CS81 Notes: Hoare Logic
We define a simple language for programs using the following grammar:

erp — num | var | — exp | (exp + exp) | (exp — exp) | (exp * exp)
bool — true | false | (not bool) | (bool and bool) | (bool or bool) | (exp < exp)
code — var = exp | code ; code | if bool then code else code end | while bool do code end

A Hoare triple is a tuple consisting of (|a])C'(w|) where o and w are logical formulas stating pre-
condition and post-condition, respectively, and C' is a program in the form specified by the above

grammar.

Proof Rules
1. Composition (COMP) rule:

() C1(B)
18D Ca(~D
() [Cr; Col()

2. Conditional (COND) rule:
1 | (e B)Cr(w)
2 | (o A =B)Callw)
3 ‘ (] [if B then C; else C; end](w))

3. Partial-While (LOOP) rule:

1 | (aAB)C(a)
2 ‘ (af)[while 5 do C end|(a A —f)

4. Assignment (ASGN) axiom:
1 \ (alE/z])]x = El(a)

5. Consequence (CONS) rule:

1| (a)Cw)

2 |dFa pre-condition strengthening
3 |wkW post-condition weakening
4 | (oDC(w)




Example: Proving the correctness of the following program called FACT.
y=1
2: while (z > 0) do
3: Y=Y*xT,;
4. zxz=zx-—1
5: end while

The goal is to show the above program is correct. This is equivalent to proving that the following
Hoare triple holds:
(x =n An > 0]) FACT (y = n!) (1)

Let Z be the following logical formula
I=[zxlxy=nlAz >0 ()

which will be our loop invariant. To prove that FACT is correct, we prove that the following two
triples hold:
(z=nnAn>0)[y=1](Z) 3)

(Z)) [while (x > 0)do [y =y *xx; * = 2 — 1] end] (y = n!) 4)
We proceed by showing these two triples separately:

1. Initialization:
To show (3) holds, we may apply the ASGN rule:

(Z[1/yl) [y = 1 (Z)

But, Z[1/y] = [¢! = n! A x > 0] and the latter is derivable from [z = n A n > 0]. So, by the
CONS rule (pre-condition strengthening), we get

(e =nnn>0)ly=1](Z)

2. Loop:
To show (4), we consider the following smaller substeps.

(a) Body of loop:
The goal is to show

(Zhe>0)ly=y+a; o —a—1] (Z). 5)

Since the body of the loop consists of a sequence of statements, we work backwards.
Using ASGN, we get
(2] [z = = = 1] (Z)),

where Z; = Z[(x — 1) /x]:
Iy =[(z—Dlxy=nlAx>1]. (6)

2



Now, we look at the previous statement:
(Z2]) [y =y * 2] (Za).
where Z, = Zh[(y * ) /y]:
Ly=xlxy=nlANz>1]. (7)
From these two assertions, we have
(ZNz>0) [y =y (Z).
(b) Test condition of loop:
(Z) [while (x >0)do [y =y*x; v =2z — 1] end (Z Az <0)

This follows from the LOOP rule and (5) above.

(c) Post-condition weakening:

This follows from the CONS rule since (Z A x < 0) = (y = n!).



Summary The preceding arguments can be summarized by the following:

(x =n An > 0] (CONS strengthening)
(z!'+1=n!Az > 0) (ASGN)
Ly=1
(«! %y = nl Az > 0]) (CONS strengthening)
2: while (z > 0) do
((x = 1D)!'* (yxx) =n! Az > 1)) (ASGN)
3: Y=Yy*x,;
((x —1)!'xy =n! Az > 1]) (ASGN)
4 x=x-1
(x! %y = nl Az > 0]) (COMP)
5: end while
(x!*y=n!Az>0Az <0) (LOOP)
(y = n!) (CONS weakening)



