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Computers: What can't they do!
Computers: What can't they do?
Fart 3: State Machines Concluded
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UPCOMING SCHEDULE

Assignment 10 (Seam Carving) due Monday, April 16
Assignment 11 (Floyd-Warshall, Computability) due Monday, April 23

Mini-Assignment 12 (Uncomputability) due Friday, April 27



Remaining CS courses: CS 5 and 60 again, more slowly!

Math 55 (Discrete Math) v/

CSyo¥  DataStructures & Program Devel.  Stacks, BSTs, Maps, OOP

CS 81 Computability and Logic DFAs, Grammars, TMs, Logic

CS 105 Computer Systems Binary, HMMM

CS 121 Software Development Inheritance, Helper functions

CS 131 Programming Languages Racket, Python, Java

CS 140 Algorithms DFS, Sorting, Dyn. Prog., Big-O
+Three Electives

CS132 Compilers Farsing, HMMM

CS 151 Artificial Intelligence Prolog, Connect-4, Picobot

CS152¢'  Neural Networks Connect-4

CS 155 Graphics Seam Carving

CS181A  Complexity Theory Big-O

€S 181C ¥ Domain-Specific Languages Unicalc

CS 181E ¥ Foundations of Parallel Prog.

Threads, Java

+Clinic
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WHERE WE'RE GOING

There are problems that no computer cansolve.

What is a problem?
v Input: a finite sequence of symbols (a “string”)

v" Output: yes or no.

What is a computer?

V' Fornow, a finite state machire.
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OUR FIRST IDEALIZED COMPUTER

A Finite State Machine has
V' Afinite set: possible states (configurations)
v Rules: how the system transitions between states
» Depends on current state and current input
V' Accept or reject, based on the final state

http://www.flickr.com/photos/alexbrn/5035170693 http://www.flickr.com/photos/cambodiaskidsorg/ 3019948738
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Deterministic FINITE STATE MACHINES (DFAS)

Every state has one transition for every possible input symbol.

Often represented graphically:

/C
/! N

start state transition final (accepting) state(s)

“input funnel” “where to go” double circled
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DFA EXAMPLE

ADFA that accepts L ={w € {0, 1}* | W's third characterisa 1} ?

‘ONO8

Does this DFA accept 01010172 0110107
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ANOTHER DFA EXAMPLE

A DFA that accepts
L ={w € {0, 1}* | ws third-to-last characterisa1}?

OB

.

1

0

Does this DFA accept 0101012 0110107
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But ARE COMPUTERS REALLY DETERMINISTIC?

We plan to show that there are problems no DFA can solve.

But maybe determinism is the limiting factor?
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DFAs + NONDETERMINISM = NFAS

An NFA has the magic power to ‘guess” the right way to go.
It can even change states without reading input ("¢ transitions”).

Formally: NFA accepts iff there is at least one accepting path.

0,1

Does this NFA accept 0101012 0110107
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WHAT's AccepTED?  (bbz bz aaab? ba?)
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A JEWEL OF THEORETICAL COMPUTER SCIENCE

> N i 2 N r < S N
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= S0 Ls =0 s 2 = T v
S — Sam — Sa —
i

The following are equivalent:
1. There is a DFA accepting the set L.
2. There's an NFA accepting L [Rabin and Scott].
3. L can be described by a regular expression [Kleene].

In this case, Lis called a Regular Language.
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REGULAR EXPRESSIONS DO PATTERN-MATCHING
1 1(00)*

{w € {0, 1}* [wis a sequence of (zero or more) ones}
U
{w e {0,1}* |wis a1 followed by an even number of zeros. }

b(eala)(r|d)

{bear,bead, bar,bad }

(O ofm(of)*

{w € {0,1}* |ws third characterisa 1}
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REGULAR EXPRESSION INGREDIENTS

Regular expressions are built from:
v
voe
V' Asingle character from the alphabet (e.g.. a or0)
V' Concatenation: r112
v Union: r1| 12
V' Repetition (Kleene Star): 17.
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CAN THIS NFA BE SIMULATED BY A DFA?2
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TURN THIS REGULAR EXPRESSION INTO AN NFA

1%1(00)"

CS 81 covers two ways to convert NFAs/DFAs into regular expressions
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PrRACTICAL APPLICATIONS

Regular expressions are compact but powerful.

Often used to search/process text
v’ E.g.egrep
v E.g. Assignment g (Unicalc Tokenizer)
v E.g., Almost everything written in perl

How to implement general regular-expression matching?
v' Convert RE to a finite state machine
v" Runinput string(s) through!



Review NFAs Regular Languages Distinguishability

DFA sizEs

How can we know whether a DFA is as small as possible?

A DFA is minimal if every state is necessary (all states are
distinguishable)
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THE PLAN

1. Given languages, find lower bounds on the humber of states in any
corresponding DFA.
» Eg.{a’™|n > 0} requires at least 3 states.
» Eg.{w €{0,1}* | Ws third-to-last characteris a1 }
requires at least & states.

2. Findlanguages requiring 2> oo states
(are accepted by no finite state machine).

3. If computers are finite state machines,
no computer can solve those problems!
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STATE = FATE |

Suppose we have a state machine for some language.

Once two strings wy and w; lead to the same state, their future is
indistiguishable.

Wy

Wo

PRS0
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STATE = FATE: THE CONTRAPOSITIVE

If two strings lead to the same state, then the futures beyond this
point are indistiguishable.

So, ...if two strings in a language have distinguishable futures, they
cannot lead to the same state.

Example: Suppose we have a state machine for
L={a*"In>0ML

Show that a, aa, and aaa must take us to three different states.

Corollary: any state machine for L has at least 3 states!
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DISTINGUISHABILITY THEOREM

Given a language L, strings wy and w; are distinguishable if

there exists z € L* such that wiz € Land wyz & L (or vice versa)

Aset S ={wi,w,,...}is pairwise distinguishable if

wj and wj are distinguishable for all i # j.

Theorem
If there is a pairwise distinguishable set of N strings for a language L, then
a DFA accepting L must have > N states.



Review NFAs Regular Languages
\

Distinguishability

MORE DISTINGUISHABILITY PRACTICE

L={0'7|iiseven, jisodd}
Are the following distinguishable?
. 00and0

2. 0000 and 00
3. 010 and 1
4

Y

. €and 001
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EXAMPLE

Prove that any DFA recognizing
L={w e{0,1}"|ws third characterisa 1}
must have at least 5 states.

Proof: { £,1,0, 11,10 } Proof: { &, 0,00, 000, 001 }

Theorem
If there is a pairwise distinguishable set of N states for a language L, then a DFA
accepting L must have > N states.
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NONREGULAR LANGUAGE THEOREM

Alanguage is said to be regular if it can be recognized by some DFA.
Consider the language
L={0"1"n>0}

To show it's not regular, ...
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NONREGULAR LANGUAGE THEOREM

Alanguage is said to be regular if it can be recognized by some DFA.
Consider the language of correct multiplications of natural numbers:

L={ 0x0=0, 0x1=0, ...
1x0=1, 1x1=1, ...
2x0=1, 2x1=2, ...

}

What is the alphabet?
Prove that this language is not regular.
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CONCLUSION

We can identify problems that no finite state machine can solve!
v" Correct multiplications
v L={0"1"n>0}
v L={w|wisapalindrome }

If computers are finite state machines,

no computer can solve these problemsl

The End (%)
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MovING ON. ..

Any computer is a finite state machine.

Hence, there are questions it provably cannot answer. (E.g., “is the
input a palindrome?”)

But it sure seems like computers can answer these questions (until
we run out of memory), so maybe this isn't so helpful in practice?

Perhaps we should consider more powerful models of computation.
(But not too powerfull Why?)
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