Review Recursion The Stack Tailcalls
\ :

Recursion

January 24-25, 2012
CS 60: Frinciples of Computer Science

Just pretend that the function you're writing already exists.”
Geoff Romer (C5 60)

“To understand recursion, you must first understand recursion. ..”
Anonymous (CS 60)

Assignment 1 (Recursion and Lists) due Monday 1/30
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LIST OPERATIONS

(define A '"(w o
(define B '(h o

(list A B)

(cons A B)
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IN THE WORLD OF Bic-0

v’ Constant factors are ignored
v Inputs are arbitrarily large (so “small” sums are ignored)
v" We are looking for upper bounds.

6 steps

1 (big?) step

no more than 4000 steps
somewhere between 2 and 47 steps

100n + 3 steps
O(n) n — 1 (big?) steps

anywhere between 3 and 69 steps per item, for n items.

2n? +100n + 3 steps

n? —n (big?) steps

somewhere between 1 and 40 steps per item, for n? items
anywhere between log . and 7n steps per item, for n items.
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COMPUTING LENGTH

; Given a list L, return its length.
; Already built-in as the function "length"
(define (myLength L)

(cond

[ (null? L) 0 ]

[ else (+ 1 (myLength (rest L))) 1
))

Running time?

Let n be the length of the initial list and let T (1) be the (big-0) steps for an input of size 1.
v' ThenT(0) = 1;0therwise T(n) =14+ T(n—1).
vV %0, TNn) =14+Tn—-1)=2+TNn—-2)=---=n+T(0) =0(n).

Alternatively:
v' Welook at n elements of the list
V' Wedo O (1) work per item (testing for empty, adding one, etc.)
vV On)xO0(1)=0(nx1)=0(n).
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CHECKING MEMBERSHIP IN A LIST

; Given a value e and a list L, check if e is in L
; Already built-in as the function "member"
(define (myMember e L)

(cond
[ (null? L) #f ]
[ (equal? e (first L)) #t ]
[ else (myMember e (rest L)) 1))

Worst-case asymptotic running time?

O(n), where nis the length of the list. (Basically the same argument as for
length.)
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REMOVING AN ITEM FROM A LisT

(define (myRemove e L)
(cond
[ (null? L) "() 1
[ (equal? e (first L)) (rest L) ]
[ else (cons (first L) (remove e (rest L))) 1]

)

Worst-case asymptotic running time?
O(n), where nis the length of the list. (Basically the same argument as for
length and member.)
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OPTIMIZATION?Z

(define (myRemove e L)

(cond
[ (not (member e L)) L ] ;1 <--- new line
[ (null? L) O 1]

[ (equal? e (first L)) (rest L) 1]
[ else (cons (first L) (remove e (rest L))) 1]

)

Worst-case asymptotic running time?
Let n be the length of the initial list, and let T (1) be the (big-0) steps for an input of size 1.

v T(0) = 1;0therwise T(n) =0 (n) +T(n—1).
vV %o, Tn) =nm+Tn—-1)=n+n—-1)4+T(n-2) =-..=
n+(m—1)+---+3+2+1+T(0) = O(n?).
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‘“Quiz” NAME:

1. Define (append L M), by recursionon L. 3. Define (flatten X),which returns the list
(Howis [1,2,31+[4,5,6] related to [2,3]+[4,5,617) of items in X without any nesting, e.g.,

(flatten '(1 (2 3 (4)) (5 6))) =
(flatten 3)
(flatten '())

(Hint: use (1ist? X) tocheckif Xisalist.)

2. Define (reverse L), by recursionon L.
(Hint: use append).

Extra Credit: What is the asymptotic running time of these functions?
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KECURSIVE INTUITION

(flatten '((12)3))

(flatten '(12)) (flatten ' (3) )
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REcursIVE REALITY

(flatten '((12)3))

/\

(flatten '(12)) (flatten '(3) )
(flatten 1)) (flatten '(2)) (flatten 3)) (flatten '())
(flatteln 2) (flatten '()) '(3) '0)
(2) ()
pr d‘/
(12) '(3)

(123)
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FUNCTIONS ON A STACK: (T 4)

(define (f x) (define (g x y) (define (h x)
(g (expt x 3) x)) (h (- xy))) (* x x))
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

Operating~System]

return to

[Code for DrRacket:

read
execute
print

L repeat] )

[(define (expt base pow) ]
S

(define (f x)
(g (expt x 3) x))

(define (g x y)
(h (- xvy)))

(define (h x)
(* x x))

«— Moel1S «—

DrR
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

return to

Operating~System]

L

X =4
return to

[Code for DrRacket:
read
execute
print

repeat]

\ /

[(define (expt base pow) ]
S

(define (f x)
(g (expt x 3) x))

(define (g x y)
(h (- xvy)))

(define (h x)
(* x x))

«— )oelS «—
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

|

Operating~System]

return to

—
X =4
return to

[Code for DrRacket:

L repeat]

V)

define (expt base pow) ]
iiﬁih--)

(define (f x)
(g (expt x 3)7x))

(define (g x vy)
(h (- xvy)))

(define (h x)
(* x x))

base
pow
return

4
3
to

’/

— MoelS

DrR

expt
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

return to

Operating~System]

L

X =4
return to

[Code for DrRacket:
read
execute
print
repeat]

\ /

[(define (expt base pow) ]
s

(define (f x)
(9 64 ) x))

(define (g x y)
(h (- xvy)))

(define (h x)
(* x x))

«— )oelS «—

DrR
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

return to

Operating~System]

X =4
return to

1

[Code for DrRacket:
read
execute
print
repeat]

\

[(define (expt base pow)
S

(define (f x)
(g (expt x 3) x))

define (g x y)
(h (- xvy)))

(define (h x)
(* x x))

X = 64
y =4
/ return to

<

«— )oelS «—

DrR
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

J—— return to

Operating System]

[Code for DrRacket:
read
execute
print

repeat]

\ /

[(define (expt base pow)
)

(define (f x) ¥
(g (expt x 3) x))
(define (g x y/

(h (- xvy)))

define (h x)
(* x x))

(

X =4
return to

X = 64
y =4
return to

X = 60
return to

«— MOel1S

DrR
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

J—— return to

[(define (expt base pow) ]
)

(define (f x) ¥
(g (expt x 3) x))

define (g x y)
3600 /)

(define (h x)
(* x x))

Operating System] {

\ / X =4
return to

[Code for DrRacket: / X = 64

read

execute y =4

print Yy return to
L repeat] )

4

«— MOel1S

DrR
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

return to

Operating~System]

L

X =4
return to

[Code for DrRacket:
read
execute
print
repeat]

\ /

[(define (expt base pow) ]
S

(define (f x)
( 3600 )

(define (g x y)
(h (- xvy)))

(define (h x)
(* x x))

«— )oelS «—

DrR
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EXECUTING FUNCTIONS ON A STACK: (T 4)

[Code for the

Operating~System]

[Code for DrRacket:
3600

return to

é print
repeat]

A V)

[(define (expt base pow) ]
cn)

(define (f x)
(g (expt x 3) x))

(define (g x y)
(h (- xvy)))

(define (h x)
(* x x))

— oelS —

DrR
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RECURSION 1S EASY TO IMPLEMENT WITH A STACK

Things work exactly the same way!
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the

Operating System]

return to

\

[Code for DrRacket:

read
ﬁ execute
print

repeat]

(define (len L)

(cond
[ (null? L) 0 ]
[ else
(+1

(len (rest L))

)
1))

— oe15—

DrR
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the

Operating System]

[Code for DrRacket:
read
execute
print
repeat]

[

return to
L =
return to

(define (len L)
(cond
[ (null? L) 0 ]
[ else
(+1
(len (rest L))
)
1)

«— )oelS «—

DrR

len

N ENE

()
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J o DrR
Operating System]
L =
\ V
return to len
[Code for DrRacket: \
read
execute
print
L repeat] )

(define (len L)

N ENE

(cond
[ (null? L) 0 1] | "()
[ else
+1 b
é (len (rest L)) S
o
1) l
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J R T DrR
Operating System]
L =
\ /
return to ten
[Code for DrRacket: / L = .L\A

eg;ﬁie , return to en

print

L repeat] ) \

(define (len L)

N ENE

(cond
[ (hull? L) 0] | ()
[ else A
(+1 ~+
(len (rest L)) 2
) =
1) ) l
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J o DrR
Operating System]
L =
\ V
return to ten
[Code for DrRacket: / L = .L\A

e£;$ie , return to en

print

L repeat] ) \

(define (len L)
(cond
[ (null? L) 0 ]
[ else

+ 1 z
é (len (rest L))

1))

N ENE

— joe15—
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J R T DrR
Operating System] —

L =
\ y
return ;B\\‘\\

[Code for DrRacket:
read
execute
print
repeat]

a

—
[v]
S

len

/g
AN ENE

(define (len L)
(cond
[ (null? L) 0 ]
[ else
(+1
(len (rest L))

()

)
1))

«— )oelS «—
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J o DrR
Operating System]
\ ) =
return to

—
o
p=}

[Code for DrRacket:
read
execute
print
repeat]

len

7
SN EONE

(define (len L)
(cond
[ (null? L) 0 ]
[ else

+ 1 ’é
é (len (rest L))

1))

— joe15—
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RECURSION ON A STACK: (1len '"(a b ¢))

DrR

[Code for the J R T
Operating System] —

T =

\ b,
- return EB\\\\\_
[Code for DrRacket: /

d = len
eg:itﬁr”////’ ; return to;;

print

—
[v]
S

a
L repeat] ) L = \ n /
, return éé\\ \%Q\\‘
=0 len b
4 return to
(define (len L) #///
(cond
[ (null? L) 0] c |'()
[ else
(+1

(len (rest L))
)
1) )

«— )oelS «—
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J o DrR
Operating System] L—

—
o
p=}

7
SN ENE

L =
\ b,
- return ;B\\‘\\_
[Code for DrRacket: ,,/”// L =

" len
e£:iﬂg‘,/”/// return to;;

print

L repeat] ) L =
/ return t&
="'()

(define (len L)
cond
[ (null? L) 0 ]
[ else

(+ 1
(len (rest L))

len

/ return to

)
1) )

— joe15—
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J U T DrR
Operating System] —

L =
\ y
return EB\\‘\\ ten

o

/

[Code for DrRacket:
read
execute
print
repeat]

len

/g
AN ENE

(define (len L)

(cond
[ (null? L) 0 ] | ()
[ else
+1 j 2
Iﬁﬁ»( 0 )) a
al
1) ) l
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the J U T DrR
Operating System]
> ‘ rettr; to ten
[Code for DrRacket: / L = \
eg;ﬁﬁe , return to ten
ropeat] h

(define (len L)

N ENE

(cond
[ (null? L) 0 ] | ()
[ else
+1 '/ 2
Iﬁﬁ»( 1 )) a
al
1) ) l
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the

Operating System]

L =
return to

J return to DrR

[Code for DrRacket:
read
execute
print
repeat]

(define (len L)

(cond
[ (null? L) 0 ]
[ else
+ 1
o
1)

— yoe15—

len

N ENE
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RECURSION ON A STACK: (1len '"(a b ¢))

[Code for the

Operating System]

[Code far NrRacket:

3

ﬁ print
repeat]

\ v

return to |

(define (len L)

(cond
[ (null? L) 0 ]
[ else
(+1
(len (rest L))
)
1))

— yoe15—

DrR

N ENE
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Two APPROACHES To UsING RECURSION

“General Recursion” “Tail Recursion”

v’ Takeinanumber (orlist) v Add an extra “accumulator”

argument
v" Recurse on precessor (or rest) g

V' The accumulator summarizes the

v' Compute answer for the given input
P 9 P numbers/list elements seen so far

(define (fac N) v' Attheend, return the
(cond accumulator.
[ (<N2) 1]
[ else (* N (fac (- N 1))) ] (define (fac N) (fac-help N 1)
)
) (define (fac-help N A)
(cond
[ (<N2) A]
[ else (fac-help (- N 1) (* N A))
)
)
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COMPARING (fac 4)

General Recursion: (4 x (3 x (2x 1)))

(fac 4) =

4
4
4
(4
4
4
24

* ok ok ok kX

Tail Recursion: (((4 x 3) x 2) x 1)

(fac 4)

I

(fac 3))

(3
(3
(3
(3
6)

*

*
*
*

(fac
2 *
2 *
2))

(fac-help
(fac-help
(fac-help
(fac-help

24

2)))
(fac 1))))
M

4 1)
3 4)
2 .12)
1 24)
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REcALL: REVERSE

How efficient is it?

(define (rev L)

(cond
[ (null2 L) ') 1]
[ else (append (rev (rest L))

(list (first L))) 1))

This definition is O(n?), where n is the length of the list. All the append
operations are expensive
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TAIL-RECURSIVE REVERSE

How efficient is it?

(define (rev L)
(rev-help L '())

;L contains the remaining elements to reverse
;7 A contains the reverse of the elements we've seen so far
(define (rev-help L A)
(cond
[ (null? L) A ]
[ else (rev-help (rest L) (cons (first L) A)) ]
)
)

Since cons, first, rest, etc. are all O(1), for a list of length n we can define the

number of steps T(n) needed forreverseby T(0) = Tand T(n) =1+ T(n—1).

Thus, O(n).
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COMPARING (rev '(1 2 3 4))
General Recursion

(rev '"(1 2 3 4))
= (append (rev '(2 3 4)) '(1))
= (append (append (rev '(3 4)) '(2)) '(1))
= (append (append (append (rev '(4)) '(3)) '(2)) '(1))
= (append (append (append (append (rev '()) '(4)) '(3)) '(2)) '(1))
= (append (append (append (append '() '(4)) '(3)) '(2)) "(1))
= (append (append (append '(4) '(3)) '(2)) '(1))
= (append (append '(4 3) '(2)) '(1))
= (append '(4 3 2) '(1))
= '(4321)

Tail Recursion

(rev '(1 23 4) = (rev-help '(1 2 3 4) '())
= (rev-help '(2 3 4) '(1) )
= (rev-help '(3 4) '(2 1))
= (rev-help '(4) '(32 1))
= (rev-help "() '(4321))
= '4321)
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