additional Rules: General Form

x0
...

A[x0/x]

∀x.A
∀i

(x0 “fresh”)

∀x.A
A[t/x]

∀e

A[t/x]

∃x.A
∃i

∃x.A

x0 A[x0/x]
...
C

C
∃e

(x0 “fresh” and not inC)



1. A[t/x] is the book’s notation for substitution, and refers to the result of replacing free oc-
currences of the variable x inA by the term t. What is:

(a)
(
Even(y) → Even(y ∗ 2)

)
[1+1 / y]

(b)
(
z > 3∨ (∀z. z2 > z+ y+w)

)
[7 / z]

(c)
(
z > 3∨ (∀z. z2 > z+ y+w)

)
[2∗z / y]

2. One “specióc instance” (of many) of the∧i rule is:

∀z.g(z) < 7 f(y) > 5

(∀z.g(z) < 7) ∧ f(y) > 5
.

Show specióc instances of ∀i, ∀e, ∃i, and ∃e.
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3. Prove ∀x.P(x) ⊢ ¬∃x.¬P(x).

4. Prove ∃z. ∀w. P(z,w) ⊢ ∀y. ∃x. P(x,y)
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5. Prove ∀x. P(x) ⊢ ∃x. P(x)

6. Prove ¬∃x. (B(x)∧G(x)), ∀x. (D(x) → B(x)) ⊢ ¬∃x. (D(x)∧G(x))
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7. Look again at Prof. Karp’s notes on continuity. Recall that lim
x→x0

f(x) = Lwould be formally

expressed as:

∀ϵ. ϵ > 0 → ∃δ. (δ > 0)∧
(
∀x. (0 < |x− x0|)∧ (|x− x0| < δ) → |f(x) − L| < ϵ

)
Consider the proof just above Remark 7. What rules of natural deduction correspond to
(explicit or implicit) steps of this proof?

8. What is wrong with this proof of ∃x.P(x), ∀x. (P(x) → Q(x)) ⊢ ∀x.Q(x) ?

1 ∃x. P(x) Premise

2 ∀x. (P(x) → Q(x)) Premise

x0 3

x0 4 P(x0) Assumption

5 P(x0) → Q(x0) ∀e 2

6 Q(x0) MP 5,4

7 Q(x0) ∃e 1, 4–6

8 ∀y.Q(y) ∀i 3–7
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